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X@ Outline

® Definition of singular vectors.

® Singular vectors and normal modes.
® Matrix decomposition: the SVD theorem.
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% How should initial uncertainties be defined?

Perturbations pointing along different axes A
in the phase-space of the system are
characterized by different amplification
rates. As a consequence, the initial PDF is

stretched principally along directions of t=T1

maximum growth.
t=0

The component of an initial perturbation
pointing along a direction of maximum

growth amplifies more than a component

along another direction. >
"915"2000
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% Total-energy metric (and norm) definition

Given two state-vectors x and y expressed in terms of vorticity £, divergence D, temperature T,
specific humidity g and surface pressure z, the total energy metric (and the associated norms) is

defined (<..,..> is the Euclidean inner product) as:

. _ 1 -1 -1 -1 -1 Cp 5]9
<x;Eppy >= 5H(VA ,-VA'C, +VA'D,-VA'D, +7TxTy)dZ%d77

r

+[(R, Lonr, Inz,)ds

r
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% The adjoint operator

Given any two vectors x and y, the adjoint operator L" of the linear operator L with respect to the

Euclidean norm <..,..> is the operator that satisfies the following property:
<L'x; y>=<x;Ly>
Using the adjojnt operator L" the time-t E-norm of z’ can be written as:

2'(0)|* =< Lz; ELz} >=< z}; ' ELz} >
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% Singular vector definition

Consider an N-dimensional system:

oy
— =4
Py (»)

Denote by z’ a small perturbation around a time-evolving trajectory z:

oz' , 0A(z)
Y y _

Py I(Z)Z 1(2) Py Z
0z

LY

Py (2)

The time evolution of the small perturbation z’ is described to a good degree of approximation by the

linearized system A,(z) defined by the trajectory. Note that the trajectory is not constant in time.
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% Singular vector definition

The solution of the linearized system can be written in terms of the linear propagator L(t,0):
z'(t) = L(,0)z,

The linear propagator is defined by the system equations and depends on the trajectory

characteristics.

The E-norm of the perturbation at time tis given by:

2/(0)|° =< 2'(t); E2' (1) >=< L(1,0)z; EL(£,0)z} >
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% Singular vector definition

The computation of the directions of maximum growth can be stated as ‘finding the directions in

the phase-space of the system characterized by the maximum ratio between the time-t and the

initial norms’;
2 *
x|, <xy;L'ELx, >
aXxer 2 X €X B
M <03 Eoky >
0

The problem reduces to solving the following eigenvalue problem:

E;V*L'ELE;?v = o*v
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% Example 1: singular vectors and normal modes

Example 1. Compute and compare the normal modes and the singular vectors with growth

measured using the Euclidean inner product (i.e. E=Ildentity) and for a stationary trajectory

(z=const):
oz' , 0A(z)
—=A,(2)z A =
Py 1(2) 1(2) oz |,
O
—Z=A(Z) =0 Z = const
ot

For simplicity, suppose that the time integration is done with a forward time scheme:

Z'(t+dt)—Z'(t)
dt

oz'
—— (1) =
8t()

with the equation right-hand-side computed at time t.
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% Example 1: singular vectors and normal modes

Then the finite-difference version of the linearized partial differential equation is:
Z'(t+dt)=[1+dt- 4,(z(2))]z'(¢)

and the linear propagator is given by:

L(t+dt,t)=1+dt 4,(z(1))

Suppose that the time integrations from the initial time t, to the finite time t=ty is done in N

steps. Then:

L(t,0)= | [[1+dt- 4,(z(z,))]

n=1,N
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% Ex1 SVs & NMs: normal modes

® Normal modes. The normal modes are solutions of the linearized partial differential equation
of the form: Z'(x,t) — §(x)em
Substituting Z'(t) into the linearzied partial differential equation shows that the normal modes £;

are the eigenvalues of the linear model

4,6 = wg;
Note that, since

L(t,0)= | [[1+dt- 4,(z(z,))]

n=1,N

& is also an eigenvector of the propagator L(t,0) with eigenvalue:

m,=+dt-o)"
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% Ex1 SVs & NMs: normal modes

Denote by (u,6; ) the eigenvectors/eigenvalues of the adjoint operator A"

Al*77i =0n,

n; is also an eigenvector of the adjoint L™ with eigenvalue:

p;=(+dt-6)"
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% Ex1 SVs & NMs: normal modes of L and of L’

Take the inner product of the equation that defines the normal modes of the adjoint operator

with the k-th normal mode of A,

< Al*ni;é:k >=< 01,56 >

Applying the adjoint definition the following equation can be deduced:

<1 Aigp >=<01,;85; >

Since ¢&; is the eigenvector of A, it follows that the following equation must hold:

<1018, >=<01;;6;, >
(0 —0;°) <1;38, >=0
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% Ex1 SVs & NMs: normal modes of L and of L’

Both the normal modes of A, and of the adjoint operator A, are a complete (but not orthogonal)

basis. The equation:

(w, —0°)<n.;& >=0

indicates that one of the following identities must hold:
o, =6;° <736, >=0
The eigenvector 7, of A;” for which:
<n;& >#0

is called the adjoint eigenvector of the eigenvector &. The adjoint eigenvalue g, is equal to the
complex-conjugate of the eigenvalue g, The adjoint eigenvector is orthogonal to all but one of

the eigenvectors of A, , i.e.:
<158, >=cos(@)0;
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% Ex1 SVs & NMs: singular vectors for a self-adjoint L

® Singular vectors if L is self-adjoint (L'L=L2).
By definition, the singular vectors are defined by solving (since E=I):

L'L v, = Gl.zvl.
Since L is self-adjoint, the problem reduces to:

szl. = al.zvl.
Since for a normal mode
szi =L(L&;)=L(7,5;) = ”z'z'fi
the normal modes coincide with the singular vectors &=y, The singular values are
O; =7,
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% Ex1 SVs & NMs: singular vectors and normal modes: t—>x

® Leading singular vector v, if L is not self-adjoint for long time intervals (t > «).

The (normalized) normal modes can be used as a basis onto which any vector can be

expanded:

x(t) =) c&e™

The coefficients c; are defined by considering the inner product of x(0) with the eigenvectors of

the adjoint operator:

<13 x(t=0)>=< nk;zciéi >

Applying the relationship between the eigenvectors and the adjoint eigenvector, it follows that:

_<M3Xe > <13% >

<76, > cos(a)

C;
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% Ex1 SVs & NMs: singular vectors and normal modes: t—>x

Fort — oo

x(l‘)zzciéewit e
j

This equation indicates that to maximize the final-time norm the initial normalized (l.e. with unit

norm) pattern x(0) must have the largest possible coefficient ¢,. One possible choice would be

to define x(0) as the initial-time leading normal mode:

x(0)=¢

In this case

_ <% > <136 > _1
<6 > <M6 >

and the final-time norm would be:

€

] =™
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% Ex1 SVs & NMs: singular vectors and normal modes: t—>x

Another possible choice would be to define x(0) as the initial-time (normalized) adjoint normal

x(0)=m

mode:

In this case:

Clz<771;xo>:<771;771>: 1 -1
<mie1 > <mig > cos(a)

and the final-time norm would be:

2 2 2(01 2a)1t
@] = Cos(a)>
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% Ex1 SVs & NMs: singular vectors and normal modes: t—>x

Any other choice

x(0) :Zﬂjnj

would yield (5<1 since the initial state has unit norm) :

STh>Xo ~ 1<7715771>: B < 1
<1561 > <m;6 > cos(a) cos(a)

¢ =

and the final-time norm would be:

e B

cos(ar) cos(a)
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% Ex1 SVs & NMs: singular vectors and normal modes: t—>x

Thus, for t - « the leading singular vector at final time t asymptote to the leading normal mode

and at initial time is determined by the first adjoint normal mode

x(0) =m
1

X(t) t—o0 N élea)lt
cos(a)
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% Example 2: SVs & NMs for a 2d system with decaying NMs

Example 2. Compare normal modes and singular vectors with growth measured using the
Euclidean inner product for a 2-dimensional system with two decaying (non-orthogonal)

normal modes £, and &, with eigenvalues 0>w,>w,. The two adjoint normal modes 7, and 7,

are orthogonal, respectively, to & and & .

771‘

& 7,

&2
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X@ Ex2: SVs & NMs for a 2d system with decaying NMs

Consider a normalized initial vector v,(0) parallel to n,. Its time evolution can be mapped along
the & and &, directions. Since the two normal modes are decaying, the components along the
two directions shrink with time. As time progresses, the norm of v,(t) increases and the vector

is aligning along the least-decaying normal mode &, .

A- .....

v(=0) v, vt) Uty &2
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X@ Ex2: SVs & NMs for a 2d system with decaying NMs

By contrast, the norm of an initial normalized vector p(0) parallel to & would decrease as time
progresses. Thus, despite the fact that the normal modes are decaying, an initial perturbation

aligned along the adjoint of the leading normal mode can amplify as time progresses.

v,(t=0) v,(t)

~Q1 52, 000
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% Example 3: SVs & NMs for a 2d system

Example 3. Consider a 2-dimensional linear system defined by the real matrix:

L) )

Problem: compare the normal modes and the singular vectors with growth measured
using the Euclidean inner product. Suppose that the eigenvalue problem Ax=/x that defines

the normal modes as two distinct solutions:

wlzz‘”di*/K A=(a+d)* —4(ad —bc)

w;t
with corresponding eigenvectors &, and &,. The two normal modes are "fie !
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% Ex3: SVs & NMs for a 2d system

® A>0. In this case there are two distinct real eigenvalues and corresponding real eigenvectors.
A generic vector x(t) can be written in terms of the normal modes as:
w,t

xX(1) = &ie™ + aydye

and the norm would be:

Hx(t)H2 _ a12€2a)ll‘ +a2262602f +2a1a2 < 51;52 > e(a)1+a)2)t

5-2
"9‘1 000

3
( / Singular vectors and normal modes Roberto Buizza (buizza@ecmwyf.int) 25 ECMWF TC/PR/RB L4 — Apr 02
S



% Ex3: SVs & NMs for a 2d system

® A<0. In this case the two eigenvalues are complex conjugate:
W, =0, Tiw;
where o, and @; are the two real numbers, and the eigenvectors are also complex, with:

52 — 1CC

A generic vector x(t) can be written in terms of the normal modes as:

x(t) = a&e! ™" 1 c.c.= 2[Re(ad, )cos(w,t) — Im(a&,) sin(w;t) e
and the norm would be:

x| = 4lRe(e& ) (cos(@;t))’ +[[im(@&)| (sin(@;t))’
— < Re(aé));Im(aé,) > sin(Qw;t)]e®”
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% Ex3: SVs & NMs for a 2d system

Consider the case of a neutral or damped system (i.e. ®,<0 »;<0 when A>0 or »,.<0 when
A<0). In both cases the contribution to the time-t norm that depends from the inner product

between the two normal modes can increase the norm between the initial and final time:

A=0 Hx(t)H = 0‘12 2o +a, ye ! + 2a105 < G156, > el T @)t
A<0  xOf = 4llRe(a ) (cos(@))? +Im(ag)| (sin(w;)*

— < Re(aé));Im(aé)) > sin(Qw;t)]e®”

Thus if the two normal modes are not orthogonal there could be finite-time growth even if
the normal modes are neutral or damped.
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% Example 4: examples of SVs/NMs for a 2d system

Example 4. Consider a 2-dimensional linear system defined by the real matrix:

T I M = o

and suppose for simplicity that the time integration is done with a simple forward method:

dx  x(t+dt)—x(t)
dt dt

Thus the differential equation becomes:
(x(t + dt)] B (x(t)] . d{a bj(x(t)j
y+dn) \y@0) \c dly@)
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% Ex 4: examples of SVs/NMs for a 2d system

The linear propagator is:

L(t,0)= [ +dt-4) = [Hdr'a b j
n=I,N

n=I,N

-5 1
Suppose for simplicity that dt=1, N=1, and that: A4 = (

Then:
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% Ex 4: examples of SVs/NMs for a 2d system

The normal modes are: é: _ 0.80 @, =-=5.7
b 1-0.59
£ - 0.34 55
271 0.93 2=
0.91
The singular vectors are: V| = 039 o, =4.84
0.39 |23
V, = =1.
271 0.91 2
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Ex 4: examples of SVs/NMs for a 2d system

-5 1 Sensitivity to parameter a
A= A(-5,1;a,-3)

120
100 - \
80 -
\ eig val A 1
60 \ / eigval A 2
40 sing val 1
\ / sing val 2
20 ~——

eigvalues

10 8 6 4 -2 0 2 4 6 8 10

Parameter a

This figure shows the eigenvalues ®, and w, and the singular values ¢, and o,

as a function of the parameter a for N=1 time units (dt=1).
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Ex 4: examples of SVs/NMs for a 2d system

—da a Sensitivity to parameter a

A= ; 1/ a A(-a,a;a,1/a)

240
220
200 /
180 /
160 —
140 eig val A 1
138 7/ eigval A 2
80 /
60 sing val 2
=z
0o F——
-20
-40 T T ! T ‘ !

0 2 4 6 8 10 12 14 16 18 20

Parameter a

sing val 1

eigvalues

This figure shows the eigenvalues ®, and w, and the singular values ¢, and o,

as a function of the parameter a for N=1 time units (dt=1).
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Ex 4: examples of SVs/NMs for a 2d system

l-a a Sensitivity to parameter a

A= A(1-a,a:1/a,1
1/a 1+a (1a.a;liatra)

240

220 /

200

180

160

140 / %

120 /

100 /
80 v

60 p

40 /

20 i

0 —

eig val A 1

eigval A 2

sing val 1

eigvalues

sing val 2

-20 |
-40 !
0 2 4 6 8 10 12 14 16 18 20

Parameter a

This figure shows the eigenvalues ®, and w, and the singular values ¢, and o,

as a function of the parameter a for N=1 time units (dt=1).
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Ex 4: examples of SVs/NMs for a 2d system

240

Sensitivity to parameter a

A(0,a;1/a,0)

220 -
200
180 -
160
140 -
120 -
100

/

eig val A 1
eigval A 2

80
60

eigvalues

/

sing val 1

40

yd

sing val 2

e

287 ——

-20

40

Parameter a

0O 2 4 6 8 10 12 14 16 18 20

This figure shows the eigenvalues ®, and w, and the singular values ¢, and o,

as a function of the parameter ¢ for N=1 time units (dt=1).
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% Linear algebra: the singular value decomposition

Singular vectors derive from one of the most important decompositions in matrix

computation: the singular value decomposition.
SVD theorem. If AcR™" then there exist orthogonal matrices
U=[u,.,u,]e R™" V=[v,.,v,]e R™
such that
UTAVzdiag(Gl,..,ap) p =min{m,n} 0,20,2..20,20

The o; are the singular values, the vectors u, and v; the left and right singular

vectors. The singular vectors satisfy:

r.Bo_
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% Linear algebra: SVD

The singular values are the lengths of the semi-axes of the hyper-ellipsoid E defined

by:
E={y|y=Ax,

tz =1;
In fact, given a generic x=au,+(1-a)u,: u,

Ax=aowu, +(1-a)o,u,

The length of the vector x is:

HAxH = \/azalz +(1-a)’oc;

Since c,> o,, this length is maximum for a=1.
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% Linear algebra: SVD properties

157
C

Define the following norms:

, 2
— Frobenius norm: HAH _ Z Za,,
F LJ
i=l,m j=l,n
|4x|
— p-norms: H AH = sup P
7o |
p

Given the SVD of A:

UTAV =%
4l = [Zo?
J=Lp
4], =07

200,
\
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% Linear algebra: SVD example

The SVD reveals a great deal about the structure of a matrix.

Consider for example:

S usyT [ 11 —074

- _(1.74 2.23]

where: U—Ll/ﬁ 2/6} V_(_%/\E 2/@) 22(3 oj
2/V5 -1/ \2/Vi3 =3/\13 0 2

Then:

|4l =~13 4], =3

u,
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X@ Redefinition of SVs using the SVD theorem

Given the linear propagator L(t,0), denote by

U=[u,.,u,]e R™" V=[v,.,v,]e R"™
the two orthogonal matrices that define the SVD of L:
U'LV =% L=Uzv"’
From:
Lv, =ou, L'u; = o,
it follows that:
I’ Ly, = I’ ou; = Gl-zvl- L' u,=Lo,v, = Gl-zul.

The singular values o; are the length of the semi-axes of the hyper-ellipsoid E

defined by LTL that coincide with the left singular vectors u..
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% Redefinition of SVs from SVD theorem

The right singular vectors v, define the vectors that evolve into the left singular

vectors.

L(t,0) 4

LT(t,0)
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?@ Conclusions

® Singular vectors have been defined. They identify phase-space
directions characterized by maximum growth (as measured by a matrix
E) during a finite time interval (called the optimisation time interval).

® The singular vector and the normal mode approaches to stability
analysis have been compared. Some simple 2-dim examples have been

discussed.

® The SVD matrix decomposition theorem has been introduced.

9157200,
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