
 
 1 

 

THE SINGULAR VECTOR APPROACH  

TO THE ANALYSIS  OF PERTURBATION GROWTH  

IN THE ATMOSPHERE  

 

 

  

 Roberto Buizza 

 

 

 

 

 

 

 

 

 

 

 

 

 

March 1997 

 

 

 

 

A thesis submitted for the degree of 

Doctor of Philosophy of the University of London. 

 

  



 
 2 

 

 

 

 

 

 

 

 

 A Gioia e ai bimbi 

 

 

 

  



 
 3 

 ABSTRACT  

This dissertation applies linear algebra to the study of perturbation growth in 

atmospheric flows.  Maximally-growing perturbations are identified from 

singular vector analysis of the time-evolving flow.   

Given a system characterized by a linear propagator L(t0,t), which 

describes the time evolution of small perturbations x between time t0 and t 

around a time-evolving trajectory, an inner product (..;..)E on the tangent space 

of the perturbations defined by a matrix E and its associated norm .. E, the 

problem can be stated as: 

 

Ë Find the phase space directions x for which x(t) E / x(t0) E is 

maximum, where x(t)=L(t0,t)x(t0). 

 

Given the adjoint L
*E

 of the forward propagator L, perturbation growth 

is gauged by computing the eigenvectors of an operator including L and L
*E

 as 

factors.  The eigenvectors with the largest eigenvalues define the directions 

with maximum growth.  They are called the singular vectors of the tangent 

forward propagator L. 

First, the singular vector approach is described. 

Second, a barotropic model of the atmospheric flow is considered.  The 

impact of underlying orography on singular vectors growing over different time 

intervals, and the role of singular vectors in explaining the maintenance of 

blocked flows during winter, are analyzed. 

Third, a 3-dimensional primitive equation model of the atmospheric 

flow is considered.  Some aspects of the application of the singular vector 

technique to the study of perturbation growth in the whole atmosphere are 

analyzed.  A physical interpretation of singular vector growth based on the 

application of the Eliassen-Palm theorem and on WKBJ theory is proposed. 

Finally, two examples of operational use of singular vectors are 

presented.  Results show how the adjoint technique is a suitable methodology 

for the identification of atmospheric instabilities, and how it can be used to 

investigate predictability problems.  
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 Chapter 1 

 

 INTRODUCTION  

 

This work focuses on the analysis of the growth of small perturbations in 

atmospheric flows during finite-time intervals.  Considering a system described 

by a set of non-linear differential equations, a methodology, based on the 

solution of an eigenvalue problem of the tangent forward and adjoint 

propagators of the system equations, is used to identify perturbations that can 

amplify during finite-time intervals.  Although this work does not study 

whether systems can sustain growing instabilities as usually defined in 

literature (Sections 1.1 and 1.2), it can be considered as a stability analysis with 

attention focused to phenomena occurring on a finite time range. 

The rationale for studying the problem of perturbation growth during 

finite time intervals is made clear by the discussion of the problem of numerical 

weather prediction (Section 1.3).  The singular vector approach is different from 

the normal mode method which is usually applied in literature in dynamic 

stability analyses (Section 1.4), and shows that non-normal structures can grow 

over finite time intervals also in neutral or stable situations (Section 1.5). 

 

 1.1  Stability in hydrodynamic flows 

Helmholtz, Kelvin, Rayleigh and Reynolds recognized the importance of 

hydrodynamic stability already in the nineteen century.  As noted by Drazin and 

Reid (1981), stability problems are very clearly introduced by Reynolds' (1883) 

description of a series of experiments on the instability of flow in a pipe: 

 

The ... experiments were made in three tubes ...  The diameters of these were nearly 1 

inch, 1/2 inch and 1/4 inch.  They were all ... fitted with trumpet mouthpieces, so that the water 

might enter without disturbance.  The water was drawn through the tubes out of a large glass 

tank, in which the tubes were immersed, arrangements being made so that a streak or streaks of 

highly coloured water entered the tubes with the clear water. 

The general results were as follows: 
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(1)  When the velocities were sufficiently low, the streak of colour extended in a 

beautiful straight line through the tube, Fig. 1.1a. 

(2)  If the water in the tank had not quite settled to rest, at sufficiently low velocities, 

the streak would shift about the tube, but there was no appearance of sinuosity. 

(3)  As the velocity was increased by small stages, at some point in the tube, always at 

considerable distance from the trumpet or intake, the colour band would all at once mix up with 

the surrounding water, and fill the rest of the tube with a mass of coloured water, as in Fig. 1.1b.  

Any increase in the velocity caused the point of break down to approach the trumpet, but with 

no velocities that were tried did it reached it.  On viewing the tube by light of an electric spark, 

the mass of coloured resolved itself into a mass of more or less distinct curls, showing eddies, as 

in Fig. 1.1c. 

 

Reynolds showed that the laminar flow described in paragraph (1) 

breaks down when the Reynolds number Re=Va/v exceeds a certain critical 

value, V being the maximum velocity of the water in the tube, a the radius of the 

tube, and v the kinematic viscosity of water at the appropriate temperature.  

Reynolds estimated that in his experimental set up, the critical value Rec was 

~13,000.  However, 

 

... the critical velocity was very sensitive to disturbances in the water before entering the tubes ...  

This at once suggested the idea that the condition might be one of instability for disturbance of a 

certain magnitude and stable for smaller disturbances. 

 

At critical velocity 

 

... another phenomenon ... was the intermittent character of the disturbance.  The disturbance 

would suddenly come on through a certain length of tube and pass away and then come on again, 

giving the appearance of flashes, and these flashes would often commence successively at one 

point in the pipe.  The appearance when the flashes succeeded each other rapidly was as 

shown ... 

 

in Fig. 1.2.  Such flashes are now called 'turbulent spots'. 
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Figure 1.1. (a): laminar flow in a pipe; (b): transition to turbulent flow in a pipe; (c): 

transition to turbulent flow as seen when illuminated by a spark. (From Reynolds, 

1883.) 

 

 

 

 

 

Figure 1.2.  Turbulent spots in a pipe. (From Reynolds, 1883.) 

 

 

Reynolds' description illustrates an example of a study of hydrodynamic  

stability.  Following  Drazin and Reid (1981), the transition from laminar flow 

to turbulence can be explained qualitatively as follows.  Below the critical 

Reynolds number there is a laminar Poiseuille flow with a parabolic velocity 

profile, stable to infinitesimal disturbances.  Some way below the observed 

critical Reynolds number a finite disturbance may grow if it is not too small.  

Above the critical Reynolds number, quite small disturbances grow rapidly with 
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a sinuous motion.  Soon they grow so much that non-linearity becomes strong 

and large eddies (Fig. 1.1c) or turbulent spots (Fig. 1.2) start to appear. 

The importance of the study of the stability analysis of solutions of 

equation of motions is clearly stressed by Landau and Lifshitz (1951): 

 

... In solving the equations of steady flow for a viscous fluid, it is often necessary to 

make certain approximations on account of mathematical difficulties.  The validity of these 

approximate solutions is, of course, restricted ... 

In principle, however, there must be an exact stationary solution of the equations of 

fluid dynamics for any given steady external conditions ... 

Yet, not every solution of the equation of motion, even if it is exact, can actually occur 

in Nature.  The flows that occur in Nature must not only obey to the equations of fluid dynamics, 

but also be stable.  For the flow to be stable it is necessary that small perturbations, if they arise, 

should decrease with time.  If, on the contrary, the small perturbations which inevitably occur in 

the flow tend to increase with time, than the flow is absolutely unstable ... 

 

 1.2  Stability in mathematics 

Consider an N dimensional system, and suppose that the linear differential 

equations describing the motion of small perturbations u  around a solution u 

have constant coefficients (this approximation is made only to simplify the 

formalism, but can be generalized to systems described by differential 

equations with non-constant coefficients).  The N-th order linear differential 

equations can be written as 

 

 0=u  a + 
dt

ud
 a + ... + 

td

ud
 a + 

td

ud
 a + 

td

u
n1-n2-n

2-n

21-n

1-n

1n

d
n

. (1.1) 

Following Birkhoff and Rota (1969), the homogeneous linear equation 

(1.1) is strictly stable when every solution tends to zero as t ; it is stable 

when every solution remains bounded as t ; when not stable, it is called 

unstable. 

The homogeneous linear equation (1.1) is strictly stable if and only if it 

has a finite basis of solutions tending to zero, and stable if and only if it has a 

basis of bounded solutions [where a basis of solutions is a set of n solutions such 

that the general solution of (1.1) can be expressed as a linear combination of 
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them]. 

If the coefficients of Eq. (1.1) are real, it can be proved that Eq. (1.1) has 

a basis of solutions of the form tet t,et ,et
trtrtr cossin , with r, ɛ, v real 

constants.  Thus, a solution of this kind tends to zero if and only if ɛ<0, and it 

remains bounded as t  if and only if ɛ<0 or ɛ=r=0 .  (These results can be 

proved more generally for linear differential equations with constant complex 

coefficients.) 

 

 1.3  Perturbation growth in the atmosphere 

The atmosphere constitutes an example of an intricate dynamical system with 

many degrees of freedom.  The state of the atmosphere consists of the spatial 

distribution of wind, temperature, and other weather variables (e.g. specific 

humidity and surface pressure).  The mathematical differential equations 

describing the system time evolution are an expression of the physical laws that 

describe the behaviour of the atmosphere.  One of them is Newton's laws of 

motion used in the form "acceleration equals force divided by mass" (Lorenz, 

1993), others include the laws of thermodynamics which describe the behaviour 

of temperature and the other weather variables.  Thus, generally speaking, there 

is a set of differential equations which describe the weather evolution, at least in 

an approximate form.  

Richardson (1922) can be considered the first one to have shown that 

the weather could be predicted numerically.  In his work, Richardson 

approximated the differential equations governing the atmospheric motions 

with a set of algebraic difference equations for the tendencies of various field 

variables at a finite number of grid points in space.  By extrapolating the 

computed tendencies ahead in time, he could predict the field variables in the 

future.  Unfortunately, his results were very poor, both because of deficient 

initial data, and because of serious problems in his approach. 

After World War II interest in numerical weather prediction revived, 

partly because of an expansion of the meteorological observation network, but 

also because of the development of digital computers. 

Charney (1948) developed a model applying an essential filtering 
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approximation of the Richardson's equations, based on the so-called 

geostrophic and hydrostatic equations.  In 1950, an electronic computer 

(ENIAC) was installed at Princeton University, and Charney, Fjørtoft and Von 

Neumann and Ritchmeyer (1950) made the first numerical prediction using the 

equivalent barotropic version of his model.  This model provided forecasts of 

the geopotential height near 500 hPa, and could be used as an aid to provide 

explicit predictions of other variables as surface pressure and temperature 

distributions. 

Charney's results led to the developments of more complex models of 

the atmospheric circulations, the so-called global circulation models.  An 

example of such models is the operational model implemented at the European 

Centre for Medium-Range Weather Forecasts (ECMWF).  Its current 

formulation (Courtier et al., 1991; Simmons et al., 1995) is based on a 

horizontal spectral triangular truncation T213, it is characterized by 31 vertical 

levels, and it includes a parametrization of many physical processes such as 

surface and boundary layer processes (Viterbo and Beljaars, 1995) radiation 

(Mocrette, 1990), and moist processes (Tiedtke, 1993; Jacob, 1994). 

Generally speaking, the current status and limitations of numerical 

weather prediction can be summarized as follows.   

The status is that there are very sophisticated models that can describe 

many atmospheric processes, there are very powerful computers that can solve 

very large systems (i.e. systems with very many degrees of freedom), and there 

is an observational network that can provide the weather prediction centres with 

many data.  

The limitations to weather forecasting are related to the incomplete 

description of all physical processes (model uncertainties or errors), and to the 

presence of uncertainties in the initial state due to the limited number of data 

available (initial conditions' uncertainties or errors).  It should be stressed that, 

since each data is characterized by an error which depend on the instrumental 

accuracy, there will always be errors in the initial conditions.  In other words, 

small uncertainties related to the characteristics of the atmospheric observing 

system will  always characterize the initial conditions. 
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This was first pointed out in meteorology by Lorenz (1965), who noted 

that even if the system equations were well known, two initial states differing 

only slightly from each other could diverge very rapidly as time progresses.  

Subsequently, Somerville (1979) showed that observational errors, usually in 

the smaller scales, amplify and through non-linear interactions spread to longer 

scales, eventually affecting the whole flow field. 

As shown by simple hydro-dynamical system (Section 1.1), small uncertaintie 

introduced in a system can amplify and induce a drastic change of the system 

flow.  In the case of numerical  weather prediction, errors in the initial 

conditions could amplify and quickly deteriorate a weather forecast.  This 

makes very difficult the prediction of severe storms, like the one which crossed 

Britain during the night between the 28th and the 29th of October 1996 (Fig. 

1.3). 

 

 

 

Figure 1.3.  Meteosat image of extra-tropical storm Lilly (26 October 1996) crossing 

the Atlantic. 
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 1.4  The normal mode approach to instability analysis 

The method more commonly applied to study the stability of particular 

solutions of a dynamical system is based on normal modes, whereby small 

disturbances are resolved into modes, which may be treated separately because 

each satisfies the linear system which describes the time evolution of the small 

disturbances themselves.    

Following Birkhoff and Rota (1981), consider the N-th dimensional 

autonomous system  

 X(x) = 
dt

xd
, (1.2) 

and let a be a critical point (i.e. a point where all the functions Xi are equal to 

zero). 

 

Â DEFINITION 1.1.  The critical point a is called 

(i)  stable when, given Ů>0, there exists a ŭ>0 so small that, if 

|<a-x(0)| , then |<a-x(t)|  for all t>0; 

(ii)  asymptotically stable when, for some ŭ>0,  

|<a-x(0)|  implies 0|=a-x(t)lim |t ; 

(iii)  strictly stable when it is stable and asymptotically stable. 

A stable critical point which is not asymptotically stable is called 

neutrally stable; a critical point which is not stable is called unstable. 

 

In particular, suppose that X(x)=Ax in Eq. (1.2), i.e. consider the 

constant-coefficient linear autonomous system A x = x(t) .  Define as a normal 

mode a solution of the form fe = x(t) t .  The following theorem on the stability 

of the critical point  0 for this system can be proved. 

 

Â THEOREM 1.1.  The critical point 0 of the constant-coefficient linear 

autonomous system A x = x(t) is asymptotically stable if and only if 

every eigenvalue of A has negative real part.  In this case, the system is 
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also strictly stable. 

 

Theorem 1.1 shows that the study of the stability of the critical point 0 

can be reduced to an eigenvalue problem, specifically to the analysis of the 

existence of eigenvectors of A with positive real part. 

Focusing on atmospheric flows, by considering an idealized basic state 

with vertical shear only and by applying a normal mode stability analysis, 

Charney (1947) and Eady (1949) isolated the baroclinic instability mechanism, 

and showed that the zonal mean component of realistic mid-latitude 

tropospheric flow is unstable.  The resulting exponentially growing structure 

proved to have length and time scales similar to observed atmospheric 

cyclogenesis.  Normal modes were also used, for example, by Simmons et al. 

(1983) to examine the barotropic instability of a zonally varying time-mean 

state, and to show that their time behaviour was consistent with the most rapidly 

growing normal mode. 

 

 1.5 Perturbations growing during finite-time intervals:  

 the singular vector approach  

Farrell (1982) studied the growth of perturbations in baroclinic flows.  He 

noted that the long time asymptotic behaviour is dominated by discrete 

exponentially growing normal modes.  However, other physically realistic 

perturbations are possible, that amplify over a given finite time interval more 

than the most unstable normal mode. 

 

...  Perturbations to stationary solutions of the equations for baroclinic flows are able to 

extract energy from the mean state, whether exponentially growing instabilities are allowed or 

not.  In cases with such exponential modes, the degree to which the mode is excited is dependent 

on the initial condition so that the initial set up of the instability may proceed much more rapidly 

than would be predicted for the pure normal mode initial condition. ... 

 

Subsequently, Farrell (1988, 1989) showed that perturbations with the 

fastest growth over a finite time interval could be identified solving the 

eigenvalue problem of the product of the tangent forward and adjoint model 
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propagators, supporting earlier conclusions by Lorenz (1965), who pointed out 

that perturbation growth in realistic models is related to the eigenvalues of the 

operator product.  

The adjoint of a dynamical model was first used for sensitivity studies 

by Kontarev (1980) and Hall and Cacuci (1983).  Later on, Le Dimet and 

Talagrand (1986) proposed an algorithm, based on an appropriate use of an 

adjoint dynamical equation, for solving constraint minimisation problems in the 

context of analysis and assimilation of meteorological observations.  More 

recently, Lacarra and Talagrand (1988) applied the adjoint technique to 

determine optimal perturbations using a simple numerical model.  Following 

Urban (1985) they used a Lanczos algorithm (Strang, 1986) in order to solve 

the related eigenvalue problem.  For a bibliography in chronological order of 

published works in meteorology dealing with adjoints up to the end of 1992, the 

reader is referred to Courtier et al. (1993). 

After Farrell and Lorenz, calculations of perturbations growing over 

finite-time intervals have been performed, for example, by Borges and 

Hartmann (1992) using a barotropic model, and by Molteni and Palmer (1993) 

using a barotropic and a 3-level quasi-geostrophic model at spectral triangular 

truncation T21.  Buizza (1992) and Buizza et al. (1993) first identified singular 

vectors in a primitive equation model with a large number of degrees of 

freedom. 
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 Chapter 2 

 

 MATHEMATICAL FORMALISM  

 

The theoretical and numerical aspects of the computation of perturbations 

characterized by the fastest growth over a finite time interval are discussed in 

this chapter.   

Given a set of non-linear differential equations describing the dynamics 

of a generic system, first the tangent equations are deduced and the tangent 

propagator is constructed, then an inner product is defined in the tangent space, 

and finally the adjoint propagator is defined (Sections 2.1).  Projection 

operators used in the studies reported in Chapters 3-5 to address specific 

questions are also introduced (Section 2.2).  The mathematical formalism and 

the definitions come essentially from linear algebra.  The treatment is general, 

and can be applied to any system described by a set of differential equations. 

As mentioned in Chapter 1, the computation of the fastest growing 

perturbations can be reduced to an eigenvalue problem.  Due to the very large 

number of degrees of freedom that can characterize systems such as the 

atmosphere, the eigenvalue problem can be solved only by algorithms that do 

not need to access directly the matrix elements that define the problem.  A 

Lanczos algorithm has been implemented for this purpose (Section 2.3). 

 

 2.1  Singular vector definition 

Let ɢ be the state vector of a generic autonomous system, whose evolution 

equations can be formally written as 

 )A( = 
t

. (2.1) 

Denote by ɢ(t) an integration of Eq. (2.1) from t0 to t which generates a 

trajectory from an initial point ɢ0 to ɢ1=ɢ(t). 

The time evolution of small perturbations x around the time-evolving 

trajectory ɢ(t) can be described, in a first approximation, by the linearized 
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model equations 

 xA = 
t

x
l , (2.2) 

where |xA(x)/  A (t)l is the tangent operator computed at the trajectory point 

ɢ(t). 

Let L(t,t0) be the integral forward propagator of the dynamical equations 

(2.2) linearized about a non-linear evolving trajectory ɢ(t) 

 )t x()t(t, L = x(t) 00 , (2.3) 

that maps a perturbation x at initial time t0 to its value at the optimisation time t.  

(Since L is a linear operator, it can be represented by a matrix, and we will use 

the same symbol for the operator and the matrix.)  The tangent forward operator 

L maps the tangent space Ʉ0, the linear vector space of perturbations at ɢ0, to Ʉ1, 

the linear vector space at ɢ1. 

Consider two perturbations x and y, e.g. at ɢ0, a positive definite 

Hermitian matrix E, and define the inner product (..;..)E as  

 >y Ex;<  )yx;
E

(  (2.4) 

on the tangent space Ʉ0.  Here <..;..>  is the canonical Euclidean scalar product, 

 yx   >yx;
ii

N

1=i< . (2.5) 

Let .. E  be the norm associated with the inner product (..;..)E, 

 > xEx;< = )x(x;  __x
E

2

E
. (2.6) 

Let L
*E

 be the adjoint of L with respect to the inner product (..;..)E, 

 )y L(x; = )y x;L EE

*E( . (2.7) 

The adjoint of L with respect to the inner product defined by E can be written in 

terms of the adjoint L
*
 defined with respect to the canonical Euclidean scalar 

product as 

 E L E = L
*-1*E . (2.8) 

From Eqs. (2.3) and (2.7), it follows that the squared norm of a 

perturbation x at time t is given by 

 ))t x(L L);t(x( = __x(t)
E0

*E
0

2

E
. (2.9) 

 

Let us now recall the problem we want to address (see Abstract): 
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Ë Find the phase space directions x for which x(t) E / x(t0) E is 

maximum, where x(t)=L(t0,t)x(t0). 

 

Equation (2.9) shows that this problem can be reduced to the search of 

the eigenvectors vi(t0), 

 )t(v  = )t(v L L 0i
2
i0i

*E , (2.10) 

with largest eigenvalues ůi
2
.   

The square roots of the eigenvalues, ůi, are called the singular values 

and the eigenvectors vi(t0) the (right) singular vectors of L with respect to the 

inner product E (see, e.g., Noble and Daniel, 1977).  The singular vectors with 

largest singular values identify the directions characterized by maximum 

growth.  The time interval t-t0 is called optimisation time interval.   

Unlike L itself, the operator L
*E

L is normal.  Hence, its eigenvectors 

vi(t0) can be chosen to form a complete orthonormal basis in the N-th 

dimensional tangent space of the perturbations at ɢ0.  Moreover, the eigenvalues 

are real, ůi
2

0. 

At optimisation time t, the singular vectors evolve to  

 )t(v )tL(t, = (t)v 0i0i , (2.11) 

which in turn satisfy the eigenvector equation 

 (t)v  = (t)v L L i
2
ii

*E . (2.12) 

From Eqs. (2.9) and (2.12) it follows that 

 2
i

2

Ei  = _(t)v_ . (2.13) 

Since any perturbation _)t_x(x(t)/
E0  can be written as a linear combination of 

the singular vectors vi(t), it follows that 

 1

E0

E
__  = )

_)t_x(

__x(t)
max (0)tx(

E0
. (2.14) 

Thus, maximum growth as measured by the norm .. E is associated with the 

dominant singular vector v1. 

Given the tangent forward propagator L, it is evident from Eq. (2.10) 

that singular vectors' characteristics depend strongly on the inner product 
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definition and on the choice of the optimisation time interval (e.g., this means 

that the eigenvalues ůi
2
 depend on the optimisation time interval). 

The problem can be generalized by the inner product at initial and 

optimisation time to be chosen different.  Consider two inner products defined 

by the (positive definite Hermitian) matrices E0 and E, and re-state the problem 

as finding the phase space directions x for which 

 
>)t x(E);tx(<

>)t x(L E);t x(L<
 = 

_)t_x(

__x(t)

000

00

E0

E

0

 (2.15) 

is maximum.  Applying the coordinate transformation y(t)=E0
1/2

x(t), the right 

hand side of Eq. (2.15) can be transformed into  

 
>)ty( );ty(<

>)ty(E L E);ty( E L

00

0
-1/2
00

-1/2
0<

 

 
>)ty( );ty(<

>)ty(E L E L E);ty(

00

0
-1/2
0

*-1/2
00<

 = . (2.16) 

Since 

 )E L E( )E L E( = E L E L E
-1/2
0

-1/2*-1/2
0

-1/2-1/2
0

*-1/2
0 , (2.17) 

the phase space directions which maximize the ratio in Eq. (2.16) are the 

singular vectors of the operator E
-1/2

LE0
-1/2

 with respect to the canonical 

Euclidean inner product.  With this definition, the dependence of the singular 

vectors' characteristics on the inner products is made explicit. 

 

 2.2  Projection operators 

The set of differential equations that defines the system evolution can be 

solved numerically with different methods.  For example, they can be solved 

with spectral methods, by expanding a state vector onto a suitable basis of 

functions, or with finite-difference methods in which the derivatives in the 

differential equation of motions are replaced by finite difference 

approximations at a discrete set of grid points in space.  The two numerical 

models of the atmospheric flow that are used in this work (a barotropic model, 

and the ECMWF primitive equation model) solve the system evolution 

equations partly in spectral space, and partly in grid point space.  

Denote by xg the grid point representation of the state vector x, by S the 
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spectral-to-grid-point transformation operator, xg=Sx, and by Gxg the 

multiplication of the vector xg, defined in grid point space, by the function g(s): 

 
s if 0 = g(s)

s if 1 = s)g(
, (2.18) 

where s defines the coordinate of a grid point, and Ɇ is a geographical region. 

Define the function w(n) in spectral space as 

 
n if 0 = w(n)

n if 1 = n)w(
, (2.19) 

where n identify a wave number and ɋ is a sub-space of the spectral space, and 

by Wx the multiplication of the state vector x by the function w(n). 

Consider a vector x.  The application of the local projection operator T, 

defined as T S
-1

GS, to the vector x sets the vector x to have zero grid point 

values outside the geographical region Ɇ.  Similarly, the application of the 

spectral projection operator W to the vector x sets to zero its spectral 

components with wave number outside ɋ. 

The projection operators T and W can be used at either the initial or the 

final time, or at both times.  Their usefulness is evident, for example, from the 

formulation of the following problem: find perturbations with (i) fastest growth 

during the time interval t-t0, (ii)  unit E0 norm and wave components belonging 

to ɋ0 initially, and (iii)  at the optimisation time, maximum E norm measured 

inside the geographical region Ɇ and with wave components belonging to ɋ1.  

Such a problem can be solved by the computation of the singular vectors of the 

operator  

 E S L S T E =K -1/2
001

-1/2 . (2.20) 

 

 2.3  Pseudo-inverse and sensitivity field 

Following Buizza et al. (1997), consider the set of the first M singular vectors of 

the N dimensional space of a system with M«N (for example, N=484 for a T21 

barotropic model, and N~10
5
 for a T21L19 primitive equation model of the 

atmosphere, and M~10-10
2
).  During the optimisation time interval, this set of 

singular vectors define what we call the unstable sub-space of the system.  It is 

convenient to introduce a normalized set of evolved singular vectors ui with unit 



 
 22 

norm, so that 

 
i

i

i

(t)v
  u . (2.21) 

Denote by V=[ v1(t0), .., vM(t0)]  the NxM matrix with columns vi(t0), by U=[ u1, .., 

uM]  the NxM matrix with columns ui, and by Ɇ the MxM diagonal matrix with 

elements ůi.  Then, applying Eq. (2.11), Eq. (2.21) can be written as 

 V L =  U . (2.22) 

Equation (2.22) can be used to estimate the tangent forward propagator L in the 

unstable sub-space, 

 V   U L
~ t . (2.23) 

Consider an arbitrary x(t0) x(t) [for example, x(t) can be the difference 

between two solutions ɢ1 and ɢ2 of the non-linear model equations (2.1)].  The 

projection of x(t) onto the unstable sub-space spanned by the evolved singular 

vectors vi(t) can be written as 

 )x(t);u( u  = (t)x~
Eii

M

1=i
. (2.24) 

Suppose that the initial state x(t0) is unknown.  From Eq. (2.23), it follows that 

an estimate of the inverse of the tangent forward propagator is given by 

 U  V  L
~ t-1-1

, (2.25) 

and an estimate of the initial state x(t0) is given by 

  x(t)U  V =  x(t)L
~  )t(x~ t-1-1

0 . (2.26) 

Equation (2.26) is the analogue, in the unstable sub-space, of inverting the 

forward propagator L to obtain the initial state.  With respect to the full N 

dimensional space, L
~ -1

is the Moore-Penrose pseudo-inverse (Penrose, 1955; 

Golub and Van Loan, 1983) of L, in the approximation where all the singular 

values outside the unstable sub-space are  small compared with those inside the 

unstable sub-space.  So, in this approximation, 

 L = L L
~ L

-1
. (2.27) 

Consider now the problem of finding a vector s(t0) s(t) that has the 

largest projection onto x(t), or in other words that maximizes the inner product 

 )x(t)s(t);
E

( . (2.28) 

Since s(t)=Ls(t0), and applying the adjoint definition, the inner product (2.28) is 
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maximized when  

 x(t)L _ )ts( *E
0 . (2.29) 

The vector s(t0) is often referred to as a sensitivity field (following, for example, 

Marchuk, 1974, Cacuci, 1981).  Since x(t)=Lx(t0), it follows from Eq. (2.29) 

that 

 )t x(LL _ )ts( 0
*E

0 . (2.30) 

Note that Eq. (2.10) can be written in matrix form as 

 V  V = LL
t2*E , (2.31) 

and thus Eq. (2.30) can be written as 

 )t x(V  V _ )ts( 0
t2

0 . (2.32) 

In the hypothesis that the initial vector x(t0) is unknown and applying Eq. (2.26), 

the sensitivity field can be estimated by 

  x(t)U  V _ )t(s~ t
0 . (2.33) 

The comparison of Eqs. (2.26) and (2.33) shows that the estimated initial state 

)t(x~ 0  and the estimated sensitivity field )t(s~ 0  differ only in the weighting of 

the singular vectors used in the projection. 

 

 2.4  Singular vectors, normal modes and adjoint modes 

 (The following Section has been extracted from Buizza and Palmer, 1995.) 

The notion of singular vector analysis can be considered as a generalization of 

the classical normal mode instability analysis.  This can be made explicit by 

linearizing the set of non-linear differential equations (2.1) about a stationary 

solution, so that the linear operator Al does not depend on time. 

Normalized eigenvectors ɝj of Al with eigenvalues ɛj  

 
jjjl   =  A , (2.34) 

give rise to normal mode solutions of Eq. (2.2), 

 e  = n
)t-(t

jj
0j . (2.35) 

The integral operator L(t,t0) can be written as 

 e = )tL(t, A )t-(t
0

l0 , (2.36) 

with eigenvectors ɝj and eigenvalues e j0  )t-( t . 

In general, the linear operators associated with realistic stationary basic 
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state flows are non-normal because of vertical and horizontal wind shear 

(Farrell and Moore, 1992).  Because of this, the normal modes are not 

orthogonal to one another.  However, irrespective of normality, normalized 

eigenvectors ɖj and eigenvalues ɗj of the adjoint operator L
*E

 must, from Eq. 

(2.7), satisfy the bi-orthogonality condition 

 0= );
Ejj

( ) - ( cc
jj

, (2.37) 

where ɗj
cc

 is the complex conjugate of ɗj.  This condition ensures that the 

eigenvalues of an eigenvector/adjoint eigenvector pair that are not orthogonal 

must form a complex conjugate pair.  The magnitude of the inner product 

(ɖj;ɝj)E depends on the angle ɔj the two eigenvectors subtend in phase space.  

Zhang (1988) defines 

  
 );(

__ __

cos
Ejj

EjEj
  

1

j

 (2.38) 

the projectibility of ɝj. 

Let us suppose that the normal modes have a finite eigenvalue spectrum, 

and that they constitute a basis.  Then, any vector x can be written as 

 e  c  = x(t) )t-(t

jjj
0j , (2.39) 

where, from the bi-orthogonality condition (2.37), 

 
);(

))tx(;

Ejj

E0j
(
 = c j . (2.40) 

From Eq. (2.39), the fastest growing normal mode will ultimately 

dominate the linear combination.  Hence, for sufficiently long optimisation 

times, the dominant singular vector at optimisation time will correspond to the 

most unstable normal mode. 

In order to maximize the contribution from the first normal mode at 

optimisation time, cj in Eq. (2.39) should be as large as possible.  If x(t0)=ɝ1, 

then c1=1.  By contrast, if x(t0)=ɖ1, then c1 is maximized (Zhang, 1988), with 

c1=1/cosɔj in the hypothesis of the normal and adjoint modes being normalized 

to have unit norm at initial time.  Hence, at initial time, the dominant singular 

vector will be determined by the first adjoint eigenvector, whilst at (indefinitely 

long) optimisation time the dominant singular vector is determined by the first 
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normal mode itself.   

This is illustrated schematically in Fig. 2.1 for an idealized 

2-dimensional system with decaying normal modes.  The singular value will 

depend on both the e-folding time of the dominant normal mode and its 

projectibility.   

For finite optimisation times, the dominant singular vectors will no 

longer project onto individual normal modes and their adjoints, and the 

amplification rate of the singular vectors will not be bounded  by properties of 

the dominant normal modes alone. 

 

 2.5  The Lanczos algorithm 

Algorithms based on Lanczos theory are very valuable in solving an eigenvalue 

problem when only a few of the extreme eigenvectors are needed.  They are 

particularly useful for problems characterized by large, sparse matrices.  The 

algorithms do not access directly the matrix elements of the operator that 

defines the problem, but give an estimate of the eigenvectors through 

successive application of the operator.   
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Figure 2.1. This diagram illustrates schematically the crucial difference between 

normal mode and singular vector growth, and the relationship between singular 

vectors and adjoint modes.  An idealized 2-D system has two very non-orthogonal 

decaying modes ɝ1 and ɝ2.  We take ɝ1 to have larger real eigenvalue component.  The 

adjoint modes ɖ1 and ɖ2 are shown, with ɖ1, ɖ2 orthogonal to ɝ2 and ɝ1, respectively 

(according to the bi-orthogonality condition (2.37)).  A normalized vector v0 is shown 

parallel to ɖ1.  Its time evolution can be estimated by mapping the tip and tail of v0 

along the ɝ1 and ɝ2 directions (shown as dashed lines) using the modal decay rates. The 

sequence of vectors vn, n=1, 2, .. giving the time evolution of v0 increases in amplitude 

up to some finite n=N, and is aligned almost entirely with ɝ1 for large n.  The projection 

of vn onto ɝ1 for large n is much larger than that associated with the evolution of a 

second normalized vector ɛn which is initially aligned along ɝ1.  The sequence vn 

describes singular vector growth over a long time interval.  (From Buizza and Palmer, 

1995.) 

 

 

Consider the eigenvalue problem 

  x =A x 2
i , (2.41) 

where A=K
*
K, and K is the operator defined in Eq. (2.20).  By definition, the 

matrix A is NxN dimensional, and symmetric.  Without loss of generality, we 

can also suppose that it is real. 

If A is a real, symmetric matrix, then there exists an orthogonal real 

matrix Q such that 

 ).., ,D( = QA  Q N1

t
, (2.42) 

where D(ɚ1, .., ɚ2) is a diagonal matrix, and Q
t
 denotes the transpose of Q (Schur 

decomposition theorem). 

The Lanczos algorithm does not directly compute the diagonal matrix D, 

but it first computes a partial transformation of the matrix A using a tridiagonal 

matrix T 

 T = QA  Q
t

,  (2.43) 
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with 

 

JJ

J1-J1-J

1-J

3

322

21

0....

0...

0.....

.0...0.

.....0

...0

....0

 = T , (2.44) 

and with 

 ]q .., ,q[ = Q
J1

, (2.45) 

where the vectors qj are column vectors, and where the number of iterations J is 

much smaller than the dimensionality of the problem, J N.  Then, the Lanczos 

algorithm finds the diagonal decomposition of T 

 S D S = T t . (2.46) 

The elements of the diagonal matrix D are an estimate of the eigenvalues of A, 

and an estimate of the eigenvectors are given by Y=[ y1, .., yJ], with 

 S Q = Y . (2.47) 

The actual computation is performed by writing Eq. (2.43) as 

 T Q = QA . (2.48) 

Equating columns of Eq. (2.48), it follows that 

 q  + q  + q  = qA 
1j+jjj1-j1-jj
 (2.49) 

for j=1, J.  The orthogonality of the vectors qj implies that 

 qA  q
j

t

j
 = j . (2.50) 

Moreover, if 

 q  - q I)  -(A  = r 1-j1-jjjj  (2.51) 

is non-zero, then 

 
j

j

1j+

r
 = q , (2.52) 

where ɓj=± <r j;r j> .  An iterative application of these equations, with a 

randomly chosen starting vector q1, defines the Lanczos iterative procedure.  
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The total number of iterations J determines the accuracy of the computation.  As 

this number increases, more eigenvalues/eigenvectors can be separated from the 

others, independently of the choice of starting vector q1.  This separation starts 

from the extremes of the eigenvalue spectrum.  The accuracy of the 

eigenvectors is less than the accuracy of the singular values, say to order Ů when 

the precision of the singular values is of order Ů
2
. 

The reader is referred to Golub and Van Loan (1983) for a theoretical 

description of the Lanczos algorithm.  The Lanczos code used in this work is a 

pre-release of a code developed by the NAG Group (Numerical Algorithm 

Group Ltd, Oxford; see Simon, 1984, for more details). 
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 Chapter 3 

 

 THE IMPACT OF OROGRAPHIC FORCING  

 ON BAROTROPIC UNSTABLE SINGULAR VECTORS  

 (The following Chapter is the text of Buizza, 1995b.) 

 

The influence of topography on fluid instability has been studied in literature 

both in the beta channel approximation and on the sphere mainly using normal 

modes.  A different approach recently proposed is based on the identification of 

unstable singular vectors, i.e. structures that have the fastest growth over finite 

time intervals.  Systems characterized by neutral or damped normal modes have 

been shown to have singular vectors growing (e.g. in terms of kinetic energy) 

over finite time intervals.  Singular vectors do not conserve their shape during 

time evolution as normal modes do.  Various aspects related to the identification 

of singular vectors of a barotropic flow are analyzed in this paper with the final 

goal of studying the impact of the orography on these structures.   

First, we focus on very idealized situations to verify if neutral and 

damped flows can sustain structures growing over finite time intervals.  Then, 

we study singular vectors of basic states defined as the super-position of a 

super-rotation and a Rossby-Haurwitz wave forced by orographies that project 

onto one spectral component only, or forced by very simple orographies with 

longitudinally or latitudinally elongated shapes.   This first part shows that 

orography can alter the unstable sub-space generated by the most unstable 

singular vectors, either directly through the action of the orographic term in the 

linear equation or indirectly by modifying the evolution of the basic state.   

In the second part we consider a realistic basic state, defined as a mean 

winter flow computed from three months of observed vorticity field, forced by a 

realistic orography.  We show that the orographic forcing can indirectly modify 

the singular vector structures.  In fact "orographically induced" instabilities can 

be identified only when considering time-evolving basic states.   These 

results show that unstable structures related to physical processes can be 
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captured by the adjoint technique. 

 

 3.1  Introduction 

The impact of topographic forcing on the flow of a barotropic atmosphere has 

been widely recognized and studied in literature.  Charney and DeVore (1979) 

showed that the occurrence of multiple stationary or oscillatory equilibrium 

states can be related to external forcing.  They analyzed the impact of 

topographic and thermal forcing on equilibrium solutions of a highly truncated 

spectral model of the barotropic atmosphere, and were able to show how 

topographic forcing relates to equilibrium solution structures.  One of the 

conclusions of their work was that topographic instability might be responsible 

for transitions between different meta-stable states.  

Following Charney and DeVore (1979), Frederiksen and Bell (1987) 

showed that topography plays an important role in the formation of some 

large-scale teleconnection patterns.  In later works, Frederiksen (1989) and 

Frederiksen and Bell (1990) examined the role of barotropic and topographic 

instability during periods of persistent blocking, and indicated that topographic 

instability plays little role in the mechanism of block formation. 

The influence of underlying topography on the instability of a fluid has 

been studied both in the beta-channel approximation and on the sphere.   

Fyfe and Derome (1986), studying the stability of free and forced 

planetary waves in a beta-channel with a barotropic model, analyzed the 

interaction of unstable (normal mode type) perturbations with the bottom 

orography.  They demonstrated that a forced zonal wave can be stable or 

unstable depending on the amplitude of the topography, and they concluded by 

reporting the existence of travelling topographically unstable waves.  

Frederiksen and Frederiksen (1989) gave a review of published works and 

examined the instabilities of exact steady state solutions for a barotropic flow in 

a beta-plane channel.  In a later work, Frederiksen and Frederiksen (1991) 

studied the instability of a flow in spherical geometry. They showed how 

orographic forcing can promote the growth of perturbations either through a 

form drag mechanism or acting as a catalyst for wave-wave interaction.  They 
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examined the instability properties of the fluid using a linearized version of a 

barotropic vorticity equation following the normal mode approach. 

Hoskins (1973) studied the stability of Rossby-Haurwitz waves 

(hereafter RH waves) for a single planetary wave and a zonal flow in spherical 

geometry.  Supported by some numerical integrations, he concluded that RH 

waves with zonal wave 5  m  are stable whilst those with m>5 may be unstable.  

However, his numerical procedure permitted only zonal wave numbers that are 

multiples of 4, so other types of disturbances were prohibited.  Baines (1976) 

analyzed the stability of planetary waves to small disturbances as an eigenvalue 

problem deduced from the linearisation of the non-divergent barotropic 

vorticity equation, in spherical geometry and without topographic forcing.  He 

showed that waves with total wave number n less than 3 are stable, whereas 

those with total wave number greater than 3 are unstable if the amplitude of the 

perturbation is large enough. 

The consensus of these authors was that the barotropic approximation is 

sufficiently accurate to describe the basic mechanisms of topographic forcing, 

resonance and nonlinear interactions.  In a work by Legras and Ghil (1985), it is 

suggested that a simple barotropic model is capable of simulating the actual 

behaviour of the large-scale mid-latitude atmospheric flow, whose spatial 

structure is known to be barotropic to a large extent (Blackmon et al., 1979).   

Baroclinic instabilities occur on scales smaller than the barotropic instabilities, 

and their characteristic time scales are shorter than those considered.   

A different approach to the instability analysis has been used by Farrell 

(1982, 1988), who pointed out that normal modes are not the fastest growing 

perturbations over finite time intervals.  By superimposing two Orr (1907) 

solutions with different initial tilts of the phase lines in the horizontal plane, 

Farrell (1982) showed that disturbances can grow before the inevitable decay.  

If the dynamical equations are truncated, then the continuous spectrum is 

approximated by the eigenspectrum of a finite dimensional evolution operator.  

These eigenvectors are generally linearly independent, so that any initial 

perturbation can be expressed in terms of the truncated operator's normal 

modes; however, they are not in general orthogonal.  As a consequence, linear 
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combinations of two or more modes can grow much faster than any individual 

mode.  Unlike normal modes, these structures change over time since their 

growth is space dependent.  They are called unstable singular vectors, and they 

are defined as the directions in the phase space of the system that give the 

largest growth of the norm of a state vector x (see section 3.2 for more details) 

 
)_t_x(

_x(t)_

0

 = , (3.1) 

over the optimisation time interval t-t0.  They can be computed using the tangent 

and the adjoint versions of the non-linear model describing the system evolution 

(Lacarra and Talagrand, 1988). 

In a later work Boyd (1983), studying analytically a linear Couette flow, 

confirmed the results of Farrell (1982) and concluded that to understand the 

mechanism of finite time interval growth one should consider not only the 

discrete normal modes but also the continuous spectrum of singular neutral 

modes.  [As shown by Pedlosky (1964) they form a complete set for the 

canonical Eady (1949) and Charney (1947) problems.]  On a later work, 

studying small error dynamics, Farrell (1990) proved that the increase of the 

errors on synoptic time scales is controlled by structures that are not of normal 

mode form. 

Borges and Hartmann (1992) studied the barotropic stability of 

observed 300 hPa non-zonal flows searching for singular vectors.  They 

demonstrated that they are at least as important, for stability considerations, as 

the adjoint and eigenmode structures. 

Molteni and Palmer (1993) calculated singular vectors in both a 

barotropic and a 3-level quasi-geostrophic model using a linear approximation 

to the model equations.  They used as initial conditions for their models mean 

values computed from 6 years of ECMWF January-February analyses.  

Considering time-invariant basic states, they showed that perturbations defined 

(at initial time) by unstable singular vectors have much larger growth rates than 

normal modes and possess a more localized spatial structure.  Comparing the 

singular vectors computed using the two models, they showed that the 

baroclinic singular vectors are more localized in the meridional direction, with 
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little amplitude in the tropics and with a maximum closer to the jet core than the 

barotropic singular vectors.  They found barotropic singular vectors with 

amplification rates similar to the baroclinic values for optimisation times 

shorter than 2 days.  However, for longer optimisation time intervals baroclinic 

singular vectors are characterized by larger amplification rates, since they grow 

as a result of both baroclinic and barotropic energy conversions.  Considering 

smooth time-invariant basic states defined to identify two regimes of the 

northern hemisphere winter flow, they showed that barotropic singular vectors 

evolve in closer agreement to forecast errors than the baroclinic singular vectors.  

Finally, they concluded that barotropic singular vectors appear to be able to 

generate regime transitions. 

Barotropic models and the adjoint technique have been used also in 

variational assimilation studies.  Talagrand and Courtier (1987) and Courtier 

and Talagrand (1987) showed how the adjoint equation of a non-divergent 

barotropic vorticity model can be used in the problem of assimilation of 

meteorological observations. 

The adjoint technique is applied throughout this study.  A non-linear 

spectral barotropic model in spherical geometry, its tangent and adjoint versions 

have been coded.  The model has been written so that the time integration of the 

tangent and the adjoint versions are performed following the trajectory 

described by the basic state. 

This work concentrates on singular vector rather than on normal mode 

type instabilities.  Our purpose is to study the impact of the topography on the 

singular vectors.  Table 3.1 is a schematic of the work presented in the paper. 

Section 3.2 describes the model equations and section 3.3 the adjoint 

technique.  In section 3.4 we study the stability of idealized basic states.  First, 

in sub-section 3.4.1, we compare normal modes and singular vectors of RH 

waves to determine whether neutral or damped flows can sustain structures 

growing over finite time intervals.  Then, in sub-section 3.4.2, we analyze the 

impact of simple orographies projecting onto one spectral component only on 

the singular vectors of idealized basic states, defined as the superposition of a 

super-rotation and a RH wave.  In section 3.5 we consider more localized but 
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still idealized orographies, and we study their impact on the singular vectors of 

the same basic states considered in sub-section 3.4.2.  Finally, in section 3.6, we 

study whether "orographically induced" perturbations can be identified when 

considering a realistic basic state forced by a realistic topographic forcing.  

Conclusions are drawn in section 3.7. 

 

================================================================== 

Section  Basic-state flow  Orography Study 

-----------------------------------------------------------------------------------------------------------------  

3.4.1  (n,m) RH wave      ----  normal modes vs sing. vect. 

3.4.2  Srot + (n,m) RH wave (n,m) forcing orographic impact on sing. vect. 

3.5.1  Srot + (n,m) RH wave idealized orographic impact on sing. vect. 

3.6.2  Obs atmospheric flow real  orographic impact on sing. vect. 

----------------------------------------------------------------------------------------------------------------- 

Table 3.1.  Schematic of the subjects analyzed in each Section. 

 

 3.2  The barotropic model 

The numerical model used for this study has been derived from the vorticity 

equation in spherical geometry 

   
1

 -  
1

 - ) ; )
h

h
 + (1 f + J( = 

t

l

hdiffE0

,  (3.2) 

where ɣ is the stream function, ɕ=ȹɣ the vorticity, ȹ the horizontal Laplacian,  

J(..,..) the Jacobian, f the Coriolis parameter, h the topographic height and h0 a 

reference height.  The reference height parameter has been set to the realistic 

value h0=10000 m.  The motion is retarded by a vorticity sink (Ekman 

pumping) governed by a characteristic dissipation time ŰE.  A horizontal 

diffusion term with characteristic parameter Űhdiff and proportional to the 

horizontal Laplacian at the l-th power (with l=4) has been introduced to 

simulate the effect of the unresolved scales of motions and to control small scale 

instabilities.  The characteristic time ŰE and the parameter  Űhdiff of the diffusion 

processes have been set respectively to 10 day and to 10 day/m
8
. 

The model is solved in the coordinate system defined by the longitude ɚ 

and the sine of the latitude ɛ=sinű.  A non-dimensional equation has been 

deduced from Eq. (3.2), with the space coordinates scaled by the earth radius a 

and the time scaled by twice the earth angular velocity ɋ 
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 t  2 = t ,
a

x
 = x

~
~

, (3.3) 

where t ,x
~~  are the dimensional variables.  The non-dimensional equation has 

been discretized through a truncated expansion of spherical harmonics, at 

triangular truncation T21, and the equation for the time evolution of the 

vorticity expansion coefficients has been numerically integrated using a time 

filtered Leapfrog scheme. 

The linearized equation for a perturbation ɕ follows from Eq. (3.2) by 

writing the vorticity as the sum of a mean value  and a perturbation ɕ 

   
1

 -  
1

 - ) ; )
h

h
+(1 f + J( + ); J(  = 

t

l

hdiffE0

. (3.4) 

The adjoint of Eq. (3.4) with respect to the canonical Euclidean norm 

 d = >; <   
22

__ , (3.5) 

can be analytically computed from Eq. (3.4) 
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 +  
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 + ) ; )
h

h
+(1 f + J(  + ); J(  = 

t

l

hdiffE0

1- . (3.6) 

The kinetic energy of a perturbation can be computed as 

 d  
2

1
 - = KE . (3.7) 

Using Eq. (3.4) in Eq. (3.7), we can derive an equation for the perturbation 

kinetic energy evolution 

 diss + d )
h

h
f;J(   + df)] +;J( + );J( [   = 

t

KE

0

. (3.8)  

The first term on the right hand side represents the advection of the perturbation 

kinetic energy by the basic state flow.  The second term gives the exchange of 

energy between the perturbation and the basic state, the third term describes the 

orographic forcing and the fourth term represents all the dissipative processes of 

the model.   

If we consider Eqs. (3.2) and (3.4) without any dissipation mechanism, 

both the stream function of the mean state and of the perturbation satisfy the 

following equation 
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 d h 
1

 =] d  ) - (1- 
1

[ 
t

2
, (3.9) 

where the left hand side of Eq. (3.9) is the area average of the angular 

momentum.  Thus, in the absence of orography (and of dissipations) this 

quantity is conserved. 

 

 3.3  The adjoint technique 

Let  ɢ be a state vector in the phase space of the system.  The evolution equation 

(3.2) can be formally written as 

 ),( A = 
t 

 
 (3.10) 

where A is a non-linear operator. 

The most unstable singular vectors are the directions in the phase space 

of the system that guarantee the fastest growth of the norm of the perturbations 

over a finite time interval.  For small time intervals and small initial amplitudes 

their behaviour is almost linear, and they can be computed using the linearized 

equation 

 x A = 
t 

x 
l , (3.11) 

where |
x

A
 = A ( t)xl  is the tangent operator that corresponds to the model operator 

A. 

Let us denote the propagator of Eq. (3.11) by L=L(t,t0).  The 

perturbation x(t)  at time t is then given by 

 ) t( x L = ) (t x 0 . (3.12) 

Let us define an inner product on the space of the perturbations 

 >Eyx;<  y)(x; , (3.13) 

where E defines some weighting factors, and <..;..>  is the canonical Euclidean 

scalar product.  Let us define the associated norm of a generic vector 

 > x E ; x < = x) ; (x   x 
2

__ , (3.14) 

with the weights E defined so that the norm (3.14) of a perturbation is its kinetic 

energy.  The norm of the perturbation at time t is given by 
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 ) x L ; x L ( =  ) t ( x 
2

__ . (3.15) 

Let us denote by L
*E

 the adjoint of the operator L with respect to the inner 

product (..;..) 

 )Ly  ; x ( = )y  ; x L ( * E . (3.16) 

Then, using the definition (3.16) in (3.15), the norm of the state vector x(t) at 

time t can be computed as 

 =  (t) x 
2

__ ) x ; x L L ( = ) x L ; x L ( 00
*

00
E . (3.17) 

The square roots of the eigenvalues ůi
2
 of the matrix L

*E
L are called the singular 

values of the matrix L, and the eigenvectors vi of the matrix  L
*E

L  are called the 

right singular vectors of  L.   

The singular vectors vi identify an orthogonal base in the phase space of 

the system (Buizza et al., 1993).  They are orthogonal at time t0 and at final time 

t.  The singular values ůi give the amplification factors between t0 and t for each 

of them, and they are functions of the optimization time interval t-t0.  As 

demonstrated by Farrell (1989) and Borges and Hartmann (1992), the singular 

vectors with the largest singular values identify the perturbations growing 

fastest over the optimisation time interval. 

The method we implemented to solve this eigenvalue problem is based 

on a Lanczos algorithm (see Strang, 1986) developed by the Numerical 

Algorithm Group (NAG, Oxford). 

To compare singular vector structures we can define the N-dim unstable 

sub-space relative to an experiment as the sub-space of the phase space of the 

system defined by the first N singular vectors.  We can compare unstable 

sub-spaces generated by the first N singular vectors vi of two experiments A and 

B using a projection matrix M(A,B;N) whose elements are  

 >(B)v E(A);v< = B)(A,m
2

jiji, . (3.18) 

Each element of this matrix is the squared scalar product between the i-th 

singular vector of the A experiment and the j-th singular vector of the B 

experiment.  It represents the amount of the energy of the i-th singular vector of 

the A experiment which is explained by the j-th singular vector of the B 

experiment.  The sum of the matrix elements with a fixed first index represents 
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how well the i-th singular vector of the A experiment can be reconstructed from 

a linear combination of the first N singular vectors of the B experiment. 

We can also define a "similarity index" of two experiments A and B, 

that measures the similarity of the unstable sub-spaces generated by the first N 

singular vectors of each experiment 

 B)(A, m
N

1
 = N)B;(A, s ji,

N

j=1i, . (3.19) 

Some reference values for the similarity index, obtained with the barotropic 

model, are reported hereafter: 

a) singular vectors that identify the same unstable sub-space are 

characterized by s(A,B;N)=100%; 

b) orthogonal unstable sub-spaces are characterized by s(A,B;N)=0; 

c) the mean similarity index, averaged over winter '90-'91, computed 

between unstable sub-spaces of two consecutive days generated with a 

48h optimisation time interval, is 45% = 1;20)+day(day;s ; 

d) the mean similarity index, averaged as in c), but computed between 

unstable sub-spaces generated by the singular vectors of day d and of 

day d+2, is 30% = 2;20)+day(day;s . 

 

 3.4  Singular vectors of idealized basic states 

In the first part of this section we verify that singular vectors can grow over 

finite time intervals in idealized basic states supporting only neutral or damped 

normal modes [as in Farrell (1985, 1989) for different systems].  This is 

presented in sub-section 3.4.1, where the stability of RH waves is studied with a 

version of the model described by Eq. (3.2) without orography and without the 

Ekman pumping term.  The impact of idealized orography on the stability of the 

flow is analyzed in sub-section 3.4.2, where we consider orographic forcing that 

projects on the (n,m) spectral component only, and flows superposition of a 

super-rotation and a (n,m) RH wave. 

We concentrate on RH waves with total and zonal wave numbers equal 

to (2,1), (4,1) and (8,1).  The choice m=1 has been made so that in a latitudinal 

belt there is a region of convergence (representing a jet stream) and a region of 
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divergence.  Other zonal wave numbers are not considered since we are more 

interested in changing the meridional than the zonal vorticity gradients.  

Starting from total wave number n=2, we study waves with increasing total 

wave number n=4 and n=8 to have more small scale features in the basic state 

characteristics. 

 

 3.4.1  Singular vectors of Rossby-Haurwitz waves 

Baines (1976) deduced from the results of Fjortoft (1953) an inequality 

concerning the spectral distribution of energy for a barotropic model without 

any dissipation term and with no orography in spherical geometry.  He found 

that if the initial energy is in a mode or modes with total wave number n>2, then 

the RH wave can be unstable if the wave amplitude is sufficiently large.  Thus, 

the (2,1) RH wave has stable normal modes, while the (4,1) and the (8,1) RH 

waves can have unstable normal modes.  For each wave, we analyzed the 

sensitivity of the unstable normal modes to the initial wave amplitude 

 c.c. + e P  = im
nm,nm,

 

 - )(m P )Re( 2 = nm,nm,
cos )(m P )Im( 2 nm,nm,

sin . (3.20) 

 

Let us define the e-folding time of a normal mode by 

 
r

1
  , (3.21) 

where ɤr is the real part of the normal mode frequency. 

Figure 3.1 shows the e-folding time of the most unstable normal mode 

as a function of the non-dimensional vorticity amplitude.  The (4,1) and the 

(8,1) RH waves are unstable if the wave amplitude is larger than a given 

threshold, while the (2,1) RH wave is stable independently of the basic state 

amplitude. 

Singular vectors of the (2,1), (4,1) and (8,1) RH waves have been 

computed for different optimisation time intervals keeping the basic state 

constant.  A time-independent basic state was chosen because for unstable or 

damped systems the fastest growing singular vector computed with constant 

basic state approaches the most unstable normal mode in the limit t .  Let us 
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define the amplification factor ɚ(t) and the parameter Ű(t) for a singular vector 

by 

 
__

__

v

v(t)
  (t)

0

, (3.22) 

 
(t))(

t
  (t)
ln

,  (3.23) 

where the norm has been computed using Eq. (3.14).  Ű(t) gives the time 

required for the perturbation norm to increase by a factor e, precisely the 

definition of the e-folding time of a normal mode.  Thus Ű(t) will be referred to 

as the e-folding time of the singular vector. 

The basic state amplitude of the three RH waves, in terms of the 

non-dimensional vorticity field, has been fixed to the same value 

 0.1 = )Im( 0, = )Re(
nm,nm,

. (3.24)  

For this basic state amplitude Fig. 3.1 shows that the (4,1) RH wave has stable 

normal modes, while the (8,1) RH wave has unstable normal modes with the 

most unstable mode characterized by an e-folding time of about 80 days. 
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Figure 3.1.  Ordinate: e-folding times Ű=1/ɤr (day) of the most unstable normal mode 

of the (4,1) RH waves (dashed line) and of the (8,1) RH wave (dotted line).  Abscissa: 

non-dimensional vorticity amplitude of the RH wave.  A reference line corresponding 

to an e-folding time of 1-day has been drawn.  (From Buizza, 1995b.) 

 

 

 

 
Figure 3.2.  Ordinate: e-folding times (day) of the 1st singular vector relative to the 

(2,1) RH wave (panel a)) and to the (8,1) RH wave (panel b)), computed with constant 

trajectory (solid line) and with a time evolving trajectory (dashed line).  Abscissa: 

optimisation time interval.  (From Buizza, 1995b.) 
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Figures 3.2a and 3.2b show, respectively, the e-folding times of the 

fastest growing singular vector of the (2,1) and (8,1) RH waves (solid lines).  

[Since, for each optimisation time interval, the e-folding times of the singular 

vectors of the (4,1) RH waves are very similar to the (8,1) ones, they are not 

shown.]  The singular vectors of all the three RH waves are slowly growing, 

with e-folding times longer than 7 days.  We can see that the singular vectors 

relative to the (2,1) RH wave are unstable, and that for the (8,1) RH wave the 

e-folding time of the 1st singular vector computed with any of the considered 

optimisation time interval is  1/10 of the minimum normal mode e-folding time.  

Figure 3.2 shows that the e-folding time increases with the optimisation time 

interval.  All these optimisation time intervals are too short for the fastest 

growing singular vector to approach the e-folding time of most unstable normal 

mode.  [The increase of the singular vector e-folding time with the optimisation 

time interval is also partly due to a small horizontal diffusion term included in 

the numerical model to avoid numerical instabilities (see Eq. (3.2)) which 

decreases the singular vector energy.] 

Unstable singular vectors computed with a constant basic state do not 

correctly represent structures that can grow over finite time intervals.  In fact, 

the linearisation of the model equations should be done following the trajectory 

time evolution.  Thus, a new set of experiments have been run to compute the 

singular vectors of time-evolving basic states.  The dashed lines in Fig. 3.2 

show the amplification factors of the most unstable singular vectors of the (2,1) 

and the (8,1) RH waves computed with this configuration.  Changing the 

trajectory definition has a small impact on the amplification rate of the (8,1) RH 

wave singular vectors, more detectable for long optimisation time intervals.  A 

similar result is given by the (4,1) case.  Instead of this, for the (2,1) RH wave, 

apart for the singular vectors computed with optimisation time interval less than 

2 days, the e-folding time of the fastest singular vector computed with a time 

evolving trajectory is 30% larger than the e-folding time computed with a 

constant trajectory.  Moreover, the e-folding times of the 2nd, 3rd and 4th 

singular vectors computed with optimisation time interval longer than 48h 

following an evolving basic state are at least 6 times larger than the one 
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computed with a constant trajectory (not shown).  This suggests that it is easier 

for the (2,1) RH wave singular vectors to extract energy from the basic state if 

the basic state flow is not changing in time. 

 

 3.4.2  Singular vector sensitivity to orographic forcing  

 projecting onto a single spectral component 

Following Frederiksen and Carnevale (1986) and Frederiksen and Frederiksen 

(1991), we added a wave-type orographic forcing 

 c.c. + e P h = h im
nm,nm,  

 )(m P )hIm( 2 - )(m P )hRe( 2 = nm,nm,nm,nm, sincos  (3.25) 

to the non-linear, linear and adjoint versions of the barotropic vorticity 

equation.   

Let us consider Eq. (3.2) with the orographic forcing (3.25) and without 

dissipation terms.  It can be shown that there exists an exact steady-state 

solution (Frederiksen and Carnevale, 1986) superposition of a super-rotation 

plus a (n,m) RH wave 

  + P U 
3

1
 - = 0,1  

 )(m P)Im( 2 - )(m P )Re( 2 nm,nm,nm,nm,
cossin , (3.26) 

where 

 ))hIm();h(Re( 

U - U

U U
 = ))Im();(Re( nm,nm,

res

res

nm,nm,
, (3.27) 

with 

 
2 - 1) + n(n

1
 = U res

. (3.28) 

If we consider the time integration of the non-linear equation with initial 

condition (3.26), the solution propagates if the orographic forcing (3.25) is not 

included, while its inclusion gives a stationary solution equal to the initial 

condition itself.  So, the first effect of the inclusion of the orographic forcing is a 

modification of the basic state characteristics (we will refer to it as the indirect 

effect), while the second effect is the presence of the orographic term in the 

linear and adjoint versions of the model used for the computation of the singular 
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vectors (direct effect). 

All the experiments of this sub-section have been run with an initial 

super-rotation defined by 

 0.005 = U , (3.29) 

corresponding to a dimensional wind speed of 5 m/s.  Note that this wind 

velocity is smaller than the resonant value U res
 [see Eq. (3.28)] for n=2, 4, 8.  

Figure 3.3 shows the stream function of the basic state initial conditions and the 

dimensional wind amplitude (note that the wind speeds become much larger 

than the super-rotation wind speed). 

The orographic forcing (3.25) has been defined to have 

0  )hIm( 0, = )hRe( nm,nm, : this gives a mountain with a zero amplitude line 

centred on the Greenwich meridian.  Experiments have been run with two 

different maximum orographic heights 

 0.5 0.05, = )
h

h
Im(

0

nm, . (3.30) 

 

 

 

Table 3.2. Characteristics of the expA, expB, expC and expD experiments. (From 

Buizza, 1995b). 
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Figure 3.3.  Stream function (left panels) and wind module (right panels) of the basic 

state initial conditions.  Panels a)-b), c)-d), and e)-f) refer, respectively, to the 

superposition of a super-rotation and a (2,1), (4,1) and (8,1) RH wave.  Contour 

isolines every 5 10
6
 m

2
s

-1
 for stream function.  Contour intervals for wind module 1 ms

-1
 

for panel b),  2 ms
-1
 for panel d), and 8 ms

-1
 for panel f).  (From Buizza, 1995b.) 

 

 

 

 

Table 3.3. Similarity indices between the first 20 singular vectors of relevant 

experiments. (From Buizza, 1995b). 
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Table 3.4. Characteristics of the simple orographies described in section 3.5, Eqs. 

(3.31), (3.32), (3.33) (in degrees.  (From Buizza, 1995b). 

 

 

 

 
Figure 3.4.  Solid line: e-folding times (day) of the 1st singular vector computed 

following the trajectory evolution, for a basic state superposition of a super-rotation 

and a (8,1) RH wave, with an orographic forcing projecting on spectral component 

(8,1) with maximum amplitude Im(hm,n/h0)=0.05.  Dashed line: as solid line but or 

Im(hm,n/h0)=0.5.  (From Buizza, 1995b.) 

 

 

Experiments run with the smallest orographic forcing are named expA 

experiments, while the expB configuration identifies experiments run with the 

largest forcing (see Table 3.2). 

Figure 3.4 shows the e-folding times of the fastest growing expA (solid 

line) and expB (dashed line) singular vector for one of the three orographic 

forcing [the (8,1) case].  For any optimisation time interval, the expB singular 

vector is more unstable than the analogous expA singular vector.  Diagnostics 

studies and comparison with other numerical experiments seem to indicate that 

this is mainly related to the expB basic state being characterized by stronger 

local wind shears, rather than to an increased orographic forcing.  This confirms 

the results of Boyd (1983), who studying a simpler system (a linear Couette 
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flow) proved analytically that the rate of growth of structures amplifying over 

finite time intervals depends only upon the shear.  An analogous impact of the 

orographic amplitude can be detected by comparing expA and expB results 

obtained with the other basic states (not shown). 

The comparison among the amplification factors of singular vectors 

computed for the three different basic states indicates that the basic state wind 

field determines the location and the structure of the singular vectors, while the 

magnitude of the local wind shear determine the e-folding time of the singular 

vectors.  The singular vectors of basic state super-position of a super-rotation 

and the (2,1) RH wave are the slowest growing, with e-folding times longer than 

30 days compared to 1-2 days for the (8,1) singular vectors and to values of the 

order of 6-10 days for the (4,1) singular vectors. 

As already mentioned, the impact of the orographic forcing on the 

singular vectors can be due to the modification of the basic state evolution 

(indirect effect) or to the inclusion of the orographic forcing in the linear 

equations (direct effect).  Two more sets of experiments, expC and expD (see 

Table 3.2), have been run to try to determine the relative importance of the 

direct and the indirect effects.  Hereafter experiments run in configuration expB 

are to be considered as reference.  Note that each expC and expD experiment 

has the same initial condition for the non-linear model solution as the analogous 

expB experiment.  The comparison between the expC and the expB 

experiments highlights both the direct and the indirect effect, since the basic 

state of each expC experiment is computed integrating the non-linear equation 

with the same initial condition as the analogous expB experiment.  Instead of 

this, the only difference between an expD experiment and its analogous expB 

experiment is the expB inclusion of the orographic term in the linear and the 

adjoint versions of the model. 

Apart from the expC (2,1) results, the e-folding times of the expB, expC 

and expD most unstable singular vectors are very similar.  This indicates that 

linearizing the model equation around a time-independent or a time-evolving 

trajectory, or including the orographic forcing into the linear equations, has a 

negligible impact on the amplification factors of the singular vectors computed 
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with the (4,1) and the (8,1) forcing.  Instead of this, the case of the (2,1) forcing 

is different from the other two: the expB and the expD singular vectors are more 

unstable than the expC singular vectors, especially for long optimisation time 

interval.  This difference is less evident than the one shown when considering 

basic states defined to be RH waves only (see sub-section 3.4.1), but it confirms 

that it is easier for perturbations computed with the (2,1) forcing to amplify if 

the basic state is not evolving. 

Table 3.3 shows the similarity indices computed between unstable 

sub-spaces generated by the first 20 singular vectors of some of the experiments 

run in configurations expB, expC and expD.  The first three columns of Table 

3.3 refer to experiments run with a 12h optimisation time interval.  First, let us 

consider the experiments run with the (8,1) forcing (3rd column of table 3.3).  

The expC and the expD unstable sub-spaces are very similar, with 

s(C,D;20)=98%.  This suggests that only including the orographic forcing in 

the trajectory computation (indirect influence) has a very small impact on the 

definition of the unstable sub-space.  On the contrary, the similarity index 

between the expB and the expD unstable sub-spaces has a smaller value, 

s(B,D;20)=72%.  So, the direct influence of topography appears to be more 

important than the indirect influence.  Similar conclusions can be drawn 

analysing the experiments run with the (4,1) forcing (2nd column of Table 3.3).  

Considering longer optimisation time intervals, the numerical results confirm 

that the direct effect is dominant, although the basic state characteristics 

become more important.  This is shown, for example, by the 4th column of 

Table 3.3. 

The analysis of the results relative to experiments run with a (2,1) 

forcing and with a 12h optimisation time interval (1st column of Table 3) gives 

an opposite indication.  Table 3.3 shows that the structure of the slow-growing 

singular vectors of the basic state superposition of a super-rotation and a (2,1) 

RH wave is more sensitive to the basic state characteristics than to the inclusion 

of the orographic forcing in the linear and adjoint equations.  In other words, it 

indicates that the indirect effect is dominant with respect to the direct effect.  

Thus, the relative importance of the direct and the indirect orographic effects 
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depends upon the basic state characteristics and the orographic forcing. 

To conclude this section, we want to investigate why the orographic 

forcing does not modify the singular vector amplification factors.  Let us 

consider the first 3 terms of the right hand side of the kinetic energy Eq. (3.8).  If 

we analyze the structure of the three Jacobians, the regions where the three 

fields have maxima coincide with the regions where the fastest growing 

perturbations are located (not shown).  We can compare the contribution of the 

three terms to the kinetic energy tendency.  The major contribution to the 

kinetic energy arises from the first term, while the other two terms always give a 

contribution which is some orders of magnitude smaller.  The fact that the 

contribution of the orographic term to the kinetic energy tendency is always 

almost negligible explains why the impact of the orographic forcing on the 

singular vector e-folding times is very small.  Nevertheless, the fact that the 

third Jacobian is different from zero in the regions where the singular vectors 

are located explains why the orographic forcing can have an impact on the 

singular vector structures (the three Jacobian fields have the same order of 

magnitude). 

Although the impact of the orographic forcing on the kinetic energy 

tendency is almost null, its impact on the mean angular momentum tendency Eq. 

(3.9) is detectable.  The mean angular momentum of the expC and expD 

singular vectors remains constant, apart from the small dissipation effect due to 

the horizontal diffusion term.   Instead of this, a variation can be detected in the 

mean angular momentum of the expB singular vectors.  We analyzed in details 

the first 4 singular vectors of two expB experiments, run with a 12h 

optimisation time interval, and with the orographic forcing projecting onto the 

(2,1), or the (8,1) spectral component.  For both the experiments, the variation 

of the mean singular vector angular momentum over a 12h period was of the 

order of 100%. 
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Figure 3.5.  Panel a): e-folding times (day) of the singular vectors of experiments run 

with simple orographic forcing with maximum height hmax=3000 m.  Solid line refers to 

experiments run without orographic forcing, dashed line to experiments run with the 

HI3 forcing, dotted line to experiments run with the NR forcing, and chain-dashed line 

to experiments run with the RA forcing (see section 3.5).  Panel b): as panel a) but for 

simple orographic forcing with maximum height  hmax=10000 m.  (From Buizza, 

1995b.) 

 

 

 

Table 3.5 Similarity indices computed between the unstable subspaces generated by 

the first 20 singular vectors of the experiments run with simple orographic forcing (see 

section 3.5). (From Buizza, 1995b) 
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Table 3.6 Similarity indices computed between the unstable subspaces generated by 

the first 20 singular vectors of the experiments run with real orography (see section 

3.6). Table 3.6a refers to the _G sub-spaces, and table 3.6b refers to the cross 

comparison between the _G, _R and _H sub-spaces. (From Buizza, 1995b) 

 

 

 3.5  Singular vector sensitivity to simple orographies 

In this section we investigate the impact of mountains with very simple but 

more realistic shapes than the orographies projecting onto one spectral 

component.  The basic states are the same as the basic states of sub-section 3.4.2, 

i.e. a super-position of a super-rotation and a RH wave with initial amplitude 

defined by Eq. (3.27) with Im(hm,n/h0)=0.5.  Three types of mountains have 

been designed to check whether results are shape dependent.   

Each orography has been defined as 

 (y)f (x)f h = y)h(x,
21max , (3.31) 

where 
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, (3.32) 

with 

 2 1, = i ,d+x = x ,d-x = x ii
+
iii

-
i . (3.33) 

The parameter hmax determines the maximum height, x1, x2 the longitude and 

latitude coordinates (in degrees) of the maximum, and ůi, di for i=1,2 the shape 

of the mountain (in degrees).  The characteristics of the three mountains are 

reported in Table 3.4.  The mountains have been designed to represent the 
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Himalayas (HI), the Rockies (NR), and a continuous Rockies/Andes chain (RA).  

For each basic state, experiments have been run with two maximum heights 

hmax=3000 m and hmax=10000 m.  Hereafter, experiments run without 

orographic forcing will be identified by NOORO, and experiments run with the 

Himalayas type of mountains with hmax=10000 m by HI10.  The same naming 

convection will be applied to experiments run with the other orographies.  The 

singular vectors have been computed with a time evolving trajectory, with the 

basic state initial condition given by Eq. (3.26) (see Fig. 3.3) and with a 12h 

optimisation time interval.  Results relative to the (2,1) and on the (8,1) cases 

are discussed in sub-section 3.5.1. 

 

 3.5.1  Impact of simple orographies on singular vectors of a basic state  

 super-position of a super-rotation and a RH-wave 

Let us first consider a basic state super-position of a super-rotation and a (2,1) 

RH wave.  Figure 3.5 shows the impact of the orographic forcing on the 

e-folding times of the singular vectors.  If we consider experiments run with 

hmax=3000 m (panel a)) we can see that the action of the NR3 or the RA3 

orographies changes the amplification factors of the most unstable singular 

vectors, while the HI3 orography has the weakest effect on the e-folding times.  

If we consider experiments run with hmax=10000 m, the NR10 orography has 

the strongest impact, followed by RA10 and then by HI10 (Fig. 3.5b).   

The impact on the singular vector structures is more evident than on 

their amplification factors (see Table 3.5).  Let us first consider the first row of 

Table 3.5, that compares the unstable sub-spaces generated including an 

orographic forcing with the unstable sub-space generated without orography.  It 

shows that the higher is the mountain the stronger is the impact.  Moreover, 

table 3.5 indicates that the similarity index is very weakly shape dependent. 

Let us consider the HI3 and the NOORO sub-spaces: their similarity 

index has a high value, s(HI3,NOORO;20)=64%.  Examination of the 

projection matrix between the HI3 and the NOORO sub-spaces (not shown) 

reveals that the first 4 HI3 singular vectors have more than 97% of their norms 

projecting onto the first 4 NOORO singular vectors.  The 5th HI3 singular 



 
 53 

vector has instead only 13% of its norm explained by the first 20 NOORO 

singular vectors.  The reason is that the 5th singular vector is the first among the 

HI3 singular vectors related to the presence of the orographic forcing, with its 

maximum amplitude located where the orography is higher.  If we now consider 

the HI10 and the NOORO sub-spaces, the similarity index between them has a 

lower value s(HI10,NOORO;20)=32%.  The first 8 HI10 singular vectors do 

not project onto the NOORO sub-space and are all located in the orographic 

region.  It is only after the 9th singular vector that they start projecting onto the 

NOORO sub-space.  

In section 3.4 we have seen that the presence of the orographic forcing 

induces a variation in the mean angular momentum.  The mean angular 

momentum variation with respect to the initial value during a 12h period is less 

than 2% for the first 3 HI3 singular vectors, it is around 15% for the 4th singular 

vector, and it is around 50% for the 5th singular vector.  Instead of this, it is 

larger than 150% for the first 4 HI10 singular vectors.  Compared to the 

Himalayan type of orography, the impact of NR or RA orographies on the mean 

angular momentum is not so large also when hmax=10000 m (if we consider the 

first 4 NR10 and RA10 singular vectors, it is always smaller than 100%). 

It is worth comparing the impact of localized versus wave-type 

orographies, comparing the similarity indices reported, respectively, in Table 5 

and in the first row of Table 3 (note that the two tables refer to orographies with 

similar amplitude).  The comparison between the two tables show that localized 

orographies have a stronger impact than wave-type orographies on the singular 

vector structures. 

Figure 3.6 shows the orography and the most unstable singular vector of 

the HI10 and RA10 experiments.  The singular vectors are located in the regions 

of orographic forcing.  On the contrary, the NOORO singular vectors are 

located close to the equator (not shown).  For both cases, although there exists a 

strong dependence of the singular vector structures on the orographic forcing, 

the contribution to the energy tendency Eq. (3.8) of the orographic term remains 

almost negligible. 
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Figure 3.6.  Top panels: orography (left panel) and most unstable singular vector 

(stream function, right panel) computed for a basic state super-position of a 

super-rotation and a (2,1) RH wave, with the HI10 orography.  Bottom panels: as top 

panels but with the NR10 orography.  Contour isolines every 1000 m for orography.  

The singular vectors are normalized to have unitary kinetic energy norm: stream 

function contour intervals every 1.5 10
6
 m

2
s

-1
.  (From Buizza, 1995b.) 

 

 

 

 
Figure 3.7.  Mean winter '90-'91 300 hPa stream function (panel a) and velocity 

module (panel b).  Contour intervals every 10
7
 m

2
s

-1
 for stream function and every 5 

ms
-1
 for wind module.  (From Buizza, 1995b.) 

 

 

Let us now consider a basic state super-position of a super-rotation and a 

(8,1) RH wave.  For this basic state the singular vectors are less sensitive to the 

simple orographic forcing (3.31), and the e-folding times of the singular vectors 

computed with the different orographic forcing are very similar (not shown).  


