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?A Outline

>

Definition of singular vectors: brief summary.

» Singular vectors and the pseudo-inverse initial perturbation.
% Two examples from FASTEX.

¢ Conclusions.
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?A Singular vector definition

Consider an N-dimensional system:

oy
— =4
Py (»)

Denote by z’ a small perturbation around a time-evolving trajectory z:

oz’ , O0A(z
== 422 4= 2
Oz

oA

The time evolution of the small perturbation z’ is described to a good degree of
approximation by the linearized system A,(z) defined by the trajectory. Note that the

trajectory is not constant in time.
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?A Singular vector definition (cont)

The solution of the linearized system can be written in terms of the linear propagator
L(t0).

z'(t) = L(,0)z,

The linear propagator is defined by the system equations and depends on the
trajectory characteristics.

The E-norm of the perturbation at time tis given by:

2'(0)|° =< 2'(t); E2' (1) >=< L(1,0)z; EL(t,0)z} >
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?A Singular vector definition (cont)

The computation of the directions of maximum growth can be stated as ‘finding the
directions in the phase-space of the system characterized by the maximum ratio
between the time-t and the initial norms’:

2 *
. @l _ < x4;L'ELx, >
o= < 2 Y < xy Egxy >
0

The problem reduces to solving the following eigenvalue problem:

E;V*L'ELE;?v = o*v
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?s Redefinition of SVs using the SVD theorem

Given the linear propagator L(t,0), denote by

U=[u,.,u,]e R™" V=[v,.,v,]e R"™
the two orthogonal matrices that define the SVD of L.:
From:
U'LV =% L=Uzv’
it follows that:
Lv, =o;u; L' U, =0,V

The singular values o, are the length of the semi-axes of the hyper-ellipsoid E
defined by LTL that coincide with the left singular vectors u..

T T 2 T 2
L' Lv,=L ou;, =0}V, LLu,=Lo,v, =0/ u,
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?A Redefinition of SVs from SVD theorem (cont)

The right singular vectors v, define the vectors that evolve into the left singular
vectors.

L(t,0)

LT(t,0)
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?s Forecast errors, SVs and pseudo-inverse

The singular vectors of the linear propagator can be used to estimate the origin of
forecast errors. Denote by f(d,t) a forecast started at day d and valid for day d+t.

Consider the forecast f(d,t) and the corresponding verifying analysis f(d+t,0). The
forecast error is given by:

e(d,t)= f(d,t)— f(d+1,0)

Consider the linear propagator L(d+t,d) and the singular vectors growing between
day d and d+t:

U'Ly =%
L(d+t,d)y, =ou,
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?s Forecast errors, SVs and pseudo-inverse (cont)

Problem: find the smallest initial perturbation e(d,0) that evolves into the forecast
error e(d,t). This can be approached in the following two ways:

1. Pseudo-inverse field. Look for ¢(d,0) such that:

L(d +t,d)e(d,0) = e(d, 1)
e(d,0)=[L(d +t,d)] "e(d,?)

2. Sensitivity field. Look for y(d,0) such that its time evolution has a maximum
projection onto e(d,t):

max < L(d +t,d)y(d,0);e(d,t) >
7(d,0)
y(d,0)= B -[L(d+t,1)]" e(d,t)

where 3 is a constant.
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?s Forecast errors, SVs and pseudo-inverse (cont)

In approach 1 the inverse and in approach 2 the adjoint of the linear propagator
are to be computed. This is not easy for complex systems with a very large
number of degrees of freedom Mg >>1.

For such systems, iterative procedures allow to compute the leading N singular
vectors, with N<<M,, and since the leading singular vectors defines the phase-
space directions along which perturbation growth is maximized, it is thought that
they can be used to construct valid approximations of the inverse and the adjoint
of the linear propagator:

~~

L=Uz VY L'=r,z2)U} L' =v,z,Ul

These approximations coincide with the inverse and the adjoint in the unstable
sub-space of the phase-space of the system spanned by the leading N singular
vectors.
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?s Forecast errors and singular vectors (cont)

Then:
E(d.0)=[L(d+t,d)] " e(d,t) =V, ULe(d, 1)

7(d,0)=L-[L(d+1,0] e(d,)= B-VyEULe(d,t)

More explicitly:

1

£(d0)= Y —<uje(d,t)>v,
j=LN 9
7d0)=8- D o;<u;e(d,n)>v,
j=1,N

The first field is called the pseudo-inverse field and the second field is called the
sensitivity field.

el
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?s Forecast errors and singular vectors (cont)

The two fields differ by the weighting of the singular vectors used in the projection:

7(d,0)=B-VyZ5Vye(d,0)

By applying the approximate linear propagator it can be verified that:

g(d,ty=L(d +t,d)&(d,0)= > i<uj;e(d,t)>fvj= Y <uje(d,t)>u,

j=Il,N O j=L,N

7(d,n=Ld+t,d)f(d0)=f- Y o, <use(d,)>Lv, =

j=1LN

=" 20'12 <ue(d,t)>u,

j=1,N
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?A Example: pseudo-inverse initial perturbation for 2 cases

Problem. Investigate the role of the leading singular vectors in describing the
growth of the forecast error during the first 2 days of forecast, in particular for the
area A={40:60N;20-0W}. Identify also the region of possible origin of forecast error.

Solution. Compute the singular vectors growing during 48-h with maximum final
time norm inside the area A. Project the 48-h forecast error onto the leading (in this
case 4) singular vectors; compare the projected and the full forecast error.
Determine the initial time pseudo-inverse initial perturbation.

Examples refer to two cases of February and March 1996, with singular vectors
computed with a T63L19 resolution (Buizza & Montani, 1999).
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?s Ex: analysis (Z500) at initial and 48-h forecast times

500hPa Z 1996-02-07 12h

7-9 Feb 1996

500hPa Z 1996-02-09 12h

F
I3

10-12 Mar 1996
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Ex1: pseudo-inv and forecast error for Feb 1996 case

9B80207f07 TO T -SV=7-L=11-F=0.100E+01-D=0.250E+00 960207f07 T T -SV=8-L=11-F=0.100E+01-D=0.100E+01 960207107 FC-ERRT T -SV=9-L=11-F=0.100E+01-D=0.100E+01
Lev=11
(~500hPa)
Pseudo-inverse t=0 Pseudo-inverse t=48h 48h forecast error
9B80207f07 TO T -SV=7-L=15-F=0.100E+01-D=0.250E+00 96020707 T T -SV= 8-L=15-F=0.100E+01-D=0.100E+01 960207107 FC-ERRT T -SV=9-L=15-F=0.100E+01-D=0.100E+01
Lev=15
(~700hPa)
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Ex2: pseudo-inv and forecast error for Mar 1996 case

960310m10 TO T -SV= 7-L=11-F=0.100E+01-D=0.250E+00 960310m10 T T -SV=8-L=11-F=0.100E+01-D=0.100E+01 960310m10 FC-ERR T T -SV= 9-L=11-F=0.100E+01-D=0.100E+01
Lev=11
(~500hPa)
Pseudo-inverse t=0 Pseudo-inverse t=48h 48h forecast error
960310m10 To T -SV= 7-L=15-F=0.100E+01-D=0.250E+00 960310m10 T T -SV=8-L=15-F=0.100E+01-D=0.100E+01 960310m10 FC-ERR T T -SV= 9-L=15-F=0.100E+01-D=0.100E+01
Lev=15
(~700hPa)
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?A Ex1-2: norm of projected and complete forecast error

The following table lists the (total energy) norm of the 48-h forecast error inside
the region A={40:60N;20-0W}, and the norm of the projection of the forecast
error on the leading 4 singular vectors with maximum final norm inside A. The
ratio of the two norms gives an indication of the importance of the directions
defined by the leading singular vectors in capturing error growth.

||148h fc error || ||| pseudo-inv t=48h || ratio
7-Feb-96 143 85 59.4%
10-Mar-96 249 140 56.2%
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?A Ex1-2: total energy vertical distributions and spectra

To investigate in more details the relationship between singular vectors and
forecast error growth, it is of interest to compare the vertical structure and the
spectra of the projected and full forecast error.

In particular, the vertical distribution of squared total energy and the spectral
distribution of squared total energy (in terms of total wave number) are
considered.
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?A Ex1: total energy vertical distribution for Feb 1996 case

The top panel shows the vertical 960207f07 -SV = 4 -FC= 0.40E+01- 0.40E-01
distribution of squared total energy for L T
the pseudo-inverse field at initial (solid o e D ——
red) and final (solid blue) time. Dotted o 4004 i
lines show the kinetic component. A 600y | P
oc 8004 /

_ 01000 =
The bottom panel shows the vertical 0 10 20 30 40
distribution of squared total energy of TOTAL ENERGY
the forecast error inside the area A, 6020707 - SV o 5 FCe 0.80E.00. 0.80E.02

scaled by 0.2 compared to the top

panel.
01000 +rrmrm—m—m————
0 10 20 30 40
TOTAL ENERGY
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?A Ex1: total energy spectra for Feb 1996 case

Y

960207f07 - SV =4 -FC=0.40E+01- 0.40E-01

The top panel shows the spectral

distribution of squared total energy for the Oi6 :

o
pseudo-inverse field at initial (solid red) LUl { 2]
and final (solid blue) time. E g

T 4
The bottom panel shows the vertical = o
distribution of squared total energy of the 8 0

forecast error inside the area A, scaled by N WAVE NUMBER

0.2 compared to the top panel.
960207f07 -SV=5 -FC=0.20E-01- 0.20E-01

[ T —

TOTAL ENERGY
© ~ 0O N O

0 10 20 30 40 50 60
N WAVE NUMBER
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?A Ex2: total energy vertical distribution for Mar 1996 case

The top panel shows the vertical
distribution of squared total energy for
the pseudo-inverse field at initial (solid
red) and final (solid blue) time. Dotted
lines show the kinetic component.

The bottom panel shows the vertical
distribution of squared total energy of
the forecast error inside the area A,
scaled by 0.2 compared to the top
panel.
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?A Ex2: total energy spectra for Mar 1996 case

The top pane| shows the Spectral (>51 ] 960310m10 - SV = 4 -FC=0.10E+01- 0.10E-01
distribution of squared total energy for oC
the pseudo-inverse field at initial (solid %1 2
red) and final (solid blue) time. W g-

Ty

< 4
The bottom panel shows the vertical = g«
distribution of squared total energy of E 0O 10 20 30 40 50 60
the forecast error inside the area A, N WAVE NUMBER
scaled by 0.2 compared to the top G 960310m10 -SV= 5  FC=0.20E-02- 0.20E-02
panel. E1 6

Z1 2

W 8

= 4

E 0

O "0 70 20 30 40 50 60

N WAVE NUMBER
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?s Considerations on total energy distributions and spectra

“* Results confirm that the most of the forecast error inside the region
A={40:60N;20-0W} is included in the sub-space of the phase-space of the system
spanned by the leading 4 singular vectors.

+ The initial time pseudo-inverse initial perturbation can be used to identify the
geographical region where forecast error originated.

% The pseudo-inverse time evolution reflects the singular vector time evolution,
with an upward and upscale energy propagation.

< At initial time, the pseudo-inverse total energy has a strong potential component,
while at final time the pseudo-inverse total energy is dominated by the kinetic
component.
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?s Conclusions

% Singular vectors identify phase-space directions characterized by maximum
growth (as measured by a matrix E) during a finite time interval (called the
optimization time interval).

+*» Singular vectors can be used in diagnostic studies to identify regions of possible
origin of forecast errors.

% The time evolution of forecast error and of the component of the forecast error in
the sub-space spanned by the leading singular vectors have been compared.
Results suggest that the singular vectors identify the most dynamically important
directions of the phase space of the system.
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