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1. INTRODUCTION

Threetypesof methodareavailablefor thehorizontaldiscretizatiorof thegoverningequationof large-scalenod-
elsof theatmosphere Thesearethefinite-differencemethod the spectramethodandthefinite-elemenmethod.
The basics of these methodséd®een introduced in the preceding course on numerical methods.

All threemethodsareusedtodayfor operationahumericalweathemprediction. Thespectramethodis adoptedal-
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(20 Adiabatic formulation of lar ge-scale models of the atmosphere

mostuniversallyfor global medium-rangdorecastingmodels. Of the principal currentoperationaimodels,the
only onenotusingthespectramethodis thefinite-differencemodelof theUnitedKingdomMeteorologicalOffice
(CullenandDavies, 1991). Someothercentresare,however, consideringfuture useof the finite-differenceap-
proach. More diversityis seenamongthe modelsemployedfor global climatemodelling,but again the spectral
methodpredominatespf 29 modelslisted by Gate$1992)asparticipatingin AMIP, a modelcomparisorproject,
19 were spectral. Corversely for local, short-rangdorecasting limited-areafinite-differencemodelsare most
commonlyused.However, a spectralimited-areamodelhasbeenusedoperationallyby the JaparMeteorological
Ageng for anumberof yearg(Tatsumj 1986),andMétéo-Francéasrecentlyimplementedglobalspectramod-
el with non-uniformresolutionfor this purpose(CourtierandGeleyn, 1988). Spectrallimited-areamodelshave
alsobeendevelopedby severalothergroups:HIRLAM, ECMWF, Météo-FrancandNMC, WashingtonHaugen
andMachenhaue1993;Hoyer, 1987;JuangandKanamitsu,1994). Thefinite-elementmethodhasbeenin oper-
ationalusefor regionalpredictionfor sometime in Canadaanda multi-purposemodelbasedn the methodwith

option of \ariable resolution is underddopment for uses which include global predictiGdtget al., 1993).

A numberof choiceshave to be madeonceit hasbeendecidedto usethe finite-differencemethodfor anatmos-
phericmodel. Particularchoicesmay dependon otherdecisionsmadefor the model, particularlythe choiceof
time-steppingnethod for examplewhethera semi-implicitor split-explicit schemes choserto handlefast-ma-
ing gravity-waves,or whetheran Eulerianor semi-Lagrangiaschemds chosenfor advection. Questiongo be
answered include:

. How should grid points be disttited aer the sphere?

. How should variables be staggered?

. Which finite-diference scheme should be used?
. Which conseration properties should be satisfied?
. Which order of accurgcshould be used?

. How should the special problems of the poles be treated?

In this lecture, we discussWwasome of these questionsvkabeen answered for flifent models.

2. DISTRIBUTION OF GRID-POINTS

The problemof how to distribute grid pointsover the spherehasyet to be solvedin a fully satishctorymanner
Thegenerallyacceptednethodfor medium-ranggredictionandlongertermintegrationsis to useagrid whichis

regularin latitudeandlongitude,asin theupperillustrationof Fig. 1. Suchagrid wasusedin theoriginal opera-
tional ECMWF model(Burridge 1980;Simmonsetal., 1989),andis usedtodayin the UKMO model. In thiscase
the grid lengthbecomesmallin the zonaldirectioncloseto the poles,and specialcalculationsmay have to be

carriedoutto avoid having to usea very smalltime-stepasdiscussedn Subsectiorb. Unnecessargxpensemay
alsobeincurredin calculatingphysicalparametrizationsn a grid whichis overly finein theeast-westloseto the

poles.

Thesenefficiencieswererecognizedn theearlydaysof globalmodelling,andled Kuriharg1965)to proposeause
of the“skipped” or “K urihara”grid shavn in themiddleillustrationof Fig. 1. However, problemswereencoun-
teredin practicewith thesegrids,mostnotablyin thetendeng for spuriouslyhigh pressureo developatthepoles.
Their usehasbeenlargely abandonedh finite-differencemodels,althoughmorerecentlyPurser(1988hassug-
gestedtheir reintroduction but usingmore accuratenumericalschemego remedythe problems. The useof an
icosahedragrid (seealsoFig. 1) hasalsobeenconsiderede.g.Williamson, 1970;seealsoCullen, 1974, for the
finite-element method),ub has not gined widespread acceptance.

Thetraditionalmethodof avoiding problemsat or nearthe polein limited-areamodelswasto useprojectiononto
aplane typically apolarstereographiprojection. Morerecentmodelstendto usearegularlatitude/longitudesys-
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tem, but with the pole of the coordinatesystemrotatedaway from the geographigole sothatthe equatorof the
rotatedsystempasseshroughthe domainof interest. Thisis theapproacmow in useatthe UKMO, in the HIR-
LAM andDWD modelsandin the“eta” modelof NMC, Washingtor(seepapersn Proceedingsf 1991ECMWF
SeminarandMesingeret al., 1988).

Referencavasmadein theintroductionto variableresolutionspectralandfinite-elemenmodelsdesignegrima-
rily for local short-ranggrediction.An exampleof such(fixed) variableresolutionin afinite-differencemodelis
describedy Sharmeetal. (1987). Anotherpossibilityis adaptve meshrefinemenin which resolutionis refined
wherethe solutionhasfine-scalestructure ratherthanin afixedregion. Amongthe review articleslistedin the
Reference section is one by Skamarock on this topic.

Regular latitude/longitude grid
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Figure 1. Alternatie distributions of grid points on the sphere
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3. STAGGERING OF VARIABLES

3.1 Staggered grids

Having decidedon the basicdistribution of grid points,a choicehasto be madeasto how to arrangethedifferent
prognosticvariableson the grid, sincethe mostobvious choiceof representingll variablesatthe samepoint has
disadantages.In thefollowing, the standardayoutsareillustratedfor the variablesof the shallov-waterequa-
tions,thezonalandmeridionalwind componentsy andv , andthegeopotentiakp. In multi-level modelstem-
peratureandsurfacepressuraredefinedatthe @ points. Humidity, arny extraadwectedatmospherivariablesand
surfacevariablesarealsogenerallyheld at the @ pointsin comprehensie atmospherianodels,asis salinity in

ocean models.

Therearefive principal arrangementsf variablesusuallyidentifiedby the lettersA to E (see,for example,Ar-
akawaandLamb,1977). TheA grid is thebasicunstaggeredrid illustratedin Fig. 2, in which all variablesare
held atthe samepoint. TheB andE grids(Figs.3 and6 ) carrybothwind componentst the samepoints,and
arereferredto assemi-staggeredThe C andD grids(Figs.4 and5) provide two fully staggeredayoutsin which
therearedifferentlocationsfor thetwo wind componentsindfor height. Notethatthe E grid canbeviewedasthe
B grid rotated througH5° .

g --DX---Ppo .
A Ou, v O u, v
ny
¢ u v O u v
O u v

Figure 2. Distrilntion of variables for the unstaggered A grid
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Figure 3. Distrilntion of variables for the staggered B grid
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Figure 4. Distrilntion of \ariables for the staggered C grid
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Figure 5. Distrilntion of variables for the staggered D grid
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Figure 6. Distrilntion of \ariables for the staggered E grid
3.2 Thelinearized shallow-water equations on an f-plane

To illustratetheapplicationof thevariousgridsit is corvenientto considetthe linearizedshallov-waterequations
on an f-plane:

ou 00

- “atl
v _ _dg_
ot Oy fu

09 _ _pu , 0vp
ot q)EBx-'-ayD

The choiceof staggeringnay be closelylinked with the choiceof time schemeOneexampleis provided by the
forward/backvard (two-level) time scheme, as used for instance in the UKMO model:
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Su = —(%(p(t—At) + o'

S0 = —(%(p(t—At)—fﬁt

5,0 = —db[a%cu(t) " (%v(t)]
Here d,u = A—lt[u(t)—u(t—At)] and @' = %[u(t)+u(t—At)]

Theseequationsaresolvedfirstfor u(¢) andv(¢), andthenfor ¢(¢) . Thesolutionof the coupledimplicit equa-
tionsfor thewind componentss evidently simplerfor thesemi-staggeredridsin whichthetwo wind components
are held at the same points.

For thesemi-implicit(three-level) time schemaised for example,in theoriginal ECMWFfinite-differencemodel,
we have:

0 -2t

b= LG+ o)
0 -2
Oy = _@(\0 —fu(t)

— 9 -2, 0 2
00 = Cb[axu +0yv ]

Hered,u = z—it[u(t+At)—u(t—At)] and 7% = %‘[u(t+At)+u(t—At)]
This leads to a Helmholtz equation of the form:

o(t + Az) - (2At)2d> chp(t + At) = terms involving time levels andz — Az

to be solved for @(¢ + At) , afterwhich u(z + A¢) and v (¢ + At) canbe computed.The discretizationof this
Helmholtz equation is of simplest form when the C grid is used.

3.2 (a) Discetizations of the linearized shallow-water equatioWe usethe following notationfor the sec-
ond-order finite-diierence deviative and seraging operators with respectto

-1 1.0 1.0
0, = Ax[(p%c + 2AxD— (p%c - 2AxD]

and

¢ = %‘[(p% + %Ax%+ (p%c - %Ax%]

with similar expressions for the independemtriabley .

With thesedefinitions,the simplestsecond-ordediscretization®f the linearizedshallov waterequationdor the
various staggered grids aregn by:
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A grid:
9 s
5= CO0Ef
s —
5= 8,0 —fu
2 = (5" +38,0")
B grid:
%_Ltt = _ax(_py + fU
9 s
5= 8,0 —fu
%2 = (5.’ +5,0%)
C grid:
9 s
5= 0.0+ [0
9 s
5 = —8,0-fu”
22 = —o(5.u+5,0)
D grid:
%Ltf = _6x(_pxy + fljxy
9 Cxy o a
a_l; = =00 - fa”
2= 05,27 +8,07)
E grid:
9
5= %0t f
9
5 = —8,0-fu

00 _
5 - —®(0,u +9d,v)

Several comments can be made on thevaldorms:
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® Since 6x(_px = %[(p(x+Ax)—(p(x—Ax)] all deriatives in the A grid formulation are
effectively taken over double grid lengths, with implied loss of accyrac

(i)  The form of the Coriolis termsfor the B grid favours implementationof the forward/backvard
scheme illustrated 8.2

(i) Suitability of the C grid for implementationof semi-implicit time differencinghasalreadybeen
noted. Coriolis termsareaveragedn bothhorizontaldirections therebyreducingthe amplitudeof
these terms for small-scale motion.

(iv) The extensive averagingin the discretizationshovn for the D grid can be avoided by time-
staggering, as discussed helo

(v)  TheE grid alsofavoursimplementatiorof the forward/backvard scheme.In this casethereis no
averagingof right-handsideterms. However, comparingsquaregridsof equalresolution,i.e. when
the distancebetweemeighbouringgrid pointscarryingthe samevariableis the samefor eachgrid,
thex andy derivativesfor the E grid aretaken over a grid interval whichis ./2 longerthanfor the
other staggered grids.

3.3 Thetime-staggered D (Eliassen) grid

Staggering/ariablesn time aswell asspaceprovidesaway of avoiding theaveragingontheright-handsideterms
indicatedabove for theD grid. Thistechniquegdueto Eliassel{1956),involvesrepresentingariablesatevery sec-
ondtime stepon anoffsetD grid, illustratedin Fig. 7. Theshallov waterequationsarein this casediscretizedas
shavn above for the E grid. If theright-handsidetermsareevaluatedusingvariableson the D grid showvn in Fig.
5, thentendenciesrecomputedor the variablesat the positionsshovn on the offsetgrid (Fig. 7). Onthe next
time stepthey arecomputedbackontheoriginalgrid. A variantof this approachis to usea higherorderinterpo-
lation to transfer &lues back from the fsfet grid to the original gridBratseth 1983).

u u

° Y Py . .
o v [0} v
[ ] L]
u

(] (] (] (] (]
o v o
[ ] [ ]
u

Figure 7. Distrilntion of variables for the d$et time-staggered D (Eliassen) grid

3.4 Grid splitting

The B andE gridscanberegardedasbeingmadeup of two C grids. Thisis illustratedbelow in Fig. 8 for the B
grid. If nodistinctionis madebetweervariablesrepresentetdy upper andlower-casecharactersthenthefigure
representaB grid. However, half thepoints,thosedenotedy lower-casecharactersiorm aC grid whosex and
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y axesarerotated45® anticlockwiserelative to theaxesof theB grid. Theotherhalf, denotedy uppercasechar-
acters, form a second C grid, shifted by one grid-length along-tlagis of the B grid.

o) [0) d ¢
u,.V U,.v u: 14

: o 0 o
U.: v u,.V U:.v

@ 0 @ 0
u:V U.; v u,.V

Figure 8. Distribution of variablesontheB grid illustratinghow it canbeviewedasa combinatiornof two C grids
rotated through 45 identified by wariables written in upper andwer cases.

In formulatingB- andE-grid models actionhasto betakento avoid solutionssplitting into two separatelistribu-
tionsonthetwo C subgrids.Oneeffective remedy proposedy Mesinger(1973)is to modify thecontinuityequa-
tion by a formally small term:

22+ (5,2 +50") + wtd(D: - )0 = 0

whereDf and Di aretwo finite-differenceformsof the Laplacianandw is anadjustablgparameterForasquare
grid (Ax = Ay) the two forms of the Laplacian are:

02 = [-4(x, y) + @(x + Ax, ) + @(x —Ax, y) + @(x, y + By) + @(x, y —Ay)] / (Ax)?

and

0% = %[_4(p(x, ¥) + @(x + Bx, y + By) + G(x —Ax, y + By) + @(x + Ax, y-Dy) + Qx—Dx, y-Dy)] / (Bx”)

3.5 Applications

A numberof idealizedcalculationshave beencarriedoutto assesghe suitability of thevariousgrids. Discussions
of thesecanbe foundin several of thereview articlescitedin thelist of references.A generakesultof thesecal-

culationsis thatthestaggeredridsareindeedto bepreferredo theunstaggereé grid. Beyondthis,noonestag-
gered arrangement oéxiables appears to beeswhelmingly superior

Thelack of a clearwinnerfrom amongthe variousstaggeredyridsin idealizedtestsis reflectedin the variety of
gridsusedin operationafinite-differencemodels. The B grid is currentlyusedin the UKMO “unified” model,for
climatesimulationaswell asnumericalweathemrediction. The C grid waschoserfor thefirst operationaEC-
MWF model,andis in operationalsein the several countriesthatrun versionsof the HIRLAM model,whose
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adiabaticformulationwasderived from thatof theoriginal ECMWF model. This grid is alsousedin the opera-
tional limited-areamodelsof DWD, anda C-grid versionof the UKMO modelis underdevelopment. The D grid

isusedn theDNMI modelusinginterpolationfrom theoffsetD grid asdiscusse@bove. It is alsoused(with time-
staggering)n NMC's “nestedgrid” model(Phillips, 1979). However, the E grid, for which schemesveredevel-

opedextensvely by MesingerandJanijiin Belgrade js usedin NMC's newer “eta” model. For reasonsndicated
above, thegravity-wave termsaregenerallyhandledby the semi-implicitmethodin the C-grid models andby for-

ward/backvardtime differencingin the B- andE-grid models.Overall, the C grid appeardo be emeging asthe
most popularwith the E grid its closest competitor

4. CONSERVATION AND EULERIAN ADVECTION SCHEMES

4.1 Introduction

Thereareseveralreasonsvhy numericalschemesgor modelsareoftenformulatedto respectonserationproper-
tiesof thegoverningequations.An importantpracticalconsideratioris thatsatistctionof conserationproperties
helpsto ensurehecomputationastability of amodel. Apartfrom this,thedirectphysicalrealismof aconseration
propertymay be a desirablefeature. For example,ensuringconseration of masspreventsthe surfacepressure
from drifting to highly unrealisticvaluesin long-termintegrationsof atmospherianodels.Advection schemes
which satisfyanappropriatedynamicalconseration propertymayhelpto ensuretherealismof a model'senegy
spectrum.

Thereare,however, considerationstherthanconseration that might influencethe choiceof numericalscheme.
Shape-preseation (avoidanceof the generatiorof spuriousmaximaor minima) may be considerecanimportant
featureof anadwectionschemeandthe economyof a method(especiallythe ability to take long time steps)may
beacritical factor Indeedsemi-Lagrangiaadwectionschemesgenerallywithoutformalconserationproperties,
are increasingly being deloped for numerical weather prediction.

4.2 Theshallow-water equationson the sphere

To illustrate conseration anda conservingdifferenceschemeit is convenientto considerthe full shallov-water
equations on the sphere. These can be written in the form:

0 1 10

a_LLf - cose[_ﬁé.)—\((erE) +Zcpvcose}
ov _ _1ro _

ot - _a[ae(‘p+E) Z(pu]

d9_ 1

-_ 170 9

at _acose[ax(“’”) ¥ ae(‘pvcose)]

whereA is longitude,8 is latitude and: is the radius of the sphere, with
E = %[u2+ vz]

and
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Heref = 2QsinB, with Q the planetary rotation rate.
It can be erified that these equations are such that thewWwitp conseration relations hold:
Mass
2 21

a% [ [ocos dhde = 0

-2 0

Enegy

V2 21

(% [ I%w%zgcose d\d8 = 0

-2 0

Potential enstroph

P 2 21
2 —
3 J’ IZ @cosH dAdd = 0O
-2 0

4.3 A conserving finite-difference scheme for the shallow-water equations on the sphere.

As anexampleof aconservindinite-differenceschemenwe take the C-grid schemaisedin ECMWF'soriginal op-
erationaimodel.Thisschemeonseresmassandpotentialenstroply, following Sadoury (1975). Thespatialdis-
cretization is gien by:

%_Z; = %e[—}l'é)\((p+ [E]) +[7]em”]
2 = oo+ 1B -121'T"
22 = L_[5,(U) +8(Vcos)]

where the zonal and meridional massdleptU andV', are gven by

U=¢u and V = guv

with

_ 12 1 2 6
[E] = z[u +—=p cose]
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and

[Z] = @[f@%i{aw —ée(ucose)}]

Sadourg(1975)discussesiow enstroply conserationhelpsmaintainarealisticenegy spectrumHowever, add-
ing formal conserationpropertiesloesnotguaranteestability. Theschemenitially testedat ECMWF consered
enegy also,but wasunstablevhenappliedin amulti-level model(Hollingsworthetal. 1983). Theinstabilityman-
ifesteditself in a catastrophievealeningof the simulatedflow over atwo to threedayperiod,andwaslinkedto a
poorer momentum consetion in the en@y-conserving grsion.

4.4 Some other conserving schemes

Thereis a quite extensize literatureon conservindinite-differenceschemes.The pioneeringcontritutionsof Ar-
akavabeganwith apaperin 1966;arecentwork (ArakawaandHsu,1990)presentedC-grid schemesvhich con-
sene enepy, but dissipatepotentialenstroply. Janji (1984)derived an E-grid schemewith “built-in control” of
enegy cascade.Thisis atransformto the E-grid of a C-grid schemeof Arakawva which conseresenegy anden-
stroply for non-divergentflow. It is usedtodayin the NMC “eta” model. A conservingB-grid schemefollowing
Mesingen(1981),with optionof fourth-orderaccurag, is usedin the UKMO *“unified” model(CullenandDavies,
1991).

5. TREATMENT OF THE POLES

5.1 Formulation of thefinite-difference scheme

Careis neededn theformulationof finite-differenceschemesor thepolarcapsin globalmodels. As anexample,
we take the ECMWF shallav-waterscheme. The C grid is definedsuchthat @ is held at the two polar points.
Tendencie®f @ arethusneededat thesepoints,andpolarvaluesof [E] and U alsohave to be defined,asthey
are needed to ingeate the equation

L = Loyorim)-121'0"

for values ofv one half grid-length from the poles.

For the polar tendeyaof @, the continuity equation

¢ _ 1

2P = 18 (U) + 35(V cosd)]

is integrated @er the polar cap, and Green's theorem is applied/éo gi

nlon

48
nlon a AB 'Zl Vpole—%, i

0
a_t(ppole -

wherethesumis of themeridionalmassluxesoverall longitudeqi = 1, 2, ..., nlon ) onehalf grid-lengthfrom
the pole, andS = 1 for the North Pole and = -1 for the South Pole.
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Thepolarvaluesof [E] andU aredeterminedrom considerationsf conseration. Thespecificexpressionsre
given by Burridge (1980),who alsoillustrateshow the schemeperformswell in representindkossby—Haurwitz
wave motion in the vicinity of a pole.

5.2 Computational stability

Anotherimportantrequirements to avoid a highly restrictve CFL time-stepimit arisingfrom theshorteast-west
grid-lengths near the poles when gular latitude/longitude grid is used.

The usualsolutionis basedon Fourier decompositiorpolevard of critical latitudes. The unstablehigherwave-
numbercomponent®f tendenciesr fieldsaremodified,andthetendenciesr fieldsaretransformedackto grid-
pointvalues. Fourierfiltering involvesreducingthe amplitudesof higherwavenumbeicomponent®f tendencies
or fieldsby suficientamountgo ensurestability. For example theresultspresentedyy Burridgg1980)wereob-
tained by filtering the tendepof wavenumberk by a fctor:

min[l cosd ]

" coy(T/ 4)sin(RAN/ 2)

Variants are:
0] Applying the filtering only to the most critical of the terms that enag the tendencies.

(i)  Fourierchopping:a specialcasein which higherwavenumbercomponent®f tendencie®r fields
are set to zero.

(i)  Useof ascale-selecte diffusion schemewith sufficient dampingto preventinstability, asusedin
theformeroperationaECMWF model;if X (¢ + At) is theprovisional,undiffusednew valueof a
variable, the implicit scheme is

1

Sl + 80 ~X (¢ + 28] = —K[

1 4 1.4
— 1 X +nn) 15X (t+At)]
a’cos'e A at o

which is solhed in Fourier space for the difsed alue X (¢ + At)

Thealternatve of usinga skippedor Kuriharagrid wasdiscussedn Section2. Anotherearly approachwasthat
of GrimmerandShaw (1967),whousedime-stepshatwereshortemearthepolesthanelsavhere. RecentlyBates
etal. (1993)have shovn thatuseof semi-Lagrangiamdvectionobviatesthe needfor Fourierfiltering in a global
modelwith regularlatitude/longitudegrid. However, it remaingo beseernwhetheffinite-differencenodelscanbe
developedwhich approactthe efficiency of spectraimodelswhich usethe“reduced”grid of HortalandSimmons
(1991) (see als@ourtier 1994), in which the longitudinal grid spacing is close to unifover the sphere.
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