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1. INTRODUCTION

Thesenotesarenot a verbatimrecordof the lectureseries but rathera condensatiomf the topicscovered.They
describesomeof thetechniquesisedin theadiabatidormulationof primitive-equatiormodelsof theatmosphere.
Somesectionshave beentakendirectly from earliernotesby D. Burridgeandfrom apapery A. SimmonsandD.
Dent. These notes are not complete and need to be supplemented bywheg@iburces:

) ‘Numerical predictionand dynamicmeteorology’by Haltiner and Williams. This is a very useful
textbook and reference book describing mafithe basic principles and techniques used in NWP

(i)  ‘Numerical methodsfor weatherprediction’, ECMWF Seminarnotes 1983 and, in particular
chapterdy Mesinger JanjicandArakava. Unfortunatelythis volumeis out of print but you maybe
able to find a copin your home institution.
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In additionto the above, usefulmaterialcanalsobefoundin Philips’s articlein ‘Planetaryfluid dynamics’edited
by P. Morel and‘Numerical methodsusedin atmospherienodels’by Mesingerand Arakava, GarpPublications
Series No. 17, dume 1, (1976).

2. GOVERNING EQUATIONS

Taking an inertial (or fizd) frame of reference, Me¢on's second & can be gpressed as

DV

Dta =F 1)

whereF is thesumof all theforcesperunit mass.V, is thevelocity asobseredin theinertial frame.We needto
express this equation in a reference frame on earth and which rotates with the earth.

Let Q be the angularelocity of the earth, then
V,=V+Qxr (2)
whereV is thevelocity relative to theearthandr representthepositionvectorof the particleasmeasurdrom the

origin at the earth's centre.

Now consider the time dervative of a vector V = V',i"+V' j"+V' k" in the inertial frame and
V = V,i+V,j+V,k intherotatingframewherei’, j’, k" andi, j, k areunitvectorsalongtheorthogonabxes
in the two frames. Thus

DV _ dv xi,+dV yj,+dV 20

D¢ dt d¢ de¢
dv.. dv, dVv di dj dk
= 2 Tx 2y z = =1 =
TR TR P I(+V’fdt+vydt+vzdt
Now di/dt = Q xi , etc. so that we can write
DV _ dv
or - oar TV ®)

Using the gpression in1) and using2) we can shw that

DV, _ dv
o7 - E+ZQXV+QX(Q><r)

Thesecondermof theright-handsideis the Coriolisforceandthethird termthe centrifucal force.In atmospheric
motions,theforceswe areconcernedvith arethoseof gravitation, friction andpressureNormally, the centrifucal
force is included in the gvéational force which is tadn as constant= gk .

The equation of motion can be written as

%—‘;=—aDp—ZQXV—gk+F @)
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whereF denoteghefrictional forceanda = 1/p is thespecificvolume, p is thedensity Theequationof mass
continuity expresses theatt that local density changes are brought about by masgetice.

p _
5 = -0V (5)

or, alternatvely, dp/dt = —pO LV .

The first lav of thermodynamics can be written

_dI, da

where @ is the heatingor cooling from diabaticeffects, dI/d¢ is the rate of changeof internal enegy and
p(da/dt) represents theavk done by gpansion.

For a perfectgs,I = C,T and we hee the equation state of
p = RpT (7

whereR = C,-C, isthegasconstanandC, andC, arethespecificheatsatconstanpressureandvolume,
respectiely.

UsingI = C,T we can rerite (6) as

dT" | da
Q=Coy Py ®
Alternatively, we can Epandp% = p(%g%l‘g = R%—? —}%13—12 and rearrangin@8) we hae
_ ~dI' RT
Q - Cp dt - D w , (9)

wherew = dp/dt .

In termsof potentialtemperature® = (po/p)KT (or T = MO wherel = (p/pO)K) wherek = R/C,,
P = 1000 hPa.

d® _  qd@, o okpde tuting | o we f
We hae C, i c,n o + Cpepl'l dr and, on substituting if®), and rearranging we find
do _ ©

2.1 Horizontal coordinate systems

Application of the equationsof motionrequiresthe useof anappropriatecoordinatesystem.The obvious choice
for globalmodelsis to choosesphericapolarcoordinatesvith longitudeA | latitude ¢ andradialdistancer . The
map fctors in this system arg, = rcosp, hy = r, o, = 1 and the elocity components are
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u= hA% = rcow% , the eastward componen

_ do _ do t
v =hy a - ar , the northward componer
w=h dr _dr the radial component, t

"d¢  dt ' ’

Theradialdistancer = a + z wherea is theradiusof theearthandz is theverticaldistanceabore the surface
of the earth.

The components of the momentum equation become

du _ . uvtang ww 1 dp
i 2Qusind —2Qw cosp + — —prcos¢6)\ +F, (12)
dv _ . uztand) vw 1dp
i —2Qusing — s 7 T prag +F, (12)
AW _ 50, cosp+ LtV 10D _ g (1)
dt r por z

where

0 _0, u 0,00, 9
dt ~ 9t acoson add  Yar

From equation§11), (12) and(13), it can be shan that

dri,,20_ 1 0
w5V eV EB—F—)Dp+F—ng (14)

i.e. therateof changeof kinetic enepy is equalto therateat which the forcesof pressurdriction andgravity do
work.

We can also shothat

d - 0_1 op,.pO
dt[(u+Qrcosn1>)rcos;d>] = rcosp prcos¢aA+FAD (15)

which is the angular momentum principle.
For long intgyrations e.g. climate runs, it is important that these principles are maintained.

In the studyof largerscaleatmospherignotions,at leastfor motionswe areusuallyconcernedvith in numerical
modelling, the follaving approximations can be justified.

(i) Sincez «a , we replace: by the constantaluea .
(i)  The Coriolis and metric terms proportionaldosp are ignored.

(i)  We male the lydrostatic approximation to equati¢t3) so that
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op _ _
s pg (16)

i.e. the graity force balances theevtical pressure gradient force.

Under these assumptions,

u = acoﬂ)%, v = a%, w = da? A7)
P - pg (20)

wheref = 2Qsin¢ is the Coriolis parameter

Equationg18), (19), (20)togethemith thecontinuityequation5), theequatiorof state(7) andthethermodynamic
equation((8), (9) or (10)) give ustherequirednumberof equationdor theunknovns u, v, w, p, p, T ; theseare
known collectively as the primitie equations.

However, thereis no predictionequationfor w sincewe ignoreverticalaccelerationgdw / dt ) by our useof the
hydrostatic approximationw is usually diagnosed from a form of the continuity equation.

2.2 Theshallow water equations

The primitive equationsarenonlinear andit is only possibleto solve themapproximatelyusingnumericalmeth-
ods.Someof the propertiesof the primitive equationsandalsoof the numericalschemesisedin their solution,
can be gamined by studying simplified forms of the equations.

One such set of equations are the shall@ter equations.

If we assumeonstantensity thehorizontalpressurdorcein theequationof motionis independensof heightso
that

Op = pglh (21)

where# is the height of the free sade.

If wefurtherassuméhatthevelocityfieldis initially independendf height,thenit will remainsoandconsequently
we can omit theertical adection terns.

We also assume that the fluid is incompressible so that the continuity equation is

Ooov +

w _
s 0 (22)

0z

which can be inigrated fromz = 0 to z = & (the bottom to the free top sack) to gie
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ROV +w,—wy =0 (23)

At the bottomw, = O whilst at the topw, = dh/d¢ , the rate at which the free saee rises ordils.

Thus

wh:%—’t‘+vmh:—hmw (24)

or

%+VD]h+hDD\/ =0

The set of equations is completed by the momentum equations which are

%—\t/+VEDV+fk><V+gDh:O (25)

Theequation®f motionabove arein aform known astheadwective form dueto the presencef the vV 1V term.

The equations of motion can easily be rearranged into thefowirvariant form viz:

ov -

37 T+ HkxV+D(gh+E) =0 (26)
where

__1 pv_20 O
¢ = acomion 99 o)

is the vorticity in spherical coordinates (cf. with ¢ = dv/dx—0u/0dy in a Cartesian system) and
E = O.5(u2+v2) is the kinetic eneyy.

Theequation®f motioncanbecombinedandrearrangedhto theirvorticity/divergencdorm. Considetheshallov
water equations in a Cartesian system wheredheity is { = dv/0dx —0u/0dy .

%—Ltt+ug—;t+vg—;t—fv+gg—2:0 -
%+ug—;:+ug—;+fu+g%:o 0
Operating on the -equation byd/ dx , the u -equation byd/dy and subtracting, we obtain
% 0@ +f)V] = 0 (28)
ot

Thedivergencecanbeobtainedy operatingonthe u -equatiorby d/dx andthe v -equatiorby /0y andadding
to obtain
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oD

2
9D 0@+ ok x V] + Db + 4T = o (29)

2

2.3 Map projections

Sofar, we have useda sphericalpolar coordinatesystemin our derivation of the primitive equationsHowever, it
is sometimesiecessaryo mapontoa plane.Thisis oftendonefor limited-areamodellingand,of coursejs nec-
essary when producing charts.

Theadwectiveform of theshallov waterequationsn ageneralizedinearcoordinatesystemx, y with correspond-
ing map &ctorsh,, andh, are

ou , udu, K vo ahx goh _
E*;Tx_*h__ [f hh% ayD] hoox " ° %)
ov udv, vo ahx|:| g_h_
&*hxafh [f hh%’ - ] hooy = ° (31)
on . 1 _
§+hh[ (hyuh)+ > (hxvh)]—o (32)

In this system, theorticity { and dvergenceD are gven by

_ 1710 d
C= a0 = gy )| (33)
D = [t + 5] (34

Whenh, = h,, the angles between intersecting @srare preseed and the system is conformal.

We have already shen that a spherical polar coordinate system/as- acosp, hy = a .

2.3 (a) Polar stereographic projection. This projectionis usedfor mapsandwaswidely usedin modellingin
limited area models and the hemispheric domain.if the radius of a latitude circle on the map then

~
1

2atanq§), where®d = g—q) (35)

Thelongitudinalangleis definedas® = A sothatwith (x, y) axeswith origin atthepole,x positive eastvards,
y positive northwardsfrom ourreferencdongitude thenx = rsin® andy = rcos®.Intermsof ¢ andA these
become

_ 2acogpsinA _ _2acospcosh

(I+sing) ' ¥ = T (1+sing) (36)

with r = am(¢)cosp, where m(¢) = 2/(1+ sing) is the mapfactor(h, = h, = 1/m(¢) ). The wind
componentgu, v) in the (x, y ) directionsarex = h,x,v = h,y andarerelatedto the velocities(u, vs) in
the spherical system by = u,CoSA —v SinA andv = u SinA + v COSA .
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2.3 (b) Mercator (cylindrical) projection. This is commonlyusedfor mapsor for modellingin tropical re-
gions. Thex (east—west) ang (north—south) coordinates are defined by

»
El COSSI(II;I(I)E (37)

x = acoshyA, y = acoshyln

where ¢°c is ,the Iaiitude lat which the projection is true (usually ¢, = O, the equator). The map factor
m(q)) — 270 _ ]«7- = h_

3. HORIZONTAL DISCRETIZATION

So far, we have derived the basichydrodynamicalequationghat govern atmospherianotions.Given the initial
fieldsof massandvelocityit is possibleto treatthe solutionof theseequationsasaninitial valueproblemandthus
obtainthe massandvelocity distribution at somefuture time. However, the partial differentialequationsarenon-
linearandcanonly besolvedby usingnumericaltechniqueskFurthermorethenonlinearityof theequationsneans
thatary smallerrorsin theinitial conditionsarelikely to grow, makingthesolutionuselessn adeterministicsense
after a number of days.

Thereareavariety of methodshatcanbe employedin the solutionof the equationsWe shallputtheminto three
broad catgories—finite diference, spectral and finisdement techniques.

3.1 Finitedifferences

Thefirst numericaltechniqueasedin the solutionof the primitive equationsverebasedon finite differencesin
thistechniquevaluesandderivativesof thedependentariablesarerepresentedtdiscretepointsonagrid. Usually
the grid is regularin the coordinatesystemused,at leastin the horizontal.In the vertical mostcentreshave a
non-uniformgrid asit seemslesirableo have finerresolutionin theboundarjayerandaroundthejet streamFur-
therenhancements the performancdandto someextenttheaccurag) of finite differenceschemeganbemade
by staggeringthe dependentvariables,i.e. by holding variablesat different grid-points. Normally staggered
schemegive a bettersimulationof geostrophi@djustmentandthey areeithermoreaccurateor moreeconomical
than equialent nonstaggered schemes.

In the designof ary numericalschemecertainconditionsneedto be metto maintainstability. Sincethe primitive
equationsarenonlinear they areproneto nonlinearcomputationalnstability undercertainconditions.Nonlinear
instability canbe avoidedby designingschemesn sucha way asto consere particularpropertiesnormally en-
stroply or kinetic enegy. Suchconseration propertiesare usuallymetby satisfyingintegral constraintghatare
alsosatisfiedby the continuoussystemof equationsBy maintainingtheseconstraintsn longerintegrations,the
statistical structure of the atmosphere is maintained and it may help to reduce systematic errors.

Thedesignof conserativefinite-differenceschemesvaspioneeredy Arakawa(1966) Lilly (1964)andSadourny
(1975),andareview canbefoundin Arakawa(1984).Failureto consere enstroply, in particular eventuallyleads
to a spuriouscascad@f enegy to smallerscaleslt is possibleto limit or controlthis falsecascadédy removing
enepgy from thesesmallerscaledby the useof lateraldiffusion,but excessve lateralsmoothingeadsto enhanced
enegy dissipation.

To achieve conserationin thediscretizedsystem successie termsneedto cancelsothatsummingoveradomain
(equivalent to intgrating the continuous equations)iea only boundaryaiues.

Consenration propertiesdo not necessarilyendav a particularschemewith increasedocal accurayg, which may
bemoreadwvantageousor theforecastingpf small-scalephenomenarhus,the choiceof aschemewith or without

8 Meteorological Training CourseLecture Series
0 ECMWEF, 2002



Adiabatic formulation of models £
A\~ 4

consenration is likely to be dictated by the problem being solv

For globalmodels themoststraightforvardgrid to useis basedn linesof constantncrementsn latitudeandlon-
gitude(Fig. 1). However, on sucha grid the longitudinalpointscorverge,andeast—westesolutionconsequently
increasessthe polesareapproachedJnlessspeciaimeasurearetaken, thisincreasan resolutionresultsin the
violation of the CFL conditionwhenexplicit timesteppingschemesreused.In someformulationsthepolesare

singular points and usually V&to be treated separately

- -
Treas’

- o 8 *

Figure 1lllustration of a gular latitude/longitude grid near a pole.

We candemonstrat¢he effectsof corverging meridiansby consideringa linearizedversionof the shallov-water

equations

wherewe have insertedS = S(¢) which will actto highlight the effects of longitudinal differencingand, if
necessaryasa smoothingoperator We will examinethe behaiour of two differentscheme®n anunstaggered
grid, i.e. u, v andh are held at the samepoints. First, with a leapfrogschemethe differentiationdw/ 0t is
replacedby (u" oy l)/ 2At . We usecentraldifferencedfor the spacedifferencingand, after substituting
solutionsof theform u" = N'aexp[i(EAN +IAd)], etcwe arrive at a systemof equationsthe determinanbf

which is
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2 At
A =1 0 )\ WZISln(kA)\)
2 =
0 A -1 Ya A¢2ISIn(ZA¢) 0 (41)
AHS (aco sq))A)\lem(kA)\) )\H(%Zisin(lmb) -1

(Note we hse also usedtosp ;. ; = cosp;_, = cosp; in the diference equation fok ).

Evaluating the determinant, we obtain roatss +1 and the solutions of

A_2A%+1+4AN =0 (42)

(43)

whereA = gH(At)z{szsinZ(km) . sinz(lAq))}

a*(AN)?cosd  a’(Ad)°
e\’ = 1-2A % J(4A%-4A) (44)
|A| <1 provided that A< 1 or

2 .2 .2
gH(At)2|: S”sin (kA)\Z) + S"; (ZM)Z)} <1 for all wave numbersk, ) (45)
a’(AA)’cosd  a’(Ad)

Reverting backto onedimensionthisis simply gH(At)Z/(Ax)Z <1 or J(gH)At/Ax <1, theusualCFL sta-
bility condition. For a rggular Cartesian, tardimensional grid we wuld have./(2gH)At/Ax < 1.

Now considerour latitude—longitudeyrid whereasthe polesareapproached AA cosp , becomesmallanddom-
inatesthe CFL condition.Therearea numberof waysto circumwentthis problem.Oneof thesimplestis to let the
time stepdecreas¢owardsthe poletherebymaintainingtheratio A¢/ AX , but thisis prohibitively expensve. It is
justaseasyto restrictthe numberof wavesin the solution,i.e. notletting the sin(kA\) termapproacHhL. Again,
therearea variety of waysof doingthisin practice Essentiallywe obtainthe Fouriercomponentsn the longitu-
dinaldirectionandeithertruncateor smooththosemodegthehigherwave numbersYhatwould beunstableby our
stability criterion equation(45). We thenperformaninversetransformto obtainour desiredsolution.Essentially
we aretrying to controltheeffectof acosp in thefirstternof (45) S%sin’k AN/ [aZ(A)\)Zcoszq)] . Foraparticular
latitude, we only retain those waves so that sin(EAN)/(aAA coszq)) <1/(alAAcospy), or
sin(kAM) < cosp/ cosd,, givesusthevalueof & thatcanberetainedfor a particularlatitude.If we chooseto
truncatethe solutionat a particularwave number the processs known asFourierdropping.Alternatively, we can
smooth the amplitude of aame that vould be unstable by usin§j(%, ¢)sin((ZAA) < cosp/ cosp,)

We alsohave somefreedomon how we applythe choppingor smoothing We canapplythefilter to thedependent
variablesthe tendencie®r theincrementsArakawaandLamb (1981)apply the smoothingoperatorsS within
the diferencing as in equatior{38) and(40).

It is instructive to repeatthe above stability analysisusinga forward—backwrd schemeor time differencing,i.e.
thetime differencingusesaforwardschemeandthe heighttermin thefirst two equationgs atthelatesttime level.
The same procedure as beforeegi
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A
A-1 0 gSWISIH(kA)\)
0 1 faAth)isin(lAq)) =0 (46)
HS(aCOAWi Sin(kO) )\H(%i sin(lAd) A—1

Evaluatingthe determinanaisbeforewe find werequire A < 4 for [A\| < 1 i.e.in onedimension./gHAt/ Ax < 2
and,for aregular Cartesiartwo-dimensional/2g HAt/ Ax < 2. The maximumtime stepfor the forward—back-
ward scheme is twice that for the leapfrog scheme and it has the furthataapvof being a Bvel scheme.

As with theleapfrogschemethe smoothingfactor S playsthe samerole in determiningthosewave numbersve
can retain by requiring (%, ¢) sink A\ < cosp/ cosd,, .

Anothersolutionto the problemof corverging meridiansis to usea grid developedby Kuriharawherepointsare
skippedasthe polesare approachedtherebyroughly maintainingthe sameresolution.In its simplestform this
leadsto overlappingof grid boxesin the north—southdirection,which complicatesa little the differencingalgo-
rithms. A more serious drdack of such a grid appears to be associated wigbrarrors near the poles.

The abore examplesinvolvedthe useof unstaggeredrids. However, the spacedifferencingin equationg38) to
(40) only involvesvariablesat pointsadjacento thoserequiredin the solutionof the equationsTherefore,it is
possibleto carry the velocity componentsand heightfield at alternatepoints, therebyreducingthe computation
time andstorageby half. ThetruncationerrorremainsunalteredBy staggeringhe variablesin this way we have
effectively made4Ax the shortestresohablewavelength.lf we wantto include 2Ax wavesthenwe canreduce
thegrid lengthby half and,in this casefor comparablecomputationakffort asthe unstaggeredrid we increase
the accurag

In two-dimensionstherearemoreoptionsavailablewhenstaggeringhevariables Oneof themostrecentreviews
canbefoundin JanicandMesinger(1984).Thevariouschoicesof gridsaredenotedby thelettersA to E. The A
grid is the unstaggered arrangement. The other grids arevas shlaw.

B C D E
h h h u h h v h u,v h u,v
u,v v v u u h u,v h
h h h u h h v h u,v h u,v

Theimportancean the staggeringf thevariabless notjust for computationakfficiengy, but is alsorelatedto the
behaiour in thegeostrophi@adjustmenprocessBy examiningthe dispersiorpropertiefor eachof thegrids,the
relative meritsof eachof thegridscanbeassessedanicandMesinger(1984)suggesthatthereis little to choose
between the B and C grids whereas the unstaggered A grid is poor

We have consideredofartheadjustmenbr gravity-wave partof our systemof equationslf necessarytheadwec-
tive termscanbe includedin our simplified systemIf we thencarry out a stability analysisthe CFL criterionis
usuallymodifiedby theadditionof avelocitytermsuchas (U + «/gh)At/ Ax comparedvith «/ghAt/ Ax . Now
typically ./gh hasavalueof about300m/swhereasnaximumvaluesof U arearound100m/s.Hence the sta-
bility conditionis dominatedy thegravity-wave speedTheadditionof thenonlinearadwectiontermscomplicates
the solutionand makesit muchmore expensve to solve. However, sincethe stability conditionfor the windsis
aroundathird asrestrictve asthe gravity-wave conditionthis expensecouldbereduceddy somehav allowing the
adwectionto setthe time stepratherthanthe gravity-wave speed.Therearebroadlytwo approachesOneis the
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semiimplicit approachwherethegravity-wave termsaretreatedmplicitly andtheadvectiontermsaretreatedex-
plicitly. Alternatively, asplit—explicit approacttanbeadoptedwherebothpartsaretreatedexplicitly but separate-
ly sothatdifferencingschemesuitedto the relevantcharacteristicef eachproblemcanbe used.For example,a
forward—backwardschemdor the gravity-wave adjustmenainda Lax—Wendrof or aHeunscheméor theadwec-
tion step.If this approachs used,seseraladjustmenstepscanbe takenfor every adwectionstep(typically 3 ad-
justment steps for each abtion step).

3.2 Spectral technique

The operationaECMWF forecastmodelusesa spectratechniquefor its horizontaldiscretization Over the past
decadeor sothis techniguehasbecomethe mostwidely usedmethodof integratingthe governing equationof
numericalweatherpredictionover hemispherior global domains Following the developmentof efficient trans-
form methodsby Eliasenet al. (1970)andOrszag(1970),andthe constructionandtestingof multi-level primi-
tive-equationmodels(e.g.Bourke 1974;HoskinsandSimmons1975;Daleyet al., 1976),spectraimodelswere
introducedor operationaforecastingn AustraliaandCanadaluring1976.Thetechniquehasbeenutilized oper-
ationallyin the USA since1980,in Francesince1982,andin Japarandat ECMWF since1983.Implementation
of aspectramodelis plannedn the FederaRepublicof Germary. Themethodis alsoextensiely usedby groups
involved in climate modelling.

A comprehensie accounbf thetechniquenasbeengivenby Machenhauef1979),andafurtherdescriptiorof the
methodhasbeengiven by Jarraudand Simmons(1984).Referenceshouldbe madeto theseor otherreviews for
further discussion of most of the pointsered belo.

In theusualapplicationof the method the basicprognosticvariablesarevorticity, divergence temperaturea hu-
midity variable andthelogarithmof surfacepressureTheirhorizontalrepresentatiois in termsof truncatedseries
of sphericaharmonicfunctions,whosevariationis describedy sinesandcosinesn the east-wesandby associ-
ated Lgendre functions in the north—south. The horizordalation of a ariableX is thus gien by

M N
XAw =y Y X! P explimh] 47)

m=-Mn =|m)|

whereA is the latitude angl is the sine of the longitudeofFthe particular choice of normalization adopted at

P = Jamrilom) L pymed e gy
) = A o 0, m

and

PM(w) =P () .

As X is arealvariable, X" is equalto the complex conjugateof X' , enablingthe modelto dealexplicitly
with the X' for m > 0. The sum

N
S X' Pl

n=|m|

defines the "Burier coeficients”, X" (u) of the \ariableX .
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It is becomingncreasinglycommonfor theso-called"triangular"truncationof theexpansiorto beused.Thistrun-
cationis definedoy M = N = constan, andgivesuniform resolutionover the sphereThe symbol“T N” is the
usualway of definingtheresolutionof suchatruncation;N beingthe smallestotal wave numberretainedn the
expansion.Thesmallestesolhedhalf-wavelengthin ary particulardirectionis thentia/ N (320km for T63,190
km for T106), although the corresponding lategaiation is of lager scale.

Derivatives of a spectrally representeatiable X are knevn analytically:

ox M N
FIN = z Z imX,’L” P,'L"(u) exp[imA] (48)
m=-M n=|m)|
and
X _ s 5 xn %P i 49
w ) m:z_M n=z\m\ odu SR *
where
2 dPran m m m m
(1-u )d_u =-ng,.q Py +(n+l)g, P,y
with

Theorthogonalityof thesphericaharmonicenableghe X, to bedeterminedrom X accordingo theformula
2m

1
X, = 4—1T[J’l Jxo. WP (1) exp[-imA]dAdy (50)

Thecomputationaéfficiency of theevaluationof the Fouriercoeficientsis enhancedor globalmodelsby writing
the summationwer n (knowvn as thanverse Lgendre transforinn the form

N N N
Y XIPMW =Y XPPMW o+ Y XD P (51)
n=|m)| n = |m| n=|ml+1
(n +m) even (n+m) odd

Evaluatingthesetwo sumsseparatelyenablesa simple evaluationof the inversetransformfor the corresponding
latitude in the opposite hemisphere:

N N N
S XU PM-w) =Y XPPIW - Y Xy Pr(w (52)
n=\m| n = |m| n=|ml+1
(n+m) even (n+m) odd
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Similarly, the latitudinal intgral in (50), the direct Lgendre transform, need be ¢akonly wer one hemisphere:

1 1
[XTWP (W) du = [[X"(W) + X" (-W)]P, (W) du for m+n even
a 0 (53)

1
JIX7 (W) = X" (-W1P," (W) du for m+n odd
0

The spherical harmonics are eigenfunctions of the Laplacian operator on the sphere:

n(n+1)

O*{ P} (u) explimA]} = — =

P, (n) explimA] (54)

whereq is theradiusof theearth.Thisis utilized in deriving wind components$rom vorticity anddivergence If
U andV aretheeastvardandnorthwardvelocity componentsnultiplied by the cosineof latitude,the (relative)
vorticity and dvergenceD are defined by

10 1 9V _aud

E = -1 (55)
a[(]__pz) oA dpu 0O
and
p=15 1 U, 0V (56)
ag1-p9) HO
In terms of a stream functiap and \elocity potentialy :
10 2,0Q , oxU
U==1-p)z=+£
a5 T e
10Dy 2,0x U
V== +(1-p9)z2
a5 (1-n )OME
¢ = qu,u and D = sz
Thus
M N m
Uza 'y Y n‘l(n+1)‘1E(1—p2)z,{” dPy —imD" P" E]exp[im)\] (57)
du
m=-M n=|m| O O
and
M N m
V=aa 'y Y alt+)ome P +@-p)D; L fexplima] (58)
- - O dIJ. 0
m=-M n=|m|
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The sequencef calculationsfor eachtime stepof a spectralmodelcannow be broadlysummarizedasfollows.
The analyticalrepresentationf basicfields (Egs.(47)) is usedto evaluatethesefields,andderivedfields suchas
horizontalvelocities(Egs.(48) andEgs.(49)) and(in someimplementationsjfemperaturandmoisturegradients,
atanarrayof grid points.Thesegrid-point valuesareusedto computecontritutionsto thetendencie®f thefields
atthegrid pointsfrom bothresoheddynamicalprocesseandfrom the parametrizeghrocessesl hesetendencies
are projectedbackto give tendencief the spectralcoeficients, enablingtime-steppingto be completed.The
transformatiorio andfrom grid-pointvaluesis particularlyefficientin theeast—-wesfor which FastFourierTrans-
formationcanbeused.Gaussiamuadratures employedfor thelatitudinalintegrationusedin the projectionback
to spectrakpaceEgs.(53); thisrequiresthatthe grid in the north—southasa particulardistribution (the so-called
"Gaussian'latitudes)for eachresolution,althoughthis canbe regardedasa regulargrid for all practicalapplica-
tionsof outputgrid-pointproductdrom spectraimodelsattoday'soperationatesolutionsAn exacttransformation
of quadratidermsis achieved by usinga grid which hasa finer resolutionthanthatof the spectrarepresentation,
with atleast(3N + 1) pointsin theeast-wesand (3N + 1)/2 from poleto polefor TN truncation(Fig. 2). If,
asis generally(but not necessarily}he case the physical parametrizationare computedon this grid, thenprog-
nosticfieldssuchassurfacetemperatur@r snav cover, andoutputfields suchasprecipitation aredefinedandup-
dated on this grid.

Figure 2. lllustrationof variousspectratruncationsTriangulartruncationTM = A + B + D andRhomboidal
truncationRM = A +C

In theformulationadoptecat ECMWF, completeendenciesf thetemperaturemoistureandlogarithmof surface
pressurearecomputedn grid-point spaceandtransformedlirectly into the correspondingendencie®f spectral
coeficients.For vorticity anddivergence jntegrationby partsis used.The wind tendenciesanbe writtenin the
form

1 10G
9t L) (59)

and

2
OV _ p _(1-u)IG

ot v a Ou (60)
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whereF,, F, andG are quantities that can readily be computed in poitt space.

Using equation$50), (55) and(56), (59) and(60) yield

0g) 1 teng 1 OF,

ot 4na”Dl (20N

OTu P () expl-imAhd
ou

12n (61)
= de
) 4naII zD’”Fan (W) + (-1)F, =5 EBXIO[—Im)\]d)\dH
and
aDm 1 12TI|:| l aF aF &
n v 2 m .
= —-al0°G exp[-imA]dAd
12mn "
dP, 0O
) P (W) ~(1-W)F,—" i 62
4m” szF v (W ~(L-K)F, Eexp[ imA]dAdy (62)

n(n + 1)
41a®

IIGP (K) exp[—imA]dAdu

-10

Thefactthatthesphericaharmonicsareeigenfunction®f the Laplacianoperatomalkesit relatively simpleto im-
plementan efficient semiimplicit treatmenf gravity-wave terms.It is alsostraightforvardto implementlinear
formsof "horizontal"diffusionalongthe coordinatesurfacesdefinedby the vertical discretization Suchdiffusion
is widely usedin spectraimodelswith largely satishctoryresults.Therecan,however, asin finite-differencemod-
els, be problemsassociatedvith diffusion alongcoordinatesurfaceswhich slopesignificantlyin the vicinity of
steeperrain,andtheintroductionof otherformsof diffusionmayrequiresignificanteffort andcomputationatost.

Recentdevelopmentf the spectrattechniquehave beenalonga numberof lines. Apart from computationate-
finementsof the type discussedn the following section,the techniquehaslent itself to somefurther gainsin
time-steppingefficiencgy in highresolutionapplicationgSimmonset al., 1988),andthereis promiseof furtherin-
crease®f efficiency with the useof a semiLagrangiartreatmenif adwection(Ritchie, 1988). The applicability
of thetechniquehasbeenwidenedby the developmentof limited-areaspectraimodels(e.g. Tatsumi,1986),and
of astretchedcoordinatewithin the framework of a globalmodel(CourtierandGeleyn, 1988, following Schmidt
1977).

3.3 Finite-element techniques

Finite-elementsaremuchlesswidespreadn operationaNWP whencomparedwith eitherspectralor grid-point
models RPNin Canadéave themostpracticalexperiencen usingfinite-elementdor bothhorizontalandvertical
discretization. A réiew article byStaniforth(1987) gves an introduction and contains useful references.

Thereis anexperimentalersionof the Centre'snodelthatusedinite elementsn theverticaland,apartfrom noise
problemsattheupperboundarythisversionappearso give greatetaccurag morecheaplythanincreasingsertical
resolution using finite diérences.
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4. VERTICAL COORDINATES

Sofar, heightabore meansealevel hasbeenusedastheverticalcoordinateén our systenof equationsFor mid-lat-
itude synoptic-scalalisturbanceshe Coriolis force andpressure-gradieriorce arein approximatebalance—the
geostrophicelationshipwhichis fk x V = —(1/p)0p , adiagnostiaelationshiprelatingthevelocity field to the
pressure gradient.

However, thedensityvarieswith latitudeandheightwhich make the abore equatiorlesseasyto usethananalter-
native systemwhichusespressurastheverticalcoordinateOthercoordinatesremoreusefulfor numericakech-
niquesin solvingthecompleteequation®f motion.We candervedasystenof equationdor ageneralizedrertical
coordinatenvhichis assumedo berelatedto theheightz by asinglevaluedmonotonicfunction. Thiswasderived
by Kasahard1974).

¢ =Ux,y,2,t) or z=z(xy,(t)

We have
PAD - PAD , 9ARz0 _
a1 - DasDZ+ 92 Loty wheres = x, y,ort (63)
and
0A _ 0AQL
0z ~ 0loz (64
Thus
PAD _ PAD | 0A9L[Pz[] (65)
osl} ~ [Costl  9¢0azlbsL],

Using the abee, we hae

PAD _ PAD | 0A0 @z (66)
Dott,  Uotll ~ a¢ozlotl]
_ 440402
0.A = DZA"FazazDZZ (67)
~ oV ol

The total denative d/d¢ can be transformed into ti{e system using66) and(67), thus

90

920C (69)

d_mdp _P20 _
dt‘mtq+vmi+[w a7l v ]

However, by definition, the total destive in thel system is
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d_moo
- EBtE} +V IIIZ+ZaZ (70)
WhereZ = d{/dt is the \ertical \elocity in the system.
From(69) and(70) we hae
> _ 0Lr 0z
¢= 5le-Gg - v mea) (72)
Using(67). We can write the horizontal pressure forces as
15 ,=_1 10pn - _1n
pDZp = pDZp pazDZZ O:p—0;® (72)
where® = gz is the geopotential. Theytirostatic equation becomes
op _ _ 09
o - Pag (73)
The horizontal equation of motion @lecting friction) becomes
dv _ 1
'd?‘_F',DZp_DZCD_kaV (74)
To derive the continuity equation, fro(@1) we hae
- @z 0z
w = EBtDZ +V [z ZGZ (75)
Thus
dw _ dwal _ 3[4 @z , OV 3 [Pzp, 0207
0z ~ 9oz az[azEBtEfaz Tz +V D 5+ Caetaen aga 76
- GZ[d[ﬁzD aVED ] 6(
0zLdtLagD a7 7] oz
Using(66) and(67) and substituting in the continuity equation
w _
—(Inp)+DDV+5—— =
we have
d _avag 0l d @z, oV az
g P+ B V=575, <Z+az[th5zD oL m@} a
i.e.
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d 0z[] GZ _
dtlnB)OZD+D (V5 =0 (77)
or
orQ o _
_InEBZD+ 0, v +OZ (78)

Alternatively, by expanding(77) and using theydrostatic equation, we can obtain

i_p Op0, 0 30p0
a¢ot O DZEBL/a(D a(gazm 0 (79)

Theabove equationdor ageneralizedrertical coordinatemay now beusedto examinealternatve coordinatesys-
tems.

4.1 Pressurecoordinate{ = p

Uep = U,p = 0 anddp/0dp = 1 so that the equation of moti¢i4) becomes

dv

E:_qu’_kav (80)
and the fidrostatic equation is
0P 1
= - = 81
D 5 (81)

The first term in the continuity equati¢n7) vanishes, so that

0 DV+a°J

) o~ ° (82)

where w = dp/dt = p is the vertical velocity. Integrating (80) from p = 0 wherew = 0, to an arbitrary
level, p, yields

p
= [0, Vdp (83)

At the surice we assume no normal flux so that

Ps

d 0
= L= Loy v, mp, = (0, Vdp) (84)
0

W, = — +
S de ot s
In the pressure system, the geostrophic approximati@s gi

fkxV = -0,0 (85)
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This relatesthe horizontalvelocity to the geopotentiagradientand, sincethereis no longera dependencen
density the same gradient implies the same wind gthesight.

4.2 Sigma coordinates

Thelowerboundarycondition(82) is noteasyto applyin practice.To circumwentthis problem,Phillips suggested
the use ofo = p/ p. as the ertical coordinate. Theylrostatic equation becomes

0P

p- = -5 (86)
and the equation of motion becomes
Y% 0\ _RT B
57 TV DV +ao s =~ o Op. —fk xV (87)
The continuity becomes
d(Inp.) 90 _
i +0, 0V + 3 - 0
Expanding the first term and rearranging weeha
P - _np.v) = %29 (88)
ot 00

The boundary conditions ate = 0 ato = 0 and 1, so that inggating(86) from ¢ = 0 to 1 gves

op« _ !
5 —‘([D Op.V)do (89)

i.e. the surface pressuretendenyg is given by the massdivergence integrated over the entire atmosphere.
Integrating(86) from ¢ = 0 to an arbitrary ieel gives our equation foo , viz

_ ap. °
—p.G = oa—pt + [0 0p.V)do (90)
0

Althoughthelower boundaryconditionin the sigmacoordinatesystemis easierto applythanin pressureoordi-
natesthe systemdoeshave a drawbackin thetermsfor the horizontalpressurdorce. In pressureoordinateshe
pressurdorceis simply thegradientof geopotentialvhereasn sigmacoordinatest is thedifferenceof two terms
which are lage in magnitude when compared with the result, i.e.

RT

p*

-0 - Op- (91)

In designinga differenceschemedor theabove, caremustbetakenin selectinga schemehatminimizesthe error
in the differencebetweerthe terms.Even so,wherethe gradientin orograply is steepjt is almostimpossibleto
devise a consistent scheme that is free from appreciable error
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Over steeporograply, the sigmalevels slopeappreciablyevenin the stratospheréseeFig. 3 ) andthe problems
with thehorizontalpressurdorceremain.lt seemsthereforethataschemevhich combinegheadwantageof sig-
macoordinategmearthesurfaceandpressureoordinaten thestratospherenayprove advantageousSuchschemes
exist and are knen as lybrid coordinates.

z -coordinates

a
[4
wwsosnant 'l“‘l‘l.oa-”

p -coordinates

- Y FTYPITYTTYT]
s P o s

o -coordinates

Fi IOJJ’
’ / 4 /
'y
FEXTETTEE ’ I sssncorence

Figure 3lllustration of the threesxtical coordinate systems.

4.3 Hybrid coordinates
Therearevariouswaysof defininga coordinatesystemthat hasthe propertiesof sigmacoordinatesn the lower

atmosphere and pressure in the stratospAeagawaand Lamb (1977) use the definition

0 = (ka—Tpo 92)

where
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= E p—pyr for pr<p<p, (93)

Op-—p, for p <p<p:

where p, is aninterfacial pressurge.g.nearthe tropopausepnd p+ is the pressureat the top of the model.In
fact, setting p, = p; = 0 givesthe standardo -system.In this hybrid systemthe boundaryconditionsare
applied an = 1.

Simmonsand Burridge (1981) shaved that an alternatie way of defininghybrid coordinatesvasto definethe
halflevels by the relation

Pr+1/2 = Ar+12P0t Bri1/opP+ (94)

where p, is a constantpressure.This form of coordinateallows a direct control over the flattening of the
coordinatesurfacesasthe pressuralecreaseNote thatwe candefinesigmacoordinate®r hybrid coordinategs
in (89) in the same manner &&l), so that for sigma coordinates

Pr+1/2 = Op+1/2P+ (95)

An alternatve form of lybrid coordinates equélent to the Arakaa—Lamb system is

_ Np+1/2
Pr+1/2 = p|+1/2'"_‘n - for NpiyosNis1o2
1+1/2
(96)
+(rlk+1/2—ﬂ|+1/2)(p*—p|+1/2)

Pr+1/2 = Pi+1/2 (1-N212)
N

Thereasorfor definingthe halfdevels p,, , ;,, in thisway is dueto theappearancef termsinvolving dp/dn in
theequationsvhich, whendiscretizedbecomeAp, = p,.1,2—PL_1/» (Se€for examplethecontinuityequa-
tion (78)).

4.4 |sentropic coordinates

In © coordinategisentropic) for dry adiabationotions,potentialtemperature® is consered,sothattheenegy
equation becomed®/dt = 0 and the isentropic sates become material sacés.

From(74), the horizontal pressure force-61/p)Ugp —Og®

Using ©T/ M wherel = (p/p,)", we hae

Oo(IN®) = 0 = Og(InT) —kUg(Inp)

i.e.
1 _ G,
Hence, using equation of state, weda
1 _
_BDOP = 0eC,T (97)
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Thehorizontalpressurdorce canthusbewrittenas—Ug(C, T + ®) or -UgM whereM = C,T + ® iscalled
the Montgomery stream function. Thednostatic equatiofi73) can be writterdp/00 = —p(0d/00).

Again, using the definition fo® above we hae
IN® = InT—«kInZ

Differentiating w.t. ® gives

1_ 10T R dp

Substituting fordp/ 00 in the tydrostatic equation, using the equation of state and rearranging, we obtain

) _C,T
a—e(CpTHD) =5 (98)
or alternatiely
oM _
0 I

For the continuity equation it is ceanient to use one of the forrig8) or (79) with © replacingl
The boundary conditions are, at the fbp: 0 and at the earth'surbce® = 90/t + V. (IO, .

The isentropiccoordinateshavs (aswith the pressurecoordinate)the advantageof a simpler pressuregradient
force, but alsothe disadwantageat the surfacewhich is intersectedy © -surfaceslt is possibleto introduceyet
anothethybrid schemausing o -coordinateearthe surfaceand © -coordinatesway from the surface.However,

how to join or overlapthesesystemss not asstraightforvard asin the sigma—pressuriype of hybrid coordinate.
For further details seBleck (1978) and references therein.

5. VERTICAL DISCRETIZATION

Eventhoughcomputempowerhasincrease@normouslyin thelast10to 15yeargtheverticalresolutionin primitive
equationrmodelsis quitelow, 10to 20 levelsin thevertical beingtypical andthesdevelsaregenerallyirregularly
spacedo take accounbf thestrongvariationof atmospheriguantitiesn thevertical. For example highresolution
neartheearth'ssurfaceis requiredwith mary formulationsto representhetransitionbetweertheturbulenceregion
close to the suaice and the free atmosphere.

However, thereareanumberof problemsarisingfrom thechoiceof verticalcoordinatesystemandthedistribution
of discretamodellevelsin thevertical.Firstly, theinevitablepresencef anartificial upperboundarycaneventually
contaminatdorecastsThe conclusionof seseraltheoreticalstudiesis thathaving the modeltop at zeropressure
is, in somerespectsasa resultof inevitable finite-differenceerrors,equialentto having the modeltop at some
smallfinite nonzeropressureOn the otherhand,it hasbeenpointedout thatthe influenceof loweringthe upper
boundaryis not damagingo the structureof the planetarywavesin the troposphereif it is placedno lower than
themiddlestratospherandif themodelhasseverallayersin thestratospheretheredampingeffectscanattenuate
waves reflected from the top.
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Experimentally(Mechosoet al., 1984),it hasbeenshowvn thatthe impactof the upperboundaryon forecastds
considerablatthe uppermostmodellevelsin all casesandthatloweringthe upperboundaryto the lower strato-
spherecanaffect significantlymiddle andlower tropospheridorecastdin somecasesThe comparisorbetween
integrations with 16 and 19+el models described be&losupports these results.

The detrimentaleffects of using terrainfollowing coordinateshave beenthe subjectof study for mary years.
Small-scaleerrorsandcomputationahoisewherethe coordinatesurfacesaresteepor rapidly changingn the hor-
izontalaregeneratedsa resultof the discreteapproximationgnadefor thetermsin the partial differentialequa-
tions. The particularproblemof the pressurgradientforceis well known. The horizontalpressuregradientforce
(see equatiofPl1)) in a o -coordinate model is gén by

RT

p-k

—Od -

Op«

andnearsteeporograply the nearcancellationof the two termsin this expressionis a potentialsourceof large
spatial truncation errors.

Theseerrorscanbedecreasetb someextentby formulatingcarefullythedifferencingapproximationsor the hy-
drostaticequationandpressuregradientforce, but cannotbetotally eliminatedaslong asaterrainfollowing coor-
dinateis used.Thereis alsosomeconcermaboutthe accurateepresentationf the adwectionof quantitiessuchas
moisturenearsignificantirregularitiesin the coordinatesurface,andtherearealsoproblemsin the treatmentof
horizontaldiffusionterms.Overall,theundesirableffectscanbepartly removedby usinga hybrid coordinatesys-
temwhich changesmoothlyfrom aterrainfollowing specificatiomearthelower boundaryto a horizontalor iso-
baricdefinitionin the uppertroposphereandstratosphereAn alternatve methodhasalsobeendeveloped,using
guasihorizonalcoordinatesndrepresentingnountainsassteps althoughthis hasnot beentestedexhaustvely in
practiceasyet. A full discussiorof the numericalproblemsassociateavith terrainfollowing coordinatesystems
is given inMesingerand Janic (1984) arfimmonsand Burridge (1981).

In comparisorwith the schemeausedfor horizontaldiscretizationthe vertical discretizationscheman usein the
majority of large-scalemodelsof theatmosphereanbe describecasrudimentarybasedasthey generallyare,on
simplefinite differenceghatprovide second-ordeaccuray, at best,with theirregularity of the level spacingre-
ducing the local accurgado first order

Very few attemptshave beenmadeto employ the useof analyticalfunctionsthatare continuouslydifferentiable
anddefinedglobally; thetwo really potentiallyusefulapproaches—blgrancis(1972)usingLaguerrepolynomials
andby MachenhaueandDaley (1972)who usedLegendrefunctions—hae not led to practicalschemegor nu-

mericalmodelsof theatmosphereThe useof Laguerrepolynomialsleadsto severestability criteria,whereaghe

use of Lgendre polynomials gés rise to computational problems at the upper boundary

In contrastto the global functionalapproachesf FrancisandMachenhauandDaley, the useof local functional
approachebvasedon Galerkinimplementation®f finite elementshasbeenfairly successfulA successfufinite
elementformulationfor the vertical discretizationin ¢ -coordinateprimitive equationmodelswas describedby
StaniforthandDaley (1977),anda 36-hourforecastfrom real datawaspresentedo demonstratéhe viability of
the method.

Theremaindeof this sectionis devotedto adescriptiorof averticalfinite differencingschemdor a ¢ -coordinate
model.

5.1 Vertical differencing schemesfor baroclinic primitive equation models

In this subsectionl shall discusshe methodologyunderlyingthe designof mary vertical differencingschemes.
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The approach is based on the imposition of some important catisarlavs.

The equations introduced 8ection Imay be rerritten as

0 .
£ Lo 0, o) + 5 (pSO) =0 continuity of mas, (99)
g—" +ZK XV + cg— +0,(®+E)+RTO,(Inp) =0  momentur (100)
0 RTw .
&(pstT)+ Og E(pstpT)+ (pSOC T)- S = 0 thermodynamic (101)
9P _ —RT hydrostatic equatio (102)
a(lno)
with
_ 1 [Bv
Z - f aco%[p)\ aq)(ucoq))m
E = Su’+0%) = 3(viv) (103)

|j’p5+v|:|:| O

w = p56+0 oPs0

For completeness we aig state the upper andaler "no flux" boundary conditions

(psd)azo = 0

(P0)g-1 =0 (on

For ourdiscussiorwe shallrequiremassandenegy conseration.In particular we wantthework doneby pressure
forces to be balanced by the changes in the total potentiglyesnésing from(R7Tw)/ o (the w-term).

The intgrated continuity equation is
1
0pg

— = o Jpsvdo (105)
0

The dvergence term irf105)integrates to zerower the globe, which means that the total mass is catherv

A "kinetic enegy" equation can be dedd from the momentum equations in the form

bV Da— + POV EP— +pVUGE + pv 0@ + RTUgInps) _
or (106)

) . 0E
Psy; tPO55 +pVOGE + pv Q0,9+ RT0O,Inp) = 0
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Using the continuity equatiof99) and(106) may be reritten as

0 0 }
a_t(psE) + Dc [(pSVE) + %(pSOE) +psv E(ch) + RTDclnps) =0 (107)

In orderto constructhetotal enegy equationwe needto expresshepressurgradientermsin analternatve form.
Using the continuity andyldrostatic equations we V&

p v M,® = O, OpvP) + D(0, Hoyv)

Mp: 0 .0
Oo dpev®) + ¢Da—;‘+ 56(Ps0) 0
0 o 0

(108)
= O, (pyv®) + 2 E]CDBJa—pS+p 503020, 9Pe o0
oS dop ot "7 ool ot -0

Combining(107)and(108) we hae

M) 0y o By + L (p,0E) + 0, o) + %%Bsaa—’f +pf
_%‘t_) %I_;.S+psdg+ RTpyv4lnp, =0
Now
00 9Ps .
-5 93 T Pogt RTpyv Mglnpg
= 1%1%)%5+p565+ RTv T p, = }%)

Addition of thekinetic enegy equatiorandtheflux form of thethermodynamiequation(equation(101)) andin-
tegration fromo = 0 to 1 gives

1

1

O O

(%EpSCDS+J'pS(E +C,T)do o+ 0o pV(E +C,T +®)do = 0 (109)
0 0

Equation(109)is anexpressiorof theenegy conserationlaw for the o -system(99) to (103). The horizontaldi-
vergenceternin (109)integratesto zeroover the whole globe,which meanghatthe total enegy, potentialplus
kinetic, is consered.
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k=%

K+

O"=O.Q5;c‘=a“ =0

i<

. .U:G’=O’1

. 8,8;C=0%

g,0;0= O
p
LT, w; =0=0y

d'¢:c=ck~§i

g,9: §=6N_%

6‘.a’>=¢s:c=c’N+ﬁ

Figure 4\értical disposition of &riables

Thedispositionof variablesandthe grid structurein the verticalfor the o -coordinatemodelwe shallbe usingis

illustratedin Figs.4 and5. Theprimaryvariablesy andT', arekeptatthefull levelsandtheverticalvelocity &
and the geopotential aregt at half lgels. The ariable grid spacingo,, is defined by

A0y, = 0p11/2=0p_1/2

(110)
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~n
(=3
o
T
a1

m o~ M

prrassurs  (mn)

Prassure! (inb)

o

e
7
=3

Figure 5\értical distritution of levels for the 16-ieel (top) and 19-tkeel (bottom) models.

(i) The equation of continuity. The continuity equation is tak in the form

Ops

A(ps0),
+

k

=0 (111)

Multiplying (111) by Ao, and summing (ingration) fromk = 1, ..., K gives

For K = N we hae

ap, & .
°k+1/2a_ts+ > [O6HpsVi)Ao, + psOp /2] = 0 112)
K1
(P01, =0)
dp X N
=7 ==Y OsHpyv,)b0, = -0,0% (pv,)A0, (113)
k=1 n=1
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Equation(113)is afinite differenceanalogueof (105), which obviously conseresthe total (global) massof the
model atmosphere.

(ii) Energy conservation. The finite diference momentum equation is

v ' Vpi1—Vy)tO v, —V
a_t/e+kav+}E0k+1/2(k+1 1)+ Op—1/2(Vy, k—l)%

0 20 U0, 0 (114)
+0,{®,+E,} +RT,O,Inp, = 0

where®;, = 0, 1/5+ B ®P; /2 With o, + B, = 1.

The finite diference kinetic engy equation is

ov, 1 O +1/2(Vip + 1= Vi) + Op _1/2(Vp =V, 1) O
J AT Dﬁt_ +5PsVi [BO - - G 0
O k O

+pyv, ME, +pyv, 0,9, +RTO;Inp} =0

and this may be veritten as

oE Ops0 Vi1 ,—DO, 1,0V, B, 1O A(p O
ps_}_e_'_l.D Or+1/2Yk+1 Ye=POp _1/2Ve Vi lD—le v, (ps0),,
ot 2p Ag, 0 2 Aagy, (115)

+ oV, WoE) + pev, L Ue®, + RTOsInp}t = 0
Using the finite dfierence continuity equation we maywrée equation(115)in the flux form

~0O

0 Epsdvz E
a_t(psEk) + Do E(pstEk) + AGD 2 0 + PV E{ Doq)k + RTDolnps} =0 (116)
U Ll

~~0
2 .
whereB{/ a s " V.10V, (geometric mear .
+

In order to derie the analogue of the identif{08) we need aydrostatic equation; we use

PBe®o _
i, = BT (117)

For the finite diference model we ka
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psvk [Docbk = Dc E(psvkq)k) - chDG E(psvk)

|:Bps o(psd)k 0
0 Aoy, %

Oo UpeVp®@p) + @07

D, 0ps oO
Ug E(psvkcbk) + A_O';QAGEI ot +pO [}e

(118)

DO‘ E(pSVkCDk) +

(Aoq))k aps [| aps =[]
- +0, 022+ pG
Ao, [Bk PO G v 12 kBj ot s E}e—l/z]

Note:

q)k(Ak+l/2_Ak—l/2) = (akq)k+1/2+Bk¢k—l/2)(Ak+l/2_Ak—l/2)
= (Prr128+12=Pro1280-1/2) = (Phs 12— Pr 1) (BrAs v 12+ A AL_1/2)

If we requiretotal enegy conserationthentheform of thelasttermin (118)is a constrainton our choicefor the
w term,kT'w/ o, in the thermodynamic equation.

The thermodynamic equation for our model is

0T, 1004+ 1/2(Tps1=Tp) + 63 _1/2(T,=T),_) 0 kTwp
ko + — =
Ps— ot psVy LT, pSzD Ao, E 0o [L 0 (119)
If the w term is chosen to maintain eggrconseration we hae
kTwg _ 1 RTwg
Oo 0, c,U0o G
1] (A0, godprs, .0 ops .o O
= = - == + PO +0,;0—=—+ p0 +RT)v, I
C,| Ao, g WY gz " Ps vz kBj ot Ps E}e—l/zg ke —Ps (120)
1 MAInon 4 0ps -0 0ps ] O
= = L —+ + —+ +
Cp|:RTk|:] AC [LEBk ot pso-[k+1/2 ak%)- ot pscE}a—l/Z% RTkpst D:llnps

The term(Alno/Aa), can be interpreted as a definitionlofo, for the model.

From(120)we notethatwe still have adegreeof freedomremainingnamelythechoiceof o, andf, , subjectto
o, + B, = 1. Theseweightscanbe chosenin sucha way that no spuriousangularmomentumis generatedy
pressure force§immonsand Burridge (1981).
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