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The control of gravity wavesin data assimilation
27 April 1999

By Adrian Simmons

European Ceng for Medium-Rang Weather Brecasts

The needto control gravity waves in dataassimilationand the generalconceptof initialization are discussedThe basic
methodof non-linearnormal-modaeinitialization is introduced,and aspectf its implementationn modelsare presented,
covering the vertical and horizontalmodal decompositionjmplicit initialization and diabaticinitialization. The control of
gravity wavesin the ECMWEF variationaldataassimilationsystemis describedAn introductionto the alternatve methodof
digital filtering is also gien.
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1. INTRODUCTION

Theexistenceof balanceis fundamentalo thedynamicsandpredictabilityof theatmosphereAtmospherianotion
is dominatednot by rapid fluctuationsassociatedvith soundand gravity waves, but ratherby the more slowly
changingweathersystemsOver muchof the globethesearecloseto the familiar stateof geostrophidalancen
which winds blev parallel to contours of constant geopotential height on an isobarcsifiy. 1).
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Figure 1. The operational ECMWF analysis of height and wind at B0f@énR2 UTC 13 April 1997.

Fasterwave motionsare,however, excitedif theatmospherés suddenlydisturbed.Themassve volcaniceruption
of Krakatau(betweenlavza andSumatrajn1883excited a wave whosepropagtion could betracedin the surface
pressurdield aroundto theantipodalpointandbackto thesourcg(Fig. 2 ). Thesignaltook about35 hoursto com-
pleteits outwardandreturntrip, moving atabout320ms?, aroundthe speecbf sound This waswhathascometo
beknown asaLambwave, or in numericalweatheipredictionasanexternalgravity wave. More commonly and
onamuchsmallerscale propagtinginternalgravity wavesmay be excited by intensecorvective systemsFig. 3
present®bsenationsof wave structuren mid-tropospheriecemperatureandwind fieldsover Japarapparentlyas-
sociated with the occurrence ofceptionally heay rainfall.
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Figure 2. Position at twrhourly intenals of the sudce-pressure ave excited by the wlcanic eruption of
Krakatau, froniraylor(1929).
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Figure 3. Fine-scalestructurein temperaturat 500hR (left) andwind at 550hR (right) over Japarat 12UTCon
1 July 1971, fronNinomiya (1983)

Numericalweathempredictionmodelsmostlyassumenydrostatichalanceandthusdo not supportthe existenceof
soundwaves.They aregenerallybasedhowever, ontheprimitive equation®f motion,andLambandinternalgrav-
ity wavescanbeexcitedin thesemodels.In particulay they will beexcitedin dataassimilationif the systemuses
obsenationsin suchaway asto produceanalyse$n whichthebalanceresentn thebackgroundtateis disturbed.
Thewavesin thiscasecontaminatéheshort-rangdorecasthatprovidesthebackgroundtatefor thenext analysis,
adding to the dffculty of extracting useful information from the obsations.

Theprimarycontrolof gravity wavesin amoderndataassimilationsystemnis throughthe multivariateformulation
of theanalysisin suchasystemanobsenrationof surfacepressurer temperatur¢hatdiffersfrom thebackground
will generallyresultin ananalysisvhich differsfrom thebackgroundhotonly in surfacepressur@andtemperature,
but alsoin wind, thuspreventingan unrealisticdeviation from geostrophidalance This aspecibf the control of
gravity wavesis notthemainconcerrof thesdecturenotes althoughwe shallreturnto thetopicbriefly later Rath-
er, we shall be concerned mostly with what iswnas the process ofitialization.

Theterminitializationis usuallyusedto referto theadjustmenbf analysednitial modelconditionsto preventex-

cessve gravity-wave actuity in the subsequerfbrecast.This dynamicalinitializationis neededf themultivariate
formulationof theanalysids unableto provide anadequatdalancehroughouthemodeldomain.Thisis thetype
of initialization thatwill bediscussedhere.More widely, initialization may be definedasanadjustmenbf thein-

itial conditionseitherto maintaindynamicalor physical balanceor to satisfy somephysical constraint.Thusit

couldincludetheadjustmentf fieldsto ensurethatrelative humiditieslie in therangefrom 0 to 100%,or the ad-
justmentof fieldsto ensurehatinitial rainfall ratesmatchestimategrom obsenrations.Thisis referredto asphys-
ical initialization.

Althoughthe principaluseof dynamicalinitialization is to remove imbalancentroducedduring the analysisstep
in dataassimilationjt hasadditionalapplicationan numericalweathermrediction.It is oftenusedto remove im-
balance in an initial state in which the model resolution or orograpk been changed, fotaanple in:
. Incremental ariational data assimilation (as discussed later);
. Creatinginitial conditionsfor ensemblgredictionbasedn a modelwith resolutionlower thanthat
of the model used in the data assimilation;
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. Testing of a n& higher resolution ersion of a model or mespecification of orograph

Initialization mayalsobe usedto remove imbalancevhenrunningforecastgrom analyseproducedy otherfore-
castingcentresThisis doneoccasionallyto investigateforecastingailuresandis underinvestigationin thecontext
of ensemble prediction.

Somefurthercharacteristicef atmospherienotionmustbetakeninto accountn consideringhetopic of initiali-
zation.A rich structureof largely stationarygravity-wave motion may be excited by flow over orograply. Fig. 4
shaws a classicalexample.Thesewaves canhave animportantdirect effect on the troposphericirculation,and
togethemwith thecorvectively-excitedwavesplay acritical role in aspect®f thecirculationof thestratospherand
mesosphereTheir effectsarein generalparametrizedn large-scalenodels,but they arecomingincreasinglyto
beresolheddirectly in limited-areaandfinerresolutionglobalmodels,andareatargetfor short-rangenesoscale
prediction. Thg should not be unduly suppressed by initialization.
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Figure 4. Section of potential temperature crossing theyRdckintains in Colorado, for 17 February 1970,
from Lilly and Kennedy (1973).

Tidal motionin the atmospherés a form of forcedgravity-wave motionwhich alsoshouldnot be suppressetly
initialization. The strongsemi-diurnakcomponenttthe surfaceis forcedby thedaily variationin solarheatingof
the stratospherejominatingthe more strongly-forceddiurnal componentiueto differencesn downward propa-
gation. It is seenin quite pronouncedascillationsin surfacepressuren thetropicsandsubtropicgFig. 5 andFig.
17) andneedgo be handledwell if othersignalsin the obsenationsareto beinterpretedeffectively. Moreover,
thequasi-steadyjropicalcirculationsystemgasillustratedschematicallyn Fig. 6 ) characteristicalljnvolve abal-
ancebetweendiabaticheating(or cooling) andthe adiabaticcooling (or heating)associatedvith verticalmotion.
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Care is needed to ensure that initialization does not produce analyses in which these circulationg@ed.weak
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Figure 5. The semi-diurnal tide. The upper plotsheurfice pressure (lap and the lever plot the tenderycof
pressuréhPa/hour)atthelowestmodellevel. Thequantityplottedis (1/4)(Ag— Ags+ A1, —Ag) WhereA
denotes the mean ECMWF analysiscatUTC for January 1997, truncated spectrally at T10 to venhmcal
orographic and station-specific features. Solid contours denotevpaaities and dashed contourgaiive
values. The nature of atmospheric tides is describ€hapmarand Lindzen (1970).
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Figure 6. Schematic weof the mean tropospheric circulation in the equatorial plane, fi@inste(1983).

Themethodof non-lineamormal-modenitializationthathasbeenusedextensiely atECMWFto initialize its glo-
bal modelsis describedn thefollowing section.Theway gravity wavesarecontrolledin the Centres variational
dataassimilationsystemis describedandillustratedin section3. An alternatve approactto initialization, that of
digital filtering, hasbeendevelopedin recentyears particularlyfor applicationin limited-areamodels.An intro-
duction to this method is\gn in section 4.
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2. NON-LINEAR NORMAL-MODE INITIALIZATION

2.1 Basic method

Consideraforecastmodellinearizedabouta stateof restwhichis staticallystable Thegoverningequation®f the
model can be written in the follong general form:

d%(x) - iLx (1)

wherex is a columnvectorof suitably-scalednodelvariablesof dimensionK say and L is a symmetric,real
K x K matrix. Explicit examplesof sub-elementsf L will begivenin thefollowing subsectionsTheeigerval-
uesof L arethefrequencie®f the small-amplitudevave motionsthatthe restingstatecansupport,andthe cor-
respondingigenfunctionslescribehestructureof thewaves.In limiting casethesewvavescanbe separateéhto
a setof “meteorological”’or “Rossby” waveswhich move relatively slowly westward, and setsof eastvard- and
westward-mauing gravity modesthe graver of which move muchfasterthenthe Rossbywaves.More generally
the cateyorizationis complicatedn thetropicsby the existenceof the so-calledmixed Rossby-greity andKelvin
waves.Comprehensk studiesof the modesof the shallov-waterequationgknown asthe “Hough modes”)have
been made bionguetHiggins(1968) andKasaharfl976).

The general non-linear model equations can be written in the form:
d .
d_t(x) = iLx+ N (x) 2

wheretheterm N (x) representboththenon-lineatermsandtheresidualineartermsthatarisefrom differences
between the actual state of rest and that used to corhpute

Considera subsetcomprisingJ orthonormaleigervectors, (g, £ ..., &), of L with large eigervalues
(vq, 0, ..., U) . Theserepresenthegravity wavesthatareto beinitialized. A generaimodelstatex canbewrit-
ten in the form:

J
x:xR+zajgj ()
j=1

Underidealizedconditionsin whichthe J eigervectorsrepresena completesetof gravity waves,xp represents
thecomponenbf theatmospheristatecomprisingsolelyRossbywaves.More generally x, representtheresid-
ual stateorthogonato the setof o gravity modeswhich comprisedRossbywaves,the slower gravity wavesthat
will not be initialized, and mied waves. \\& denote the component that will be initializedagy:

J
Xg = Z a;8; 4)
Jj=1

The a; aredeterminedy takingthe scalamproductsof thetwo sidesof (3) with the g ;, andusingorthogonality
xp Ug; = 0, and orthonormalityg; Lg; = 9;;, to obtain

a,=g;x (5)

or

Meteorological Training Course Lecture Series
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x; = EGE'x (6)

whereE is theK xJ matrix whose columns are tige;, for j = 1,2, ..., J .

Substituting(3) into (2) and projecting onto thd modes to be initialized ggs:
d . N ;
&(aj) = 10,0 (xR, Oy, Ay, .. 0) (7

T
whereN ; = (E; N);.

2.1 (a) Linear normal-mode initializationiinear normal-modeinitialization comprisessimply setting to
zerotheamplitudesa ; of theJ modesto beinitialized. It thusinvolvesreplacingthe uninitializedstatex; by
x;, where

x; = (I-EgE; )xy (8)

andI is the identity matrix.

Fig. 7 presentanexampleof theimpactof linearnormal-modenitialization on the evolution of surfacepressure
attwo points,onein the GreatPlainsof North Americaandonein the Himalayas/t is takenfrom thefirst study
of normal-modaenitialization for the original ECMWFfinite-differencemodel(TempertorandWilliamson,1981;
Williamson and Temperton,1981),and presentsan extremecasein thatthe initial datahadbeentaken from an
analysisproducedusingadifferentmodel.Imbalancen theinterpolatednitial conditionsfor the ECMWF model
resultedn large-amplitudeoscillationsin the surfacepressureasindicatedby thesolidlinesin thefigure. Theam-
plitude of theseoscillationswasclearly reducedby applyinglinearnormal-modanitialization (dashedines), but
significantfluctuationsremainedAlso worthy of noteis thelarge, rapidfall in surfacepressuret the Himalayan
point at the start of the irgeation from the initialized analysis.
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Figure 7. Sudce pressure (lalp as a function of time before (solid) and after (dashed) linear normal-mode

initialization at 48N 9C°PW (left) and 36N 9C°E (right), fromTempertorand Wiliamson(1981).
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2.1 (b) Non-linear normal-mode initializationt.inear normal-modedoesnot prevent gravity waves from
growing to significantamplitudebecausehenon-linearor residualineartermsrepresentedy N (x) arenotneg-
ligible. In non-linearnormal-modenitialization (Machenhaued977) theinitialized gravity-wave amplitudesa ;
aresetto non-zerovalueswhich arechoserto make the gravity-wave tendenciesmall. An approximatesolution
of the equation

Sa)=o0 ©)

is sought. Equatio(¥) is used to define an itenai solution of(9):
1 -1 -1 -1
al= —%E%Nj(xlg, al* ™D ol al Yy, (10)

Two iterationsof the procedureareusuallyfoundto be sufficient. The startingvaluescouldbetakenfrom alinear
normal-modenitialization (aj(o) = 0), butin practiceit is foundto be sufiicient to startfrom the uninitialized
analysis(cxj(o) = g, [y ). Thisis themoststraightforvard startingpointwhenthe procedures implementedn
termsof updatesapplieddirectly to modelvariables asoutlinedbelav in equationg12) to (15). It is, morewer,
thenecessargtartingpointfor aneffective full-field diabaticinitialization usingtheapproachdescribedn 2.5 (a).

An exampleof the working of non-linearnormal-modaenitializationis givenin Fig. 8 . Thisis for the samecase
aspresentedh Fig. 7 for linearnormal-modenitialization.Fig. 8 alsocontaingnformationrelatedto thevertical

decompositiorof normalmodeswhichis discussedhn thefollowing subsectionFor the moment attentionshould
be directedfirst towardsthe uppertwo panelsandthe cuneslabelled“0” which shav the forecastfrom uninitial-

izedinitial conditionsand“5” which shaw theforecastrom the conditionsmostfully initialized by thenon-linear
normal-modeechnique Thesetwo panelscanbe comparedirectly with Fig. 7 which shavs the forecastfrom

linearnormal-modenitialization. It is clearthatthe non-lineartechniques muchmoresuccessfuthanthelinear
techniquelt notonly preventshigh-frequeng oscillationsin surfacepressurever the 24-hourintegrationperiod,
but alsoavoidsthelarge changeo theinitial surfacepressureatthe Himalayanpoint, achangethatis rejectedby

themodelin thefirst few time stepsof the forecastfrom linear initialization. Comparisorof the lowerright and
upperleft panelsof Fig. 8 shavs how thefirstiterationis sufficientto remove mostof theshort-periodscillations
presenwhenrunningfrom the uninitializedanalysiswith the secondterationremoving mostof whatis left after

the first iteration.
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Figure 8. Sudce pressure (lapas a function of time at 49 9C°W (upper left) and 3N 9C°E (upper right)
with no initialization (solid) and after non-linear normal-mode initialization of the first threevenebftical
modeswith two iterations.Surfacepressurés alsoshavn at40°N 90°W with one,two andfour modesinitialized
with two iterations (laver left), and with fre modes initialized with one andaviterations (laver right). From

Williamsonand Bmperton(1981).

Equation(10)is notnormallysolveddirectly. (7) and(10) arecombinedo expressheiterative non-lineamormal-
modeinitialization proceduren termsof the modificationamadeto the gravity-wave amplitudesat eachiteration:

()
0(
(AO(J-)(””) _ a5n+l)_a(n) _ 1 Djj (11)

] 0
J 0 U

Equation(11) is thencorvertedinto the initialization incrementappliedto modelvariables Startingthe iteration

10 Meteorological Training CourseLecture Series
0 ECMWEF, 2002



The control of gravity waves in data assimilation

3

from the uninitialized analysis, the non-linear initialization procedure becomes:

@ = Xy (12)
(n+1) _ . g, rod, i
Ax =iE;N\g Eg @(x)ﬂ (13)

where/, istheJ xJ diagonalmatrix of eigervaluesuv ; for j = .,J . Thenon-linearmodeltendenyg
(dx/ d?f)(") is computed using the latest apprommatm{{l) to the |n|t|aI|zed state:

n
x(n) - x(0)+ Z Ax(L) (14)
1=1

The final initialized statey; , is given by:

N
x; = x4+ z Ax™ (15)

n=1

whereN is the number of iterations.

This“explicit” form of non-lineamormal-modenitializationthusinvolvesarepeatedetof operationg£omprising:

. Onetimestepof the modelto computeghe tendenciesn physical space startingfrom the latest
approximation to the linearized state;

. A projection of these tendencies onto thevigyamodes to be initialized;

. Division of the graity-mode tendencies by the frequencies of the modes;

. Projection back to plsical space;

. Addition of the increment to form aweapproximation to the initialized state.

Equation(13) may be written in the alterned form:

n) n)
LoD = iEGEGTEﬂ—’;g E"Gfga (16)

Equation(16)is usedasthestartingpointfor thederivationof “implicit” non-lineamormal-modenitialization.As
discussedh subsectior?.4, this approactusesa modifiedform of the governing,linearizedequationsvhich ena-
blesincrementgo be calculatedin physical spacewithout useof explicit projectionsto andfrom gravity-wave
space.

2.2 Vertical decomposition

Normal-modehnitialization is a practicalmethodbecausét is possibleto separateéhe verticalandhorizontalde-
pendencef the gravity-wave modes Furthermoreijt hasto be appliedonly to a limited numberof modesin the
vertical.

We considersmall-amplitudeperturbationsabouta stateof restwith temperaturel’, andsurfacepressurep,,.,
with eastvard andnorthward wind perturbations:' andv', andtemperaturgerturbationT" . The equationsare
setoutin theform appropriatdor amodel(suchasthatof ECMWF) in which thelogarithmof surfacepressurés
a basicprognosticvariable,with perturbationgivenby (Inp.)'. We restrictthe presentatiorhereto the casein

Meteorological Training Course Lecture Series
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whichthereferencegemperaturdl’, isisothermalyatherthanvaryingwith pressureThis simplifiestheequations,
andis not a seriousrestrictionin practice.Effectsof unrepresentity of the referencestateof restaretakeninto

accountin non-linearnormal-modaénitialization throughtheterm N (x) . Moreover, gravity-wave phasespeeds
andverticalmodestructuresarenot stronglydependentn the choiceof referencestate asillustratedin Appendix
A.

The dry linearized, primitre equations for a terrain-folldng vertical coordinate are then:

u' _ . 1 9, ,
i 2QsinBv acosea_)\((p +RT,.(Inp,)") a7
ov' _ . 1_1- a ’ 1
T —2QsinBu aﬁ(cp +RT.(Inp,)") (18)
or _ KT, |
9 1
3Inpy)'= —;;{D dp (20)
Here D' is the dvergence:
po L ou 0 oD
D' = o0 +%(v cosne)D (21)
W' is the pressure-coordinatertical \elocity:
p
W = —ID’dp (22)
0

and @' is the temperature-dependent part of the perturbation geopotential:

psr
RT'
= [ 2=d 23
() lp p (23)

Q istheplanetaryrotationrate,a is the planetaryradius,A is longitude,8 is latitudeand R is thegasconstant
ofdryair. k = R/c,, wherec, is thespecificheatof dry air atconstanpressureln evaluatingthe pressureon
acoordinatesurfacein equationg19), (20), (22) and(23), the surfacepressuras takento bethereferencevalue

Dgr-
We consideramodelwith L levels,defineu to bethecolumnvectorcomprisingthevaluesof u' atthe L levels,

anddefinev, D and T similarly. The columnvectorwith eachelementequalto RT', is denotedby p, andwe
use matricey andt, and \ectord to represent a general finitefdifence scheme:

Psr
1 T
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(RTr)(lnps)' - M(Iﬂps)I

Explicit expressiondor y, T andd aregivenin AppendixA for thevertical discretizatiorschemedevelopedfor
the ECMWF model bysimmonsand Burridge(1981).

We further define:
P = yT +p(Inp,) (24)

Then, using17), (18) and the combination ¢.9) and(20), the linearized equations become:

ou _ . 1 oP
3% - ZQSInev_acosea_)\ (25)
® - p0singw - 1OP
5 2Q sinbu 230 (26)
oP _
5 =—GD 27)
where
G = yt+ud" (28)

Thenormal-modaénitialization proceduraleterminesinincremento the“mass”variableP . To obtainincrements
in temperaturendthe logarithm of surfacepressuregquation(27) is usedtogetherwith the vectorforms of the
equations forT'and (Inp,)":

o _
5% - 1D (29)

T

%(In p.) = -3'D (30)

GiveninitializationincrementAP , thecorrespondingncrementso temperatur@andthelogarithmof surfacepres-
sure,AT andA(Inp,)', are gven by

AT = 1G'AP (31)

and

A(Inp,) = 8 G'AP (32)
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Now let @ denotethediagonalmatrix of eigervalues®, of G ,for/ = 1,2, ..., L, andlet N denotethe matrix
whose columns are the eigestors ofG . G can be writtenG = NoN.

If the prognostic ariables are transformed in the foliog way:

2, = (N u)

b, = (N'o)
and

P, = (N'P),

equationg(25), (26) and (27) becomea setof L uncoupledshallov waterequationswith “equivalent” depths
®,/g:

o, _ A 1 0P
3 = 2QSIn9vl—mﬁ (33)
%1 pqsinpa, - 10F (34)
ot 1" a00
P A
&l = —o,D, (35)
Hereﬁl is the dvergence associated witkehocitiesiz; andd,; as defined by21).
~ 1 9. O
D, = oD N +E(UIC°SG)D (36)

Thegoverningequationfor puregravity wavesis obtainedby settingtherotationrate, Q , to zero,takingthetime
derivative of (35), and usind33) and(34) to eliminate the rate of change o¥eligenceD, . This gies:

2~
a_f’_cD,DZP, =0 (37)
ot

For scalessmallenougkhfor alocal planegeometryto bevalid, the phasespeecbf the puregravity wavesis ,/®; .
Onthespherehe puregravity-wave modesarethe sphericaharmonicfunctions P, (sine)e”M , WhereP;' isan
associatediegendre‘unction.Thesphericaharmonicfunctionsareeigerifunction@f the Laplacianoperatomwith
. 2 3 .
— + . - / + .
eigevalues—n(n +1)/a”. The pure graty-wave frequencies are thuas n(n+1)d,

Examplesof modesarepresentedherefor the currentoperationaB1-level ECMWF modelandfor a 50-level ver-
sionof the modelplannedfor operationaimplementationThelocationof the modellevelsfor thesetwo vertical
resolutiongs shavnin Fig.9. Tablel shavs phasespeedsandequialentdepthf thefastermodedor areference
temperatureT', , of 300K andareferencesurfacepressurep,, , of 1000hR. Correspondingerticalstructuresof
the divergence fields (weighted byp ) are shwn in Fig. 10.
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Figure 9. The distriltion of full model leels for 31-leel (left) and 50-leel (right) \ertical resolutions, plotted
for a distritution of surhce pressure whictaxies from 1013.25 to 500 &P

TABLE 1. GRAVITY-WAVE PHASE SPEEDSAND EQUIVALENT DEPTHSFOR THE VERTICAL MODES OF THE 314.EVEL
AND 50-EVEL VERSIONSOF THE ECMWF MODEL FORA REFERENCETEMPERATURE OF 300K AND A REFERENCE
SURFACE PRESSUREOF 1000hPa. ONLY MODESWITH GRAVITY-WAVE PHASE SPEEDSFASTER THAN 50 ms1ARE

INCLUDED.
Phase speed Phase speed Equivalent depth Equivalent depth
Mode numbet J®, (msh J®, (msh ®,/ g (km) ®,/ g (km)
for 31-level model for 50-level model for 31-level model for 50-level model
1 343 347 12.0 12.3
2 203 262 4.2 7.0
3 119 194 1.4 3.8
4 78 145 0.6 2.1
5 56 112 0.3 1.3
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TABLE 1. GRAVITY-WAVE PHASE SPEEDSAND EQUIVALENT DEPTHSFOR THE VERTICAL MODES OF THE 314 EVEL
AND 50-LEVEL VERSIONSOF THE ECMWF MODEL FORA REFERENCETEMPERATURE OF 300K AND A REFERENCE
SURRCE PRESSUREDF 1000hPa. ONLY MODES WITH GRAVITY-WAVE PHASE SPEEDSFASTER THAN 50 ms ARE

INCLUDED.

Mode numbet

Phase speed
Jo, (ms?h
for 31-level model

Phase speed
Jo, (ms?h
for 50-level model

Equivalent depth
@,/ g (km)
for 31-level model

Equivalent depth
®,/ g (km)
for 50-level model

6 90 0.8
75 0.6
8 63 0.4
9 54 0.3
Mcdos 1o & cf 31-love modcl Moces 1to 9 o° 50-evel mode
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Figure 10. Structures of thentical modes of the 31uel and 50-lgel models with graity-wave phase speeds
faster than 50 m for a reference temperature of 300K and a referencacsupfessure of 1000 &P

Thegravestmodemovesthefastestanddiffersin structurefrom theothermodesn thatit is theonly modewhose
J/p -weightedamplitude(or enegy density)decreasewith height.It is generallyreferredto astheexternalgravity

wavein thecontet of numericalweathemprediction butis knovnin geoplysicalfluid dynamicsastheLambwave.
It is shavn in AppendixB thatthereis a correspondin@nalyticalsolutionof the continuousequationsn which
thedivergenceandtemperaturearyin theverticalas p ™ , andthephasespeeds givenby ,(RT,)/ (1 ~k) . This
givesaphasespeecf 347ms? for areferenceéemperaturef 300K, with R =287nfK 1s2andk =0.286 Thisval-
ue is reproduced to the nearestny the 50-Igel resolution.

Theremaining(“internal”) modegprovide amathematically-acceptab@sisfor representingheverticalstructure
of modelvariablesput do notcorrespondo modesof thecontinuousequationsThey have anoscillatorystructure

16

Meteorological Training CourseLecture Series

0 ECMWEF, 2002



The control of gravity waves in data assimilation £
A~ 4

with amplitudeapproximatelyproportionato 1/ (./p) , andrepresenstandingvavesthatcanexist becausef the
reflectve nature of the upper boundary conditior= O applied in the modelL{ndzenet al, 1968).

It canbeseenfrom Tablel thatonly alimited numberof modesareassociateavith gravity-wave phasespeed®f
the orderof 50ms! or more. It is found necessaryo initialize only thesemodesIndeed applyingthe non-linear
normal-moddechniqueto the slower, higherordermodesis counterproductie, astheiterative solutionfails to
corvergefor thesemodes.The examplepresentedn Fig. 8 illustratesthe extentto which high frequeny oscilla-
tionsaresuppressedy initializing up to the five gravestmodes Initializing four or five modesappearadequate
in this case Theseresultswerefor a nine-level verticalresolutionfor which the gravity-wave phasespeed®f the
fourth and fifth modes were 70msand 39ms respectiely, for a 300K reference temperature.

2.3 Horizontal decomposition

Thehorizontaldecompositioris illustratedmostcornvenientlyfor the caseof a globalspectraimodelsuchasused
atECMWE Firstly, theshallav-watermomenturrequationsirerewritten in termsof thedivergence,D, (givenby
(36)), and relatre vorticity, &; :

~ 1 @51_6 A 0
& = 20BN %(ulcosﬂ)m (38)

The non-linear shalle-water equations are:

%Dl - 2Qsineél—292039dl—mzﬁl+Nm (40)
and
9p = _o,D,+N
& 1= _q)l 1+ Pl (41)

Thesesquationsrerecastin termsof thespectratoeficients, , D, andP,’ in spherical-harmoniexpansions:

~ M M .

&= Y 3 &P, (sing)e™ (42)
m=-M n=|m|

~ M M .

D=y 3 D' ()P’ (sin@)e'™ (43)
m=—-M n=|m]|

and
~ M M .
Pr= 5 Y @l®)P; (sing)e™” (44)

m=—M n=|m|

As the prognostiovariablesarerealvalued,£,” , D, and@,” arethecomple conjugatesof &,' D)' andg, ,
andwe needconsideronly the equationdor m = 0. Theseequationanbe separatednto M + 1 sets,onefor
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each zonal wvenumberm . We introduce scaledaviables:

g = —L " (45)

Jn(n+1) ™"

~mo_ . a m
Dy = L--—--—-n(n+1)Dn (46)

and

~m

O (47)

1 m
= /0
Jo
Foreachm , we useg , D and(~p to denotecolumnvectorsof dimensionM —m + 1 with elementséf , b;n and
o forn =mm+1,.., M.

The shallav water equation§39), (40) and(41) may then be written in the form:

di .BFOE 1~Vz L {VE
G%|D| = {|F B C||D|* |Np| = iL|D|*|Np (48)
o LOCOg [N, o [Ng

whereB andC are diagonal matrices, with diagonal eleméjfsandc,, , where

2Qm

B, = n(n+ D) (49)

and

¢, = L+ D)o, (50)

a

F is asymmetrictridiagonalmatrix with diagonalelementgero,andoff-diagonalelementsf,’ for n >m , with

o= %J(nz_l)(nz-mz)/(mz—l) (51)

In theabsencef rotation3 = F = 0, andthenon-trivial eigervectorsof L aregravity waveswith frequencies
*c,, , as noted earlier

With rotation,thebasicCoriolis effect (asoccursin anf-planegeometryjs representetly thematrix F', while the
matrix B representshe variationof the Coriolis effect with latitude, the so-called"beta” effect. Purebarotropic
Rossby vaves are obtained by imposidg = 0 and hae frequencies§] .

Equation(48) provides an eplicit form for L :
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BFO
L=|FpcC (52)
0CO

Eigervaluesandeigenfunction®f L canreadilybeobtainedusingstandardsoftwarefor matrix analysis Separa-
tion into Rossbyandgravity modescanin practicebe achiezed simply on the basisof wave frequenciesthe east-
ward mwaing waves anddister westard maving waves are the modes to be initialized.

2.4 Implicit initialization

Althoughformally straightforvardfor globalspectramodels explicit normal-modenitializationhasademanding
requirementor computerstorageof the normalmodesn the caseof high horizontalresolution.Similar consider-
ationsapplyto global modelsbhasedon alternatve horizontaldiscretizationsTwo additionalproblemsmay arise
for alimited-areamodel.Firstly, the mapprojectionmay causehorizontalseparabilityto be lost. Secondlythere
may be a problemin defininglateralboundaryconditionsfor the normalmodes.This led to the developmentof
implicit normalmodeinitialization. Thisis presentetherefor thecaseof aglobalspectramodel; Temperton(1988)
introducedthe methodfor aregionalmodelusinga polar stereographiprojectionandfinite elementswith a non-
uniform grid.

We start from the formula for initialization incrementsegi by equatiof16):

Lox™*D = g, g, el o e

Caz0 ~ ‘e,
Theapproachelieson beingableto determinehe“f ast” gravity-wave component(dx/ dt)(Gn) from thetotal ten-
deny (dx/ dt)(”) andon beingableto solve thelinearsystentor theincrementsAx" * V). This canbeachieved

by approximatingheoperatorL . Theapproximatioris to neglectthe“beta-efect” in thevorticity equationEqua-
tion (52) is replaced by:

OFO
L=|rgcC (53)
0CO

Equation(49) indicatesthatthe approximatiorwill beagoodonefor smallhorizontalscaleglarge n ) for which
the non-zero elemenf’ of the diagonal matri are small.

With this approximation, the linearized form@B) gives:

= = iFD (54)
D - ipD+i(FE+Cy) (55)
and
d _ 7
= = iCD (56)
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The Rossby modes are stationary and neergiént:

6 _ 7 .
5 -D=0 (57)
and, from(55), satisfy the balance equation:
Co = -F¢ (58)
From(54) and(56), a graity mode (which had # 0) must hae:
§=FCo (59)
The &panded form of16) is
~“(n+1) t
0 F 0|48 n)
it s
0CO A~(n+1) ”
¢ rdorf
Cait

Tempertoif1989)shavedthat(57), (58) and(59) canbe usedto derive formulaefor initializationincrementghat
do not requirexglicit computation of graity modes:

(F>+c?aD™ Y = iF%Ef”) +iCEH%~ " 61)

and
(F2+ (g Y) = i%bgn)—BAb(") (62)

with
Ag" Y = Fetag™) (63)

Thematrix (F2 + CZ) is pentadiagonahut theequationgo besolved((61) and(62)) canin facteachbesplit into
two separatequationgor oddandevenspectracomponentsvith diagonally-dominantridiagonalmatricesonthe
left-hand sides. Their solution is thus straightfairey

In practicethis implicit methodhasbeenfoundto give resultsthatarenggligibly differentfrom explicit normal-
modeinitializationfor mostof thewavenumberangeof highresolutiormodels A mixedschemérasbeenadopted
for theECMWF spectramodel. Theimplicit methods usedby defaultto initialize totalwavenumberén therange
n > 21, with the explicit methodusedfor n < 21, asthe neglectof the B termbecomesncreasinglyinaccurate
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3

as the total wvenumber decreases.

2.5 Diabaticinitialization

The formalismof non-linearnormal-modadnitialization presentedn 2.1 is generalbut in practiceit wasfound
necessaryo suppresshediabatic(parametrizedfomponentsf theterm N (x) in earlyapplicationf themeth-
od (WilliamsonandTemperton1981).In particular the large andrapidly varyingtemperaturéendenciesrising
from the parametrizatiomf corvectionwerefoundto inhibit corvergenceof the method Moreover, the basicini-
tialization condition gpressed by9):

d__
3 tor ;=0
is inappropriatdor thewestward-maing thermaltidal wavesforcedby thedaily westwardprogressiomf thesolar
heating of the atmosphere.

Theform of initialization in which only the adiabatidendenciegrom the modelarecomputedat eachiterationis

referredto asadiabatic non-linearnormal-modeinitialization. Although successfuln preventingthe growth of

high-frequeng oscillationsin subsequentorecasts adiabaticinitialization also suppressethe slowly-varying

large-scalecirculationsthatareafeatureof thetropicalatmospherelwo of theapproachethathave beenadopted
to circument the problem are outlined belo

2.5 (a) Full-field initialization. A diagnosisand discussionof the problemsof adiabatic initialization has
beengiven by Wergen(1987),who alsodescribedhe diabatic non-linearnormal-modanitialization schemen-
troducedoperationallyat ECMWF in 1982.This schemeavasusedin conjunctionwith the Centres OptimumIn-
terpolationanalysisuntil the latter was replacedby a variationaldataassimilationschemeearly in 1996. The
diabatic initialization schemeas modified in 1986 to include the treatment of tides specified/belo

Theapproachnvolvesestimatinga steadylarge-scalaliabaticforcing. Thisis appliedasatendeng termthatdoes
notchangeduringtheiterationsof thenon-lineamormal-modaenitialization, therebyavoiding the problemof non-
convergence.Thetidal problemis dealtwith by subtractingan estimateof the tidal tendeng from the adiabatic
tendeng. The steps wolved are:

. Performinga shortforecast(~2h) from the uninitialized analysis,using all parametrizationsut
suppressing the diurnayde in the radiation scheme;

. Time-averaging the diabatic tendencies computed at each timestep of this forecast;

. Projecting the time-averaged tendenciesonto gravity modes, keeping only low-frequeng
components (with periods>11h);

. Subtracting tidal tendencies computed from a (10-day) time series of the most recent analyses;

. Adding the resulting fixed filtered tendenciesto the adiabatictendenciescomputedfor each
iteration of the initialization procedure;

. Computingthe initialization incrementin the usualway, usingthe modified tendenciedrom the

preceding step.

This approach, though rather cumbersomaked well in practice.

2.5 (b) Incemental initialization. The simpleralternatve approactof incrementalnitialization (Puri et al.,
1982;Ballish et al., 1992)wasadoptedvhen ECMWF moved to the variationaldataassimilationschemeThis
approachdoesnot necessarilyely on usingthe normal-modeechniquefor initialization. In particular it canbe
used in conjunction with the digital filtering technique described later
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We illustratethe approacherein its basicform. Let x, denotea backgroundstate,andasbeforex;; theunini-
tialized stateand x; theinitialized state.Let Init(x) denotetheresultof anadiabaticinitialization of x . The
incremental initialization scheme is then:

x; = xp +Init(xy) —Init(xy) (64)

Provided the differencesbetweenx;; and x, aresmall, the schemepreseresthe large-scalediabaticbalance
presenin the backgroundield. However, if acomponents handledpoorly by theinitialization procedureandis

improvedin x;; comparedvith x, , thethermaltide for example theimprovementin x;; maynotcarrythrough
to the initialized analysis’; .

As appliedin a corventionaldataassimilationsystem the statex; is the short-rangdorecastthat providesthe
backgroundor theanalysis,x;; is theresultof theanalysisand x; is thestartingpointfor thenext forecastThe
approachhas,however, wider applicability (64) couldalsobe used,for example,to provide initial conditionsfor

aforecasfrom ananalysigproducedisingadifferentdataassimilatiorsystem suchasthatof adifferentforecast-
ing centreln thiscase x;, wouldbethe(uninitialized)analysigproducedy astandardlataassimilatiorusingthe
forecastmodelfor which initialization is required,and x;; would be the analysisproducedoy the differentdata
assimilation system.

3. CONTROL OF GRAVITY WAVES IN THE ECMWF VARIATIONAL DATA ASSIMILATION SYS
TEM

Thebasicvariationaldataassimilatiorproblemis to determinghemodelstatex thatminimizesascalarcostfunc-
tion JJ . J comprises three elements:

J o= dyd, +d, (65)

where, is the backgrounctostfunction definedin termsof the deviation of the analysisfrom the background
statex, and.J, istheobsenrationcostfunctiondefinedin termsof the deviation of the analysisfrom the obser-
vationsin the caseof three-dimensionalariationalassimilation(3D-Var). In the caseof four-dimensionabssimi-
lation (4D-Var), J/, is the obseration costfunction definedin termsof the deviation from the obserationsof a
forecastfrom thestatex . Thetwo elements/, andJJ, arediscussedh thecompanioriecturenoteson Data as-
similation conceptsaand methodsThe primary control of gravity wavesin the dataassimilationcomesin general
throughamultivariateformulationof the o/, term,althoughin 4D-Vara contritution cancomethroughthemodel
integration that is implicit in the terrd , .

ThetermdJ, representadditionalconstraintsntheanalysis.Thesecouldincludephysicalconstraintsfor exam-
plethattherelative humidity bebetweerD and100%,or aconstrainion high frequenciebasedn digital filtering.
In the current implementation at ECMWF, is given by

2

g _ f%p

Jo = &g, " Odr

(66)

where (d/dt),; denoteghe projectionof thetendeng (d/dz¢) ontogravity wavesand | I? denotesa simple
enegy-basechormdefinedby a weightedsumof squaresf spectralcoeficients. The overall weightingfactor ¢

wasadjustedduringthedevelopmenibf ECMWF’s 3D-Var systento remove oscillationsin surfacepressurdtyp-
ically a fraction of an h®in magnitude) that were found to occur in the absende ¢Courtier et al., 1998).
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Examplesof theevolution of the costfunctionJ andits threecomponent®ver 70 iterationsof a 3D-Var minimi-
zationarepresentedn Fig. 11 . Theupperpanelshowvs how in absoluteterms./, makesonly atiny contribution
to the overall costfunction. The backgroundstatex; is usedasthe startingvaluefor the minimization,and </,
andJJ, arethusinitially zero.J, is subsequentlgdecreasedubstantially, atthe expenseof someincreasen «f b
andaslightincreasen JJ, . Theplotsin thelower panelof Fig. 11 indicateanincreasen small-scalgravity-wave
actiity whend/, is excludedfrom theminimization(but computedasadiagnostic)ln thiscaseJ, growsto about
twice the valuethat developswhenit providespart of the constrainton the analysis.lt shouldbe notedthatthe
elementof thecostfunctionaredefinedglobally; despitats smalloverallvalueJ,, mayprovide animportantocal
constraint, close to steep orogrgph particular

Thevariationaldataassimilationschemes implementedn anincrementaform in which the minimizationis car-
ried out at a lower resolutionthanthat of the backgroundorecast.Until March 1999, initialization wasapplied
twice in the procedureThelow-resolutionanalysisrequiresaninterpolatedow-resolutionbackgroundield, and
thiswasinitialized applyingadiabaticmon-lineamormal-modenitializationfor scalewith n = 20. Then,oncom-
pletion of thelow-resolutionanalysisjncrementakhdiabaticnon-lineamormal-modenitialization wasappliedin

forming the high-resolution analysas, :

x, = x, +Init(x, +(0x,); p  gp) —Init(xy) (67)

Here (dx,); r _ yr IS theincrementof the low-resolutionanalysis(the differencebetweenthe low-resolution
analysisandthelow-resolutionbackground)nterpolatedo thehigh resolution.Thisincrementalnitializationwas
appliedoperationallyonly for scaleswith n =20 from May 1997 onwards,for the primary purposeof adjusting
the low-resolutionanalysisto the high-resolutionorograply. It was,however, appliedto all scalesn the original
operational implementation of 3Da¥ as discussed further belo

1. The sharpdil near iteration number 30 is due to the initiationarfational quality control.
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Figure 11. Ewlution of the cost functiod and its componentg, , J, and<, during the minimization in a
standard ycle of 3D-\ar (upper panel) and plotted on adathmic scale (lver panel) both for the standard
cycle (solid) and for a modified/cle (dashed) in whickl, was calculated for diagnostic purposes ot
activated in the minimization.

Someexamplesof thetime evolution of the surfacepressurarepresentedhn Figs.12and13. Plotsareshavn for

thetwo points40°N 90°W and30°N 90°E usedto illustrateresultsfrom earlierstudiesof initialization in Figs.7

and8 . Theforecastwerecarriedoutafterthreecyclesof 3D-Varusingtheinitialization configuratiorin question.
Fig. 12 shavstheimpactof excludingtheconstraintJ,, . Both forecastshovn werefrom assimilationsn which

theincrementalnitialization wasappliedon all scalesandthis is evidently suficient to prevent high-frequeng

gravity-wave oscillationswhetherJ, is activatedor not. Suppressing/, giveslittle changeat 40°N 90°W over
theGreatPlains but hasmodifiedthe startingvalueof surfacepressurdy about0.5hRaatthe Himalayanpoint. A

pronounced semi-diurnal tidal oscillation can be seen at the latter point.
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Figure 12.SurfacepressuréhPa) asafunctionof time for acontrolforecasi(solid) andaforecasfollowing three
cycles of 3D-\ar in whichJ, was not actiated (dashed), at #8 9°W (upper) and 3N 90°E (lower).

Fig. 13 shavstheeffect of removing theincrementalnitialization of thelargerscaleqn < 20), andof remaoving
initialization (andthe J, constraint)completely Remaing the largerscaleinitialization allows somehigh- fre-
gquengy oscillationsto develop, althougheven at the Himalayanpoint the amplitudeis barelyover 0.1hR. Com-
pletelyremaoving initialization hasa larger effect, especiallyin thefirst few stepsatthe Himalayanpoint. Gravity-

wave oscillationsareneverthelessnuchsmallerthanin the forecastfrom the uninitializedanalysisshovn in Fig.
7, presumablhpecause¢hepresenforecastcomefrom a consistenandmuchmoremoderndataassimilatiorsys-
tem.

Furtherexaminationof theseissuesvascarriedoutaspartof thedevelopmenbf the 50-level versionof themodel
which becamepperationain March1999.It wasfoundthat./, continuedo play a smallbut usefulrole, but that
theinitialization stepscouldbe eliminatedwithout significantdeterioratiorof analysisandforecasguality. As the
amplitudef theinternalmodesvaryapproximatelyas 1/ (J/p) for smallp , eliminationof theinitializationsteps
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avoided a problem of Ige initialization increments close to the top of the S@{lenodel.
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Figure 13. Sudce pressure (lapas a function of time for a control forecast (solid) and for forecastw/ifiogo
three gcles of 3D-\ar with no lage-scale initialization (dashed) and no initialization at all (dotted),%t 40

90°W (upper) and 3tN 9C°E (lower).

Theremoval of theincrementalnitialization of thescaleswith n < 20 wasimplementedaperationallyat ECMWF
in May 1997atthe sametime asa changeo thebackgrounderm/, , moving from theformulationdescribedy
Courtieretal.(1998)(referredto as“old” </, ) to thatreportedby Bouttieretal.(1997)(the“new” J, ). Thenen
J,, wasusedfor theforecastshown in Figs.12 and13. Someidealizedtestscarriedout prior to the changepro-
vide examples of the wrking of the initialization and of the background constraint.
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Fig. 14 shawvs incrementdn 850hR heightdueto severalidealizedisolatedobsenationsof this field, specified
suchthatthe obsenred deviation from the backgroundield wasthe sameat eachpoint. Resultsare shovn for a
singlecycle of 3D-Var. Theold J, reducedo a univariateformulationin the tropics,andproducedocalizedin-
crementof similar magnitudeat all locations(upperleft panel).However, theincrementainitialization (applied
to all scalesyemovesmostof theincrementn thetropics(lower-left panel).Thenew J, imposesasemi-empirical
(closeto linear) balancelt producesnoreof alarge-scaléncrementandsmallerlocal incrementsn thetropics
(upperright panel).More of eachlocal incrementsurvivesinitialization. Incrementalinitialization thus playsa
smallerrole in imposingbalanceon the analysisin the caseof the new oJ, . This wasanimportantfactorin the
decision to remee initialization for scaleg < 20 in the operational system.

(8d .Ib, no inthiah=ation Maw b no mhahzalion

Figure 14. Analysisincrementsn 850hR heightfor a setof idealizedheightobserationsat 850hR, for the o/,
operationaprior to May 1997(left) andthatoperationahkfterMay 1997(right), with noinitialization (upper)and
after incremental non-linear normal-mode initialization (left).

Close-upof the heightincrementsat onelocationandthe associatedvind incrementsare presentedn Fig. 15.

The multivariateformulationsof the old andnew </, bothproduceincrementswvhich arecloseto beingin geos-
trophicbalanceandinitialization changesremuchsmallerthanin thetropics.They areslightly smallerwith the

new than the oldJ, . The height increments are reduced by initialization and the wind increments are increased.

Thenew J, producesadivergentcomponento thewind incrementatthe ground,ascanbe seenin the plotsfor
1000hRshavnin Fig. 16. Theincrementn divergenceis shallov, andsurvivesinitialization because¢helatteris
applied only to the first\e, relatvely deep, ertical modes.
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Old Jb, no initializalion

(34 b wilh mihiahzalion

Mew Jb, noinilialization

Figure 15. Analysis increments in 85@hiReight and wind for a set of idealized height oleterus at 850,
for the J, operationaprior to May 1997(left) andthatoperationahkfterMay 1997(right), with noinitialization
(upper) and after incremental non-linear normal-mode initialization (left).

Mew Jb, no inilialication, 1000HFa

Figure 16. Analysisincrementsn 1000hR heightandwind for a setof idealizedheightobsenationsat 850hR,
for theJJ, operationabfterMay 1997,with noinitialization (left) andafterincrementahon-lineamormal-mode
initialization (right).

Thethermaltide providesa final example.The variationalanalysisis ableto “draw” to thetidal signalpresenin
thesurfacepressurebsenrations,but the signalis notfully retainedn theensuingiorecastTheanalysighuspro-
ducesincrementswvhichimprove thedescriptionof thetides.A fractionof theimprovementis lost, however, if in-
crementalinitialization is appliedto large scales.Fig. 17 illustrateshow the analysisgenerallyfits betterthe
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surface-pressurebsenationsfrom afrequentlyreportingtropicalislandstationwhentheinitializationis restricted
to scales: > 20.

Chbservations and analyses with large-scale initialization
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Figure 17. Sudce pressure (lapfrom OOUTC 8 February to 18UTC 14 February 1997, as cidbaitv
SeychellesinternationalAirport (5°S, 56°E; dashedine) andasanalysedit this location(solid) with (upper)and
without (lower) lage-scale initialization.

4. DIGITAL FILTERING

The methodof digital filtering providesanapproactto initialization thatis conceptuallysimpleandeasierto im-
plementthannon-lineamormal-modanitialization. It involvesgeneratinga sequencef modelfieldsandthenap-
plying afilter to theresultingtime seriesfor eachmodelgrid-pointandvariableor eachmodelspectrakoeficient.
Thefilter is choserto reducetheamplitudesof high-frequeng component®f thetime serieso acceptabléevels.
The forecast is then run from an appropriate point within the filtered time series.
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4.1 Adiabatic, non-recursivefiltering

We considerfirst the simplestcaseof adiabatic,non-recursivdiltering. We denotethe uninitialized analysisby
x . A forward adiabatic ingration is carried out faN timesteps to generate the set ales:

{x(l), x(z), . x(N)}

wherex™ denoteghe modelstateafter n timestepsAlso, a backward adiabatidntegrationof the samelength
is carried out to generatalues:

{ x(_l), x(_z), e x(_N)}

The filtered initial state, or initialized analysis, is theregigenerally by:

N
© _ 7, -0y - 1 (n)
y ' = Init(x"") = A _ZNhnx (68)

where

h = h (69)

The original applicationof digital filtering for initialization by Lynch andHuang(1992)useda modificationof a
basic filter defined by:

sin(nvu, At)
nm

h =

n (70)
Thisrepresentthediscreteequialentof thefilter of acontinuousunctionthatleaveslow-frequeng components
unchangedut removes high-frequeng componentcompletely multiplying a fourier componentexp(ivt¢) by
H(v), where

o vl < v,
HO= sy =

The modified “Lanczos” filter as defined by:

i sin(nv At
h = Osin[r1V/ (N + 1)] LOsin(nu, )% (72)
The term
sin[nT/ (N + 1)]
nt/ (N +1)
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in (72) provides what is knen as a Lanczos wingo

Thefilterswhosecoeficientsaregivenby (70) and(72) have thepropertyof leaving the phaseof asinusoidalvave
unchangedapartfrom apossiblel 8 shift) while reducingtheamplitudeof thewave. Thereductionin amplitude
is shavn asa function of wave periodin Fig. 18 . The calculationis for a cut-off period(21/v,) of six hours,a
span(2NAt ) alsoof six hoursandatimestep(A¢ ) of 15 minutes.Thesolid line denoteshe amplituderesponse
for the continuoudfilter H (v) . The basicfilter (dashedine) exhibits the familiar Gibbs oscillations,which are
greatlyreducedy applicationof theLanczodilter (dottedline). TheLanczodilter giveslessattenuatiorof longer
period vaves, lut wealer filtering of waves with periods just shorter than six hours.

Theimpactonwavesof unit inputamplitudeandperiodsof 3, 6, 12 and24 hoursis shovn in Fig. 19. Theampli-
tudesof the 6-, 12- and24-hourperiodwavesarereducedesswhenthe Lanczoswindow is included.The phase
of the 3-hourwave is reversedby the basicfilter. It hassmalleramplitudeandno phasereversalwith theLanczos
window.

An example of the noise reduction found when

andHuang(1992)appliedthe methodto a versionof the HIRLAM modelis presentedn Fig. 20 . TheLanczos
filter wasusedwith six-hourcutoff andspan,andthe modelwasrun with a six-minutetimestep Fig. 20 shavs

thatdigital filtering initialization reducechoisemoreeffectively thanthe normal-modenitialization schemedevel-

oped for HIRLAM. Other diagnostics confirmed the success of the digital filtering approach.

17
%
L]
by ——— |dealized filter
@ 08" \
m I L L Basic filter
= - y
8 0.6 "‘ Lanczos fiter
D ¥
= L
= 4 5
= a4 \
[ “.,
l= \
= 02A %
T b Y
g "
T Y e
U_ 11“__‘.’1"— I--I -
.02
1Zzh  &h 3h 1.5h
Period

Figure 18. Amplitude of the filteredawe as a function of ae period for an input sinusoidabwe of unit
amplitude Theidealizedcontinuoudilter hasa 6-hourcutoff, andthecorrespondindpasicdiscretdfilter andbasic
filter modified by a Lanczos windoare shwn for a 15-minute timestep and 6-hour span, Yailhg Lynch and
Huang (1992).
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Non-recursive digital filtering of cosine wave

Response to basic filter with 8h cut—off and 15min timestep

1
— 24h period

. — == 12h period
,/ \ —=—= Eh period
—— 3h period

1 1 1 1 1 1 | | 1 1 1
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Response to Lanczos filter with Bh cut—off and 15min timestep

|
—— 24h period
— == 12h period
=== Eh period
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Figure 19. Theresponsef wavesof periods3, 6, 12 and24 hoursto thebasicfilter (upper)andthefilter modified

by the Lanczos winde (lower).
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Figure 20. Evolution of themeanabsolutesurfacepressurgendeng (hPa/3h)in 24-hourforecaststartingfrom
an uninitialized analysis (solid line) and from analyses initialized using non-linear normal-mode initialization
(dotted) and non-recuxa digital filtering (dashed), fromaynch and Huang(1992).

4.2 Diabatic, recursivefiltering

The backward integrationusedto generatehe values{ ™, A x(_N)} in the approachdescribedn the

precedingsubsectiorcannotbe carriedout usingparametrizationsf irreversiblephysical processedJseof are-
cursivefilter offersoneway to usethe digital filtering methodfor diabaticinitialization (LynchandHuang,1994).
Considethesequencef values{ x(O), x(l), x(”), ...} of modelvariabledrom consecutietimestep®f afore-
caststartingfrom the uninitializedanalysisx(o) , possiblyincluding diabaticandfrictional processesA recursve
filter of order N is definedin generalby the N +1 values {a(o),a(l), ...,a(N)} and the N values
{b(l), b9, .., b(N)} in the folloving expression for the filtere(h\buey(”) at stepn :

N N
y(”) = 2 a(J)x(n—J)+ z b(J)y(n—J) (73)
Jj=0 j=1

j=

The processs startedby applyinglower-orderfilters to computevaluesof y(”) for n <N . A non-recursie im-
plementation of this filter is set out Appendix C

We illustrate the caseof the Second-ordeRQuick-Startfilter presentedy Lynch and Huang (1994). This has
N = 2 and:

YD o (O ) @) =Dy (D)) () (=) (74)
with

NONSNC) (75)

and
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y(l) = axM+ (1—a)x(0) (76)
If we define:
_ anPBn
. = tang >0 (77)
and
$= P N1+ A2 (78)
the filter coeficients are gien by:
_ 1
a = oo (79)
©_1@®_ @_0s[f
a 5a a O —s0 (80)
1) _ HL—sO
b = 251 (81)
and
@ _ _L=scf
b = O v S0l (82)

The upperpanelof Fig. 21 shows the input andfiltered waves for a 12-hourinput period, a cutoff frequeng
(2/v, ) of threehoursandatimestepof 15 minutes.Thefilter causedittle reductionin amplitudeof this wave,
but introducesadelayor phase-lagf alittle morethanhalf anhour A very similar delaycanbeseernin thelower
panel ofFig. 21 for waves with longer periods.
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Recursive digital filtering of cosine wave
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Figure 21. The input awe and filtered outputave for 12-hour input period and a second-order regaifdter
(upper) and the filtered output for 12-, 24- and 48-hour input perioastrilo

Thefilteredresponséo input wavesof periodsl2, 3, 1 and0.5 hoursareshavn in Fig. 22, for 15-and1-minute
timestepsTheamplitudeof thewave with 3-hourperiodis reducedby about30%,andit toois delayedby alittle
over half an hour Waveswith shorterperiodsaredampedconsiderablyover the first hour or so. Thatwith half-
hour period is soon damped completely in the case of the 15-minute timestep.

Therapidinitial dampingof short-periodvavesandthe uniformity of the phase-lag$or thelongerperiodwaves
meanghataninitialized forecasimaybe successfullyaunchedy applyingthe second-ordefilter for aspanof an
hourortwo, andthensettingthemodels clockbackby half anhouror soto accounfor thedelay beforeextending
theforecastrom theend-pointof thefiltered sequenceTheeffect of applyingthis procedureonthelevel of noise

in aforecastusingthe HIRLAM systemcanbe seenby comparingthe dashedandsolid curvesin Fig. 23. The
proceduras evidently successfulandis sufiicientfor mostforecastingourposeslt doesnot, however, providein-
itialized conditionsat the analysistime or for the following houror so, suchasmay be usefulfor diagnosticpur-
posesor physicalinitialization. The alternatve of simply assuminghatthe filtered value at the end of the span
appliesat the time of the uninitializedanalysisis shavn by the dottedcurve in Fig. 23 . This introducesa phase
shift of about an houthe efect of which can be reduced by adopting the incremental approach presehted in
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Figure 22. The filtered outputawe for 12-, 3-, 1- and 0.5-hour input periods and a second-order vecfiltsr
with 15-minute timestep (upper) and 1-minute timestepgip
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Figure 23. Ewlution of the mean absolute sack pressure tendgnghPa /3h) wer six-hour forecasts starting
from an uninitialized analysis (solid line) and from using types of recurse digital filtering schemes, from
Lynch and Huang(1994).

4.3 Diabatic, non-recursivefiltering

Anotherapproacho diabaticinitialization is to carry out aninitial backward adiabatiantegrationover atimein-
tenal T followedby aforwarddiabaticintegrationover aninterval 27", andthento applynon-recursie filtering
to thesequencef valuesfrom thediabaticintegration.Lynch etal.(1997)describeaparticularlyefficientvariation
of thisapproachhathasbeenusedoinitialize bothlimited-areaand(in incrementaform) globalmodelsatMétéo-
France.

Theprincipalcostof digital filtering initializationis thatof themodelintegration.Improvedefficiency arisegartly
from usinga Dolph-Chebyshefilter (Lynch, 1997)thatrequiresashorterspanto achieve the samedegreeof noise
reductionastheLanczodilter. A furthergaincomedrom filtering theresultsof thebackwardadiabatidntegration.
Thisyieldsafilteredvalueatatime T'/2 prior to theanalysistime, andthis providesinitial conditionsfor a dia-
baticforecastoveranintenal T . Theinitialized analysisis derived from a non-recursie filtering of this diabatic
forecast.

Fig. 24 showsthatsimilarlevelsof noisereductionareobtainedby usingthe Lanczosand(shorterspan)Dolph-
Chebyshe filters without filtering the backward adiabaticforecast,and by usingthe Dolph-Chebyshefilter on
both the backard adiabatic and (half-length) foawd diabatic intgrations.

A disadwantageof thisgenerabpproacho diabaticinitializationis thattheinitializedfieldsaresubjectto errordue
to changedroughtaboutby diabaticprocessesver the first half of the forward integrationthatis filtered. This
erroris reducedby usingfilters thatneeda shorterspanto be effective, andby thefiltering of the backwardinte-
gration, which enables the length of the diabatic forecast to bedchalv
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Figure 24. Evolution of the meanabsolutesurfacepressureendenyg (hPa/3h)for thefirst six hoursof aforecast
startingfrom anuninitializedanalysigsolid line) andfrom analysesnitialized usingthreenon-recursie diabatic
digital filtering schemes, fromynch et al(1997).
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APPENDIX A . DEFINITION OF OPERATORS FOR THE ECMWF VERTICAL FINITE-DIFFER-

ENCE SCHEME

Specificatiorof theformsfor thematricesy andt andthevectorsd andp hasbeengivenby SimmonsandBurr-

idge(1981)althoughwith anotationdifferentto thatusedhere.We presenthegenerakcaseof areferencéemper-
aturethatvarieswith pressurewith valuesT,, atthe“full” levelsof themodel,for [ = 1,2, ..., L . We assume
ahybrid verticalcoordinatén whichthepressuratthe“half” levels, p, , ;,, , isdefinedasafunctionof thesurface

pressurep,, with p,,, = 0 andpr.1/,, = p;.

The forms are:

o

I<Pk

ykl = RC(Z Z = k

%I:II:H:II:II:II:I

[:bl—l/ZD

Ap, 1
Ty = A_pkKTrkylk + Tpk{ Sp(Trpry=Tr) *S-1y(Tr =T -1))}

A
5 = S
pSl‘
and
RT, o dp 0 o1 o 1 opg O
M = —— + RTr ? I - £
L pie2Bop 10 k:zz+1 kq)k+1/2%)saps|]k+1/2 pk—1/2%38‘3117SE}«¢—1/2D
Here
O Pi_1/2, Pi1+1/20
a - In [>1
a, =0 Ap, Dpl—l/zD
E In2 I=1
and
0o >k
Sy = (Apl)@p J

- 0O
BpLs1o p,; <k

All expressions ivolving a pressure areauated for the reference sace pressurg,, .

If the reference temperature profile is isothermal, With = T',., (A.2) reduces to

Ap

_ l
Tp = ApkKTrkylk

(A.1)

(A.2)

(A.3)

(A.4)

(A.5)

(A.6)

(A7)
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and noting that

1 op 0O
—_— R = 1
PL+1/2%) apsDL+1/2
(A.4) becomes simply
“l = RTr (AS)

We illustrateresultsby comparingmodescomputedor the idealizedtemperaturgrofile shavn in Fig. 25 with
modescomputedor isothermalreferenceprofileswith temperaturesf 245K and300K. The idealizedprofile is
constructedo belinearin Inp in regionsrepresentatie of thetropospherandstratosphereThis distribution of
temperature has a meaalve of approximately 245K

[r
4

Pressure (hPa)
Level number

T T T
220 240 260 2480

Temperature (K)

b

Figure 25. An idealizedertical profile of temperature.

Gravity-wave phasespeeddor the first nine modesare presentedn Table 2 andmodestructuredor the profile

TABLE 2. GRAVITY-WAVE PHASE SPEEDSFOR THE FIRST NINE MODES OF A 504.EVEL VERSION OF THE ECMWF
MODEL FOR THE REFERENCETEMPERATURE PROFILE SHOWNN IN Fig. 25 AND FOR TWO UNIFORM REFERENCE
TEMPERATURES THE REFERENCESURFACE PRESSURHS 100(HPA.

Phase speed (i Phase speed (i Phase speed (¥
Mode numberd forreferencéemperature  for 245K reference for 300K reference
profile shovn inFig. 25 temperature temperature
1 316 313 347
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TABLE 2. GRAVITY-WAVE PHASE SPEEDSFOR THE FIRST NINE MODES OF A 50-LEVEL VERSION OF THE ECMWF
MODEL FOR THE REFERENCETEMPERATURE PROFILE SHOWN IN Fig. 25 AND FOR TWO UNIFORM REFERENCE
TEMPERATURES THE REFERENCESURFACE PRESSURHES 100(HPA.

Phase speed (i Phase speed (i Phase speed (i}
Mode numbed forreferencéemperature  for 245K reference for 300K reference
profile shevn in Fig. 25 temperature temperature
2 249 237 262
3 180 175 194
4 131 131 145
5 100 102 112
6 78 82 90
7 64 67 75
8 54 57 63
9 47 49 54

shavnin Fig. 25 andfor the245K referencaemperaturareshavn in Fig. 26. Thecorrespondingnodestructures
for the300K referencaemperatureanbeseenn theright-handpanelof Fig. 10. Thegravity-wave phasespeeds
computedor the meantemperaturef 245K arequite similar (within about5%) to thosecomputedor therefer-
encestatewith varyingtropospheri@andstratospheritemperaturesvlode structuresarequalitatively similar, but
evidently reflectthe differencesn staticstability in the tropospherandstratosphereéP?hasespeeddor the 245K
referencaemperaturaresmallerthanthosefor the 300K referenceby afactorequalto thesquareoot of theratio
of thetemperaturesandmodestructuresareidenticalfor the two isothermaleferencestatesThis is becausehe

uniform referencaemperaturel’, appear®nly asasimplefactormultiplying eachelementof the matrix G de-
fined by equatioii28)
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Figure 26. Structures of the first ninertical modes of the 50:el model for the reference temperature profile
shavn inFig. 25 and for a uniform reference temperature of 245K. The referen@esuyfessure is 1000eP

APPENDIX B . THE LAMB WAVE

The vertical structureandequivalentdepthof the Lambwave canbe specifiedanalytically A temperaturgrofile
of the form:

= —aT,El—j’@s-E(lnpsr (B.9)
enables the terip + RT,(Inp,)' in (17)and(18) to be written:

@+RT,(np,) = RT,ZEL (Inp,) (B.10)

With D' alsovaryingin theverticalas (p/ ps,)u , thetemperatur@ndsurface-pressurequations(19) and(20),
can both be satisfied onlydf = —k . Thus, if we write:

RT,(Inp,) = P (B.11)
w = 20 (B.12)
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v = Q20 (B.13)
and
K ~
D = Elv%rg D (B.14)
equationg17) to (20) reduce to the shallowater equations:
ou _ A 1 03
i ZQS'nev_acoseﬁ (B.15)
o _ e 10 7
% 2QsinBu aEP (B.16)
6}3 _ RTr ~
Friai 1_KD (B.17)

The phase speed of the planavevin the absence of rotation is thg,AsRTr)/(l— K).

Sincek = R/c, andc, = ¢, + R, wherec, is the specificheatat constantvolume, the phasespeedmay be
written ,/(c,/¢,)RT, . This may be recognized as the speed of soundas afgemperaturé’, .

With height,z , astheverticalcoordinatethevertical structure(p/psr)'K becomesexp((gkz)/(RT,)) . Wave
enegy densityvariesas exp(—gz(1—2k)/ (RT,)) . Horizontalwindsandtemperatur¢husincreasexponential-
ly with increasingheight,but wave enegy densitydecreaseaway from theground.Theverticalvelocity vanishes
identically This may be seen by writing, to first order iaver amplitude:

z = zo(p)+2 (B.18)
The \ertical \elocity, w , is then g¥en to this order by:

Dz_ 0z’ | ,%

e Tl s (B.19)
zy andz' are gven by:
RTr [Per
zg = —Ing— B.20
0= 2Ny (B.20)
and
2 = 2(¢ +RT(np,)) (8.21)

Using(B.9) and(B.10), (B.21) becomes:
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2 = BT (B.22)
gK
and substitutingB.20) and(B.22) into (B.19).
' WRT
w= BT _WRT, (B.23)
gK Ot gp
The right-hand side dB.23)is equal to zero by virtue of equatii®).
APPENDIX C . THE NON-RECURSIVE IMPLEMENTATION OF THE RECURSIVE FILTER
Consider the recung filter defined in general by equatigtB):
y(n) — z aP =9 4 Z b(J)y(n—J)
Jj=0 j=1
Define a ectora™ of dimension(n + 1) by
a(n) = (0,0, ..., 0, a(N), a(N_l), . a(l)) (C.24)
and defineb™ similarly.
Let X andY"™ denote matrices whosews are gien by(x(j))T and (y(j))T forj =012 .., n.
The non-recursie form of the recurse filter is then:
y® = g x® (C.25)
and F™ can be constructed induggily:
(n-1)
F" = F 0 (C.26)

a" V4 pr- V-1 a©
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