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1. INTRODUCTION

Threetypesof methodareavailablefor thehorizontaldiscretizationof thegoverningequationsof large-scalemod-

elsof theatmosphere.Thesearethefinite-differencemethod,thespectralmethodandthefinite-elementmethod.

The basics of these methods have been introduced in the preceding course on numerical methods.

All threemethodsareusedtodayfor operationalnumericalweatherprediction.Thespectralmethodis adoptedal-
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mostuniversallyfor global medium-rangeforecastingmodels. Of the principal currentoperationalmodels,the

only onenotusingthespectralmethodis thefinite-differencemodelof theUnitedKingdomMeteorologicalOffice

(Cullen andDavies,1991). Someothercentresare,however, consideringfuture useof the finite-differenceap-

proach. More diversity is seenamongthemodelsemployedfor globalclimatemodelling,but again thespectral

methodpredominates;of 29 modelslistedby Gates(1992)asparticipatingin AMIP, a modelcomparisonproject,

19 werespectral. Conversely, for local, short-rangeforecasting,limited-areafinite-differencemodelsaremost

commonlyused.However, aspectrallimited-areamodelhasbeenusedoperationallyby theJapanMeteorological

Agency for anumberof years(Tatsumi, 1986),andMétéo-Francehasrecentlyimplementedaglobalspectralmod-

el with non-uniformresolutionfor this purpose(CourtierandGeleyn, 1988). Spectrallimited-areamodelshave

alsobeendevelopedby severalothergroups:HIRLAM, ECMWF, Météo-FranceandNMC, Washington(Haugen

andMachenhauer, 1993;Hoyer, 1987;JuangandKanamitsu,1994). Thefinite-elementmethodhasbeenin oper-

ationalusefor regionalpredictionfor sometime in Canada,andamulti-purposemodelbasedon themethodwith

option of variable resolution is under development for uses which include global prediction (Côté et al., 1993).

A numberof choiceshave to bemadeonceit hasbeendecidedto usethefinite-differencemethodfor anatmos-

phericmodel. Particularchoicesmay dependon otherdecisionsmadefor the model,particularlythe choiceof

time-steppingmethod,for examplewhetherasemi-implicitor split-explicit schemeis chosento handlefast-mov-

ing gravity-waves,or whetheranEulerianor semi-Lagrangianschemeis chosenfor advection. Questionsto be

answered include:

• How should grid points be distributed over the sphere?

• How should variables be staggered?

• Which finite-difference scheme should be used?

• Which conservation properties should be satisfied?

• Which order of accuracy should be used?

• How should the special problems of the poles be treated?

In this lecture, we discuss how some of these questions have been answered for different models.

2. DISTRIBUTION OF GRID-POINTS

Theproblemof how to distributegrid pointsover thespherehasyet to besolved in a fully satisfactorymanner.

Thegenerallyacceptedmethodfor medium-rangepredictionandlongertermintegrationsis to useagrid which is

regularin latitudeandlongitude,asin theupperillustrationof Fig. 1 . Suchagrid wasusedin theoriginalopera-

tionalECMWFmodel(Burridge, 1980;Simmonsetal.,1989),andis usedtodayin theUKMO model. In thiscase

the grid lengthbecomessmall in the zonaldirectioncloseto the poles,andspecialcalculationsmay have to be

carriedout to avoid having to useaverysmalltime-step,asdiscussedin Subsection5. Unnecessaryexpensemay

alsobeincurredin calculatingphysicalparametrizationsonagrid which is overly fine in theeast-westcloseto the

poles.

Theseinefficiencieswererecognizedin theearlydaysof globalmodelling,andledKurihara(1965)to proposeuse

of the“skipped”or “K urihara”grid shown in themiddleillustrationof Fig. 1 . However, problemswereencoun-

teredin practicewith thesegrids,mostnotablyin thetendency for spuriouslyhighpressureto developat thepoles.

Their usehasbeenlargely abandonedin finite-differencemodels,althoughmorerecentlyPurser(1988)hassug-

gestedtheir reintroduction,but usingmoreaccuratenumericalschemesto remedytheproblems. Theuseof an

icosahedralgrid (seealsoFig. 1 ) hasalsobeenconsidered(e.g.Williamson, 1970;seealsoCullen, 1974,for the

finite-element method), but has not gained widespread acceptance.

Thetraditionalmethodof avoidingproblemsator nearthepolein limited-areamodelswasto useprojectiononto

aplane,typically apolarstereographicprojection.Morerecentmodelstendto usearegularlatitude/longitudesys-
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tem,but with thepoleof thecoordinatesystemrotatedaway from thegeographicpolesothat theequatorof the

rotatedsystempassesthroughthedomainof interest. This is theapproachnow in useat theUKMO, in theHIR-

LAM andDWD models,andin the“eta” modelof NMC, Washington(seepapersin Proceedingsof 1991ECMWF

Seminar, andMesinger et al., 1988).

Referencewasmadein theintroductionto variableresolutionspectralandfinite-elementmodelsdesignedprima-

rily for local short-rangeprediction.An exampleof such(fixed)variableresolutionin a finite-differencemodelis

describedby Sharmaet al. (1987). Anotherpossibilityis adaptive meshrefinementin which resolutionis refined

wherethesolutionhasfine-scalestructure,ratherthanin a fixedregion. Amongthereview articleslisted in the

Reference section is one by Skamarock on this topic.

Figure  1. Alternative distributions of grid points on the sphere
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3. STAGGERING OF VARIABLES

3.1  Staggered grids

Having decidedon thebasicdistribution of grid points,a choicehasto bemadeasto how to arrangethedifferent

prognosticvariableson thegrid, sincethemostobviouschoiceof representingall variablesat thesamepoint has

disadvantages.In the following, thestandardlayoutsareillustratedfor thevariablesof theshallow-waterequa-

tions,thezonalandmeridionalwind components, and , andthegeopotential . In multi-level models,tem-

peratureandsurfacepressurearedefinedatthe points. Humidity, any extraadvectedatmosphericvariables,and

surfacevariablesarealsogenerallyheld at the pointsin comprehensive atmosphericmodels,asis salinity in

ocean models.

Therearefive principalarrangementsof variables,usuallyidentifiedby the lettersA to E (see,for example,Ar-

akawaandLamb,1977). TheA grid is thebasicunstaggeredgrid illustratedin Fig. 2 , in which all variablesare

heldat thesamepoint. TheB andE grids(Figs.3 and6 ) carrybothwind componentsat thesamepoints,and

arereferredto assemi-staggered.TheC andD grids(Figs.4 and5 ) providetwo fully staggeredlayoutsin which

therearedifferentlocationsfor thetwo wind componentsandfor height. NotethattheE grid canbeviewedasthe

B grid rotated through .

Figure  2. Distribution of variables for the unstaggered A grid
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Figure  3. Distribution of variables for the staggered B grid

Figure  4. Distribution of variables for the staggered C grid
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Figure  5. Distribution of variables for the staggered D grid

Figure  6. Distribution of variables for the staggered E grid

3.2  The linearized shallow-water equations on an f-plane

To illustratetheapplicationof thevariousgridsit is convenientto considerthelinearizedshallow-waterequations

on an f-plane:

Thechoiceof staggeringmaybecloselylinkedwith thechoiceof time scheme.Oneexampleis providedby the

forward/backward (two-level) time scheme, as used for instance in the UKMO model:
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Here

Theseequationsaresolvedfirst for and , andthenfor . Thesolutionof thecoupledimplicit equa-

tionsfor thewind componentsis evidentlysimplerfor thesemi-staggeredgridsin whichthetwo wind components

are held at the same points.

For thesemi-implicit(three-level) timeschemeused,for example,in theoriginalECMWFfinite-differencemodel,

we have:

Here

This leads to a Helmholtz equation of the form:

to be solved for , after which and canbe computed.The discretizationof this

Helmholtz equation is of simplest form when the C grid is used.

3.2 (a)  Discretizations of the linearized shallow-water equations.We usethefollowing notationfor thesec-

ond-order finite-difference derivative and averaging operators with respect to:

and

with similar expressions for the independent variable .

With thesedefinitions,thesimplestsecond-orderdiscretizationsof thelinearizedshallow waterequationsfor the

various staggered grids are given by:
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A grid:

B grid:

C grid:

D grid:

E grid:

Several comments can be made on the above forms:
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(i) Since all derivatives in the A grid formulation are

effectively taken over double grid lengths, with implied loss of accuracy.

(ii) The form of the Coriolis termsfor the B grid favours implementationof the forward/backward

scheme illustrated in3.2.

(iii) Suitability of the C grid for implementationof semi-implicit time differencinghasalreadybeen

noted. Coriolis termsareaveragedin bothhorizontaldirections,therebyreducingtheamplitudeof

these terms for small-scale motion.

(iv) The extensive averaging in the discretizationshown for the D grid can be avoided by time-

staggering, as discussed below.

(v) TheE grid alsofavoursimplementationof the forward/backwardscheme.In this casethereis no

averagingof right-handsideterms. However, comparingsquaregridsof equalresolution,i.e.when

thedistancebetweenneighbouringgrid pointscarryingthesamevariableis thesamefor eachgrid,

thex andy derivativesfor theE grid aretakenover a grid interval which is longerthanfor the

other staggered grids.

3.3  The time-staggered D (Eliassen) grid

Staggeringvariablesin timeaswell asspaceprovidesawayof avoidingtheaveragingontheright-handsideterms

indicatedabovefor theD grid. Thistechnique,dueto Eliassen(1956),involvesrepresentingvariablesateverysec-

ondtimesteponanoffsetD grid, illustratedin Fig. 7 . Theshallow waterequationsarein thiscasediscretizedas

shown above for theE grid. If theright-handsidetermsareevaluatedusingvariableson theD grid shown in Fig.

5 , thentendenciesarecomputedfor thevariablesat thepositionsshown on theoffsetgrid (Fig. 7 ). On thenext

timestepthey arecomputedbackon theoriginalgrid. A variantof thisapproachis to useahigher-orderinterpo-

lation to transfer values back from the offset grid to the original grid (Bratseth, 1983).

Figure  7. Distribution of variables for the offset time-staggered D (Eliassen) grid

3.4  Grid splitting

TheB andE gridscanberegardedasbeingmadeup of two C grids. This is illustratedbelow in Fig. 8 for theB

grid. If no distinctionis madebetweenvariablesrepresentedby upper- andlower-casecharacters,thenthefigure

representsaB grid. However, half thepoints,thosedenotedby lower-casecharacters,form aC grid whose and
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axesarerotated45o anticlockwiserelativeto theaxesof theB grid. Theotherhalf, denotedby upper-casechar-

acters, form a second C grid, shifted by one grid-length along the
 axis of the B grid.

Figure 8. Distributionof variablesontheB grid illustratinghow it canbeviewedasacombinationof two C grids

rotated through 45o, identified by variables written in upper and lower cases.

In formulatingB- andE-gridmodels,actionhasto betakento avoid solutionssplitting into two separatedistribu-

tionsonthetwo C subgrids.Oneeffectiveremedy, proposedby Mesinger(1973),is to modify thecontinuityequa-

tion by a formally small term:

where and aretwo finite-differenceformsof theLaplacianand is anadjustableparameter. For asquare

grid ( ) the two forms of the Laplacian are:

and

3.5  Applications

A numberof idealizedcalculationshavebeencarriedout to assessthesuitabilityof thevariousgrids. Discussions

of thesecanbefoundin severalof thereview articlescitedin thelist of references.A generalresultof thesecal-

culationsis thatthestaggeredgridsareindeedto bepreferredto theunstaggeredA grid. Beyondthis,noonestag-

gered arrangement of variables appears to be overwhelmingly superior.

The lack of a clearwinner from amongthevariousstaggeredgrids in idealizedtestsis reflectedin thevarietyof

gridsusedin operationalfinite-differencemodels.TheB grid is currentlyusedin theUKMO “unified” model,for

climatesimulationaswell asnumericalweatherprediction. TheC grid waschosenfor thefirst operationalEC-

MWF model,andis in operationalusein theseveralcountriesthat run versionsof theHIRLAM model,whose
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adiabaticformulationwasderivedfrom thatof theoriginal ECMWF model. This grid is alsousedin theopera-

tional limited-areamodelsof DWD, andaC-gridversionof theUKMO modelis underdevelopment.TheD grid

is usedin theDNMI modelusinginterpolationfrom theoffsetD grid asdiscussedabove. It is alsoused(with time-

staggering)in NMC’s “nestedgrid” model(Phillips, 1979). However, theE grid, for which schemesweredevel-

opedextensively by MesingerandJanji in Belgrade,is usedin NMC's newer “eta” model. For reasonsindicated

above,thegravity-wavetermsaregenerallyhandledby thesemi-implicitmethodin theC-gridmodels,andby for-

ward/backwardtime differencingin theB- andE-grid models.Overall, theC grid appearsto beemerging asthe

most popular, with the E grid its closest competitor.

4. CONSERVATION AND EULERIAN ADVECTION SCHEMES

4.1  Introduction

Thereareseveralreasonswhy numericalschemesfor modelsareoftenformulatedto respectconservationproper-

tiesof thegoverningequations.An importantpracticalconsiderationis thatsatisfactionof conservationproperties

helpstoensurethecomputationalstabilityof amodel.Apartfromthis,thedirectphysicalrealismof aconservation

propertymay be a desirablefeature. For example,ensuringconservation of masspreventsthe surfacepressure

from drifting to highly unrealisticvaluesin long-termintegrationsof atmosphericmodels.Advectionschemes

which satisfyanappropriatedynamicalconservationpropertymayhelpto ensuretherealismof a model'senergy

spectrum.

Thereare,however, considerationsotherthanconservationthatmight influencethechoiceof numericalscheme.

Shape-preservation(avoidanceof thegenerationof spuriousmaximaor minima)maybeconsideredanimportant

featureof anadvectionscheme,andtheeconomyof a method(especiallytheability to take long time steps)may

beacritical factor. Indeed,semi-Lagrangianadvectionschemes,generallywithoutformalconservationproperties,

are increasingly being developed for numerical weather prediction.

4.2  The shallow-water equations on the sphere

To illustrateconservationanda conservingdifferenceschemeit is convenientto considerthe full shallow-water

equations on the sphere.  These can be written in the form:

where  is longitude,  is latitude and  is the radius of the sphere, with

and
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Here , with  the planetary rotation rate.

It can be verified that these equations are such that the following conservation relations hold:

Mass

Energy

Potential enstrophy

4.3  A conserving finite-difference scheme for the shallow-water equations on the sphere.

As anexampleof aconservingfinite-differenceschemewetaketheC-gridschemeusedin ECMWF'soriginalop-

erationalmodel.Thisschemeconservesmassandpotentialenstrophy, following Sadourny (1975). Thespatialdis-

cretization is given by:
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and

Sadourny(1975)discusseshow enstrophy conservationhelpsmaintaina realisticenergy spectrum.However, add-

ing formalconservationpropertiesdoesnotguaranteestability. Theschemeinitially testedatECMWFconserved

energyalso,butwasunstablewhenappliedin amulti-levelmodel(Hollingsworthetal.1983).Theinstabilityman-

ifesteditself in acatastrophicweakeningof thesimulatedflow overa two to threedayperiod,andwaslinkedto a

poorer momentum conservation in the energy-conserving version.

4.4  Some other conserving schemes

Thereis a quiteextensive literatureon conservingfinite-differenceschemes.Thepioneeringcontributionsof Ar-

akawabeganwith apaperin 1966;arecentwork (ArakawaandHsu,1990)presentedC-gridschemeswhichcon-

serve energy, but dissipatepotentialenstrophy. Janji (1984)derived an E-grid schemewith “built-in control” of

energy cascade.This is a transformto theE-gridof aC-gridschemeof Arakawawhichconservesenergy anden-

strophy for non-divergentflow. It is usedtodayin theNMC “eta” model. A conservingB-grid scheme,following

Mesinger(1981),with optionof fourth-orderaccuracy, is usedin theUKMO “unified” model(CullenandDavies,

1991).

5. TREATMENT OF THE POLES

5.1  Formulation of the finite-difference scheme

Careis neededin theformulationof finite-differenceschemesfor thepolarcapsin globalmodels.As anexample,

we take theECMWF shallow-waterscheme. TheC grid is definedsuchthat is heldat the two polarpoints.

Tendenciesof arethusneededat thesepoints,andpolarvaluesof and alsohave to bedefined,asthey

are needed to integrate the equation

for values of  one half grid-length from the poles.

For the polar tendency of , the continuity equation

is integrated over the polar cap, and Green's theorem is applied to give

wherethesumis of themeridionalmassfluxesoverall longitudes( ) onehalf grid-lengthfrom

the pole, and  for the North Pole and  for  the South Pole.
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Thepolarvaluesof and aredeterminedfrom considerationsof conservation. Thespecificexpressionsare

given by Burridge(1980),who alsoillustrateshow the schemeperformswell in representingRossby–Haurwitz

wave motion in the vicinity of a pole.

5.2  Computational stability

Anotherimportantrequirementis to avoid ahighly restrictiveCFL time-steplimit arisingfrom theshorteast-west

grid-lengths near the poles when a regular latitude/longitude grid is used.

The usualsolutionis basedon Fourier decompositionpoleward of critical latitudes. The unstablehigher-wave-

numbercomponentsof tendenciesor fieldsaremodified,andthetendenciesor fieldsaretransformedbackto grid-

point values. Fourierfiltering involvesreducingtheamplitudesof higher-wavenumbercomponentsof tendencies

or fieldsby sufficient amountsto ensurestability. For example,theresultspresentedby Burridge(1980)wereob-

tained by filtering the tendency of wavenumber  by a factor:

Variants are:

(i) Applying the filtering only to the most critical of the terms that make up the tendencies.

(ii) Fourier chopping:a specialcasein which higher-wavenumbercomponentsof tendenciesor fields

are set to zero.

(iii) Useof a scale-selective diffusionschemewith sufficient dampingto prevent instability, asusedin

theformeroperationalECMWFmodel;if is theprovisional,undiffusednew valueof a

variable, the implicit scheme is

which is solved in Fourier space for the diffused value

Thealternative of usinga skippedor Kuriharagrid wasdiscussedin Section2. Anotherearlyapproachwasthat

of GrimmerandShaw (1967),whousedtime-stepsthatwereshorternearthepolesthanelsewhere.Recently, Bates

et al. (1993)have shown thatuseof semi-Lagrangianadvectionobviatestheneedfor Fourierfiltering in a global

modelwith regularlatitude/longitudegrid. However, it remainsto beseenwhetherfinite-differencemodelscanbe

developedwhichapproachtheefficiency of spectralmodelswhichusethe“reduced”grid of Hortal andSimmons

(1991) (see alsoCourtier, 1994), in which the longitudinal grid spacing is close to uniform over the sphere.
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