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ABSTRACT
This dissertation applies linear algebra to the study of perturbation growth in
atmospheric flows. Maximallgrowing perturbations are identified from
singular vector analysis of the tire®olving flow.

Given a system characterized by a linear propadaftit), which
describes the time evolution of small perturbati@nisetween timep, andt
around a timeevolving trajectory, an inner produgt;..)e on the tangent space
of the perturbations defined laymatrixE and its associated nor|..|g the

problem can be stated as:

E Find the phase space directioxsfor which /x(t) fe |l /x(to) e is

maximum, wherg(t)=L (to,t)X(to).

Given the adjoint.”® of the forward propagatdr, perturbation growth
is gauged by computing the eigenvectors of an operator includimglL = as
factors. The eigenvectors with the largest eigenvalues define the directions
with maximum growth. They are called the singular vectors of the tangent
forward propagatotk.

First, the singular vector approach is described.

Second, a barotropic model of the atmospheric flow is considered. The
impact of underlying orography on singular vectors growing over different time
intervals, and the role of singularoters in explaining the maintenance of
blocked flows during winter, are analyzed.

Third, a 3dimensional primitive equation model of the atmospheric
flow is considered. Some aspects of the application of the singular vector
technique to the study of perbation growth in the whole atmosphere are
analyzed. A physical interpretation of singular vector growth based on the
application of the EliasselRalm theorem and on WKBJ theory is proposed.

Finally, two examples of operational use of singular vectors are
presented. Results show how the adjoint technique is a suitable methodology
for the identification of atmospheric instabilities, and how it can be used to

investigate predictability problems.
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Chapter 1

INTRODUCTION

This work focuses on the analysis of the growth of small perturbations in
atmospheri¢lows during finitetime intervals. Considering a system described
by a set of no#linear differential equations, a methodology, based on the
solution of an eigenvalue problem of the tangent forward and adjoint
propagators of the system equations, isluseidentify perturbations that can
amplify during finitetime intervals. Although this work does not study
whether systems can sustain growing instabilities as usually defined in
literature (Sections 1.1 and 1.2), it can be considered as a stabilitgisamath
attention focused to phenomena occurring on a finite time range.

The rationale for studying the problem of perturbation growth during
finite time intervals is made clear by the discussion of the problem of numerical
weather prediction (Section3d). The singular vector approach is different from
the normal mode method which is usually applied in literature in dynamic
stability analyses (Section 1.4), and shows thatmemal structures can grow
over finite time intervals also in neutral or d&abituations (Section 1.5).

1.1 Stability in hydrodynamic flows
Helmholtz, Kelvin, Rayleigh and Reynolds recognized the importance of
hydrodynamic stability already in the nineteen century. As not&tdgin and
Reid(1981), stability problems are meclearly introduced biReynolds(1883)

description of a series of experiments on the instability of flow in a pipe:

The ... experiments were made in three tubes ... The diameters of these were nearly 1
inch, 1/2 inch and 1/4 inch. They were alfitted with trumpet mouthpieces, so that the water
might enter without disturbance. The water was drawn through the tubes out of a large glass
tank, in which the tubes were immersed, arrangements being made so that a streak or streaks of
highly coloured vater entered the tubes with the clear water.

The general results were as follows:



(1) When the velocities were sufficiently low, the streak of colour extended in
beautiful straight line through the tube, Fig. 1.1a.

(2) If the water in the tank had not quite settled to rest, at sufficiently low velocities,
the streak would shift about the tube, but there was no appearance of sinuosity.

(3) As the velocity wasicreased by small stages, at some point in the tube, always at
considerable distance from the trumpet or intake, the colour band would all at once mix up with
the surrounding water, and fill the rest of the tube with a mass of coloured water, as ihtFig. 1.
Any increase in the velocity caused the point of break down to approach the trumpet, but with
no velocities that were tried did it reached it. On viewing the tube by light of an electric spark,
the mass of coloured resolved itself into a mass of wdess distinct curls, showing eddies, as
in Fig. 1.1c.

Reynolds showed that the laminar flow described in paragraph (1)
breaks down when the Reynolds numBe=Vak exceeds a certain critical
value,V being the maximum velocity of the water in the tubthe radius of the
tube, andv the kinematic viscosity of water at the appropriate temperature.
Reynolds estimated that in his experimental set up, the critical Reueas
~13,000. However,

... the critical velocity was very sensitive to disturbesin the water before entering the tubes ...
This at once suggested the idea that the condition might be one of instability for disturbance of a

certain magnitude and stable for smaller disturbances.

At critical velocity

... another phenomenon ... w® intermittent character of the disturbance. The disturbance

would suddenly come on through a certain length of tube and pass away and then come on again,
giving the appearance of flashes, and these flashes would often commence successively at one
point in the pipe. The appearance when the flashes succeeded each other rapidly was as

shown ...

in Fig. 1.2. Such flashes are now called 'turbulent spots'.
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Figure 1.1. (a): laminar flow in a pipe; (b): transition to turbulent flow in a pipe; (c):
transition to turbulent flow as seen when illuminated by a spark. (FReynolds
1883.)

Figure 1.2. Turbulent spots in a pipe. (Fréteynolds1883.)

Reynolds' description illustrates an example of a study of hydrodynamic
stability. Following Drazin and Reid1981), the transition from laminar flow
to turbulence can be explained qualitatively as follows. Below the critical
Reynoldsnumber there is a laminar Poiseuille flow with a parabolic velocity
profile, stable to infinitesimal disturbances. Some way below the observed
critical Reynolds number a finite disturbance may grow if it is not too small.

Above the critical Reynolds nurah quite small disturbances grow rapidly with
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a sinuous motion. Soon they grow so much thatlm&arity becomes strong
and large eddies (Fig. 1.1c) or turbulent spots (Fig. 1.2) start to appear.

The importance of the study of the stability analysisalutions of
equation of motions is clearly stressedUaydau and Lifshit¢1951):

... In solving the equations of steady flow for a viscous fluid, it is often necessary to
make certain approximations on account of mathematical difficulties. The yaiidthese
approximate solutions is, of course, restricted ...

In principle, however, there must be an exact stationary solution of the equations of
fluid dynamics for any given steady external conditions ...

Yet, not every solution of the equationrobtion, even if it is exact, can actually occur
in Nature. The flows that occur in Nature must not only obey to the equations of fluid dynamics,
but also be stable. For the flow to be stable it is necessary that small perturbations, if they arise,
shoulddecrease with time. If, on the contrary, the small perturbations which inevitably occur in

the flow tend to increase with time, than the flow is absolutely unstable ...

1.2 Stability in mathematics
Consider anN dimensional system, and suppose that the linear differential
equations describing the motion of small perturbatia”sround a solutiom
have constant coefficients (this approximation is made only to simplify the
formalism, but can be generalized to teyss described by differential
equations with noftonstant coefficients). Thi-th order linear differential

eguations can be written as

dnu’ d"tu’ dm2u’ du’
+ a +a +.+g,,— +a,u=0. 1.1
di" T de"t P d? 't (1.1)

Following Birkhoff and Rotg1969), the homogeneous linear equation
(1.1) is strictlystable when every solution tends to zerd—o; it is stable
when every solution remains boundedt—o; when not stable, it is called
unstable.

The homogeneous linear equation (1.1) is strictly stable if and only if it
has a finite basis of solutions tending to zero, and stable if and only if it has a
basis of bounded solutions [where a basis of solutions is arssbhtions such
that the gemal solution of (1.1) can be expressed as a linear combination of
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them].

If the coefficients of Eq. (1.1) are real, it can be proved that Eq. (1.1) has
a basis of solutions of the fore” ,t'e“sinv t' & cosv , with r, €, v real
constants. Thus, a solutiohthis kind tends to zero if and onlygk0, and it
remains bounded d—« if and only ife<0 or e=r=0. (These results can be
proved more generally for linear differential equations with constant complex
coefficients.)

1.3 Perturbation growth in the amosphere
The atmosphere constitutes an example of an intricate dynamical system with
many degrees of freedom. The state of the atmosphere consists of the spatial
distribution of wind, temperature, and other weather variables (e.g. specific
humidity and srface pressure). The mathematical differential equations
describing the system time evolution are an expression of the physical laws that
describe the behaviour of the atmosphere. One of them is Newton's laws of
motion used in the form "acceleration atguforce divided by massLdgrenz
1993), others include the laws of thermodynamics which describe the behaviour
of temperature and the other weather variables. Thus, generally speaking, there
is a set of differential equations which describe the weath®@ution, at least in
an approximate form.

Richardson(1922) can be considered the first one to have shown that
the weather could be predicted numerically. In his work, Richardson
approximated the differential equations governing the atmospheimons
with a set of algebraic difference equations for the tendencies of various field
variables at a finite number of grid points in space. By extrapolating the
computed tendencies ahead in time, he could predict the field variables in the
future. Unbrtunately, his results were very poor, both because of deficient
initial data, and because of serious problems in his approach.

After World War Il interest in numerical weather prediction revived,
partly because of an expansion of the meteorological wéotsan network, but
also because of the development of digital computers.

Charney (1948) developed a model applying an essential filtering
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approximation of the Richardson's equations, based on theallsd
geostrophic and hydrostatic equations. In 19&0, electronic computer
(ENIAC) was installed at Princeton University, and Charney, Fjgrtoftvamd
Neumann and Ritchmey@r950) made the first numerical prediction using the
equivalent barotropic version of his model. This model provided forecasts of
the geopotential height near 500 hPa, and could be used as an aid to provide
explicit predictions of other variables as surface pressure and temperature
distributions.

Charney's results led to the developments of more complex models of
the atmospheric circations, the sealled global circulation models. An
example of such models is the operational model implemented at the European
Centre for MediurRange Weather Forecasts (ECMWF). Its current
formulation Courtier et al, 1991; Simmons et gl.1995) is baed on a
horizontal spectral triangular truncation T213, it is characterized by 31 vertical
levels, and it includes a parametrization of many physical processes such as
surface and boundary layer processéise(bo and Beljaars1995) radiation
(Mocrette 1990), and moist processdsgdtke 1993;Jacol 1994).

Generally speaking, the current status and limitations of numerical
weather prediction can be summarized as follows.

The status is that there are very sophisticated models that can describe
many amospheric processes, there are very powerful computers that can solve
very large systems (i.e. systems with very many degrees of freedom), and there
is an observational network that can provide the weather prediction centres with
many data.

The limitatiors to weather forecasting are related to the incomplete
description of all physical processes (model uncertainties or errors), and to the
presence of uncertainties in the initial state due to the limited number of data
available (initial conditions' unceitdies or errors). It should be stressed that,
since each data is characterized by an error which depend on the instrumental
accuracy, there will always be errors in the initial conditions. In other words,
small uncertainties related to the charactesstf the atmospheric observing

system will always characterize the initial conditions.
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This was first pointed out in meteorology bgrenz(1965), who noted
that even if the system equations were well known, two initial states differing
only slightly from each other could diverge very rapidly as time progresses.
SubsequentlySomerville(1979) showed that observational errors, usually in
the smaller scales, amplify and through #ioear interactions spread to longer
scales, eventually affecting the whdlow field.

As shown by simple hydrdynamical system tion 1.1), small uncertainti
introduced in a system can amplify and induce a drastic change of the ¢
flow. In the case of numerical weather prediction, errors in the i
conditions cold amplify and quickly deteriorate a weather forecast.
makes very difficult the prediction of severe storms, like the one which cr
Britain during the night between the 28th and the 29th of October 1996
1.3).

Figure 1.3. Meteosadinage of extraropical storm Lilly (26 October 1996) crossing
the Atlantic.
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1.4 The normal mode approach to instability analysis

The method more commonly applied to study the stability of particular
solutions of a dynamical system is based on normal modes, whereby small
disturbances are resolved into modes, which may be treated separately because
each satisfies the linear system géhdescribes the time evolution of the small
disturbances themselves.

Following Birkhoff and Rota(1981), consider thé-th dimensional
autonomous system

dx _
E = X(X) , (12)

and leta be a critical point (i.e. a point where all the functiofhsre equal to

zero).

A DEFINITION 1.1. The critical poirais called
() stable when, given»0, there exists ai>0 so small that, if
| x(0) -a|< d, then| x(t) -a|< ¢ for all t>0;
(i) asymptotically stable when, for soriire0,
| x(0) -a|< o impliesim ., 'x() -a|=0;
(iii) strictly stable when it is stable and asymptotically stable.
A stable critical point which is not asymptotically stable is called

neutrally stable; a critical point which is not stable is calletstable.

In particular, suppose thaX(x)=Ax in Eqg. (1.2), i.e. consider the

constarvcoefficient linear autonomous systetft) = A x . Define as aormal

modea solution of the fornx(t) = ¢* f . The following theorem on the stability

of the critical pointO for this system can be proved.

A THEOREM 1.1. The critical poirt of the constantoefficient linear

autonomous systemx(t) = A x is asymptotically stable if and only if

everyeigenvalue oA has negative real part. In this case, the system is
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also strictly stable.

Theorem 1.1 shows that the study of the stability of the critical point
can be reduced to an eigenvalue problem, specifically to the analysis of the
existence oeigenvectors of with positive real part.

Focusing on atmospheric flows, by considering an idealized basic state
with vertical shear only and by applying a normal mode stability analysis,
Charney(1947) andeady(1949) isolated the baroclinic instability mechanism,
and showed that the zonal mean component of realistic-latiidde
tropospheric flow is unstable. The resulting exponentially growing structure
proved to have length and time scales similar to obdematenospheric
cyclogenesis. Normal modes were also used, for examplginfayions et al.
(1983) to examine the barotropic instability of a zonally varying -fne&an
state, and to show that their time behaviour was consistent with the most rapidly

growing rormal mode.

1.5 Perturbations growing during finite-time intervals:
the singular vector approach
Farrell (1982) studied the growth of perturbations in baroclinic flows. He
noted that the long time asymptotic behaviour is dominated by discrete
exponetially growing normal modes. However, other physically realistic
perturbations are possible, that amplify over a given finite time interval more

than the most unstable normal mode.

... Perturbations to stationary solutions of the equations for baroiitinis are able to
extract energy from the mean state, whether exponentially growing instabilities are allowed or
not. In cases with such exponential modes, the degree to which the mode is excited is dependent
on the initial condition so that the initisét up of the instability may proceed much more rapidly

than would be predicted for the pure normal mode initial condition. ...

Subsequenthyarrell (1988, 1989) showed that perturbations with the
fastest growth over a finite time interval could be identified solving the

eigenvalue problem of the product of the tangent forward and adjoint model
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propagators, supporting earlier conclusiond.bsenz(1965), who pointed out
that perturbation growth in realistic models is related to the eigenvalues of the
operator product.

The adjoint of a dynamical model was first used for sensitivity studies
by Kontarev(1980) andHall and Cacuci(1983). Later onlLe Dimet and
Talagrand(1986) proposed an algorithm, based on an appropriate use of an
adjoint dynamical equation, for solving constraint minimisation problems in the
context of analysis and assimilation of meteorological observations. More
recently, Lacarra and Talagrand(1988) applied the adjoint technique to
determine optimal perturbations using a simple numerical model. Following
Urban (1985) they used a Lanczos algorith8trang 1986) in order to solve
the related eigenvalue problem. For a bibliographghronological order of
published works in meteorology dealing with adjoints up to the end of 1992, the
reader is referred tGourtier et al.(1993).

After Farrell and Lorenz, calculations of perturbations growing over
finite-time intervals have been npiermed, for example, byBorges and
Hartmann(1992) using a barotropic model, andMwglteni and Palme(1993)
using a barotropic and al8vel quasigeostrophic model at spectral triangular
truncation T21.Buizza(1992) andBuizza et al(1993) first idetified singular
vectors in a primitive equation model with a large number of degrees of

freedom.

16



Chapter 2
MATHEMATICAL FORMALISM

The theoretical and numerical aspects of the computation of perturbations
characterized by the fastest growth ovéinde time interval are discussed in
this chapter.
Given a set of nofinear differential equations describing the dynamics
of a generic system, first the tangent equations are deduced and the tangent
propagator is constructed, then an inner prodwi¢fiied in the tangent space,
and finally the adjoint propagator is defined (Sections 2.1). Projection
operators used in the studies reported in Chaptérstd@ address specific
guestions are also introduced (Section 2.2). The mathematical formalism and
the definitions come essentially from linear algebra. The treatment is general,
and can be applied to any system described by a set of differential equations.
As mentioned in Chapter 1, the computation of the fastest growing
perturbations can be reducedan eigenvalue problem. Due to the very large
number of degrees of freedom that can characterize systems such as the
atmosphere, the eigenvalue problem can be solved only by algorithms that do
not need to access directly the matrix elements that défeng@roblem. A

Lanczos algorithm has been implemented for this purpose (Section 2.3).

2.1 Singular vector definition
Let G be the state vector of a generic autonomous system, whose evolution

equations can be formally written as

% =A(x. . (2.1)
Denote bys(t) an integration of EqQ. (2.1) fromg to t which generates a
trajectory from an initial poingo to G;=G(t).
The time evolution of small perturbatiorsaround the timevolving

trajectory G(t) can be described, in a first approximatidy, the linearized
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model equations

0
a_:AIX! (22)

wherea, =5 \(xX)/ 0 |
G(t).

, »is the tangent operator computed at the trajectory point

LetL(t,to) be the integral forward propagator of the dynamical equations
(2.2) linearized about a ndmear evolving trajectorg(t)
X(t) =L (t to) X(to) » (2.3)
that maps a perturbatiomat initial timety to its value at the optimisation tinie
(SinceL is a linear operator, it can be represented by a matrix, and we will use
the same symbol for the operator and the matrix.) The tangent forward operator
L maps the tangent spadg, the linear vector space of perturbationsato 1,
the linear vector space @t
Consider two perturbationg andy, e.g. atcy, a positive definite
Hermitian matrixg, and define the inner product;..)e as
(X y)e=<xEy> (2.4)
on the tangent spatk. Here<..;..> is the canonical Euclida scalar product,
<XY>=L )Y, - (2.5)

Let |..| e be the norm associated with the inner proqugt)e,

X _Z=xX).=<xEx>. (2.6)

Let L™® be the adjoint of. with respect to the inner product..)e,
(LEXY)e=(Ly). (2.7)
The adjoint ol with respect to the inner product definedibgan be written in

terms of the adjoint” defined with respect to the canonical Euclidean scalar
product as
L*=E"'L E. (2.8)
From Egs. (2.3) and (2.7), it follows that the squared norm of a
perturbatiorx at timet is given by

XM 2= ((to) L L X(to))e - (2.9)

Let us now recall the problem we want to address (see Abstract):

18



E Find the phase space directioxsfor which O e 1 /x(to) /e is

maximum, wherg(t)=L (to,t)X(to).

Equation (2.9) shows that this problem can be reduced to the search of
the eigenvectorg(ty),

L= L vi(to) =0 vi(to) (2.10)
with largest eigenvalue$®.

The square roots of the eigenvalugsare called thaingular values
and the eigenvectorg(tp) the (right)singular vectorsof L with respect to the
inner produck (see, e.g.Noble and Daniel1977). The singular vectors with
largest singular values identify the directions characterizgdmaximum
growth. The time intervalt, is called optimisation time interval.

Unlike L itself, the operatot. L is normal. Hence, its eigenvectors
Vi(to) can be chosen to form a complete orthonormal basis inNthe
dimensional tangent space oétherturbations a. Moreover, the eigenvalues
are real[;;°>0.

At optimisation time, the singular vectors evolve to

vi () = L, to) vi (to) (2.11)
which in turn satisfy the eigenvector equation
LLEvi) =0 vi() - (2.12)
From Eqgs. (2.9) an(2.12) it follows that
v _f=ot. (2.13)
Since any perturbatior(t)/ _x(t,) _. can be written as a linear combination of

the singular vectorg(t), it follows that

t
MaX x(t,) .» (%) =0, (2.14)

Thus, maximum growth as measured by the n|..| e is associated with the
dominant singular vectos.

Given the tangent forward propagatagrit is evident from Eq. (2.10)
that singular vectors' characteristics depend strongly on the inner product
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definition and on the choice of the optimisation time interval (e.g., this means
that the eigenvalue®® depend on the optimisation time interval).

The problem can be generalized by the inner product at initial and
optimisation time to be chosen differen€onsider two inner products defined
by the (positive definite Hermitian) matricEs andE, and restate the problem
as finding the phase space directigrier which

XO e _ <L X(to): EL X(to) >
Xto) _, < X(to): EoX(to) >

(2.15)

is maximum. Applying the coordinate transformatigt)=Eq"x(t), the right
hand side of Eq. (2.15) can be transformed into

< L Es”?Y(to); EL Eg"?¥(to) >
< Y(to); ¥(to) >

_ < ¥(to)i Eo”L" E L Eg”¥(to) > (2.16)
< Y(to); Y(to) >

Since

Eo”L EL Eg”=(E™L E3?) (E"*L E5D), (2.17)
the phase space directions which maximize the ratio in Eq. (2.16) are the
singular vectors of the operat&’LEyY? with respect to the canonical
Euclidean inner product. With this definition, the dependence of the singular

vectors' characteristics dine inner products is made explicit.

2.2 Projection operators

The set of differential equations that defines the system evolution can be
solved numerically with different methods. For example, they can be solved
with spectral methods, by expanding a state vector onto a suitable basis of
functions, or with finitedifference methods in which the derivatives in the
differential equation of motions are replaced by finite difference
approximations at a discrete set of grid points in space. The two numerical
models of the atmospheric flow that are used in this work @ro@ic model,
and the ECMWEF primitive equation model) solve the system evolution
equations partly in spectral space, and partly in grid point space.

Denote byxgy the grid point representation of the state vexidry Sthe
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spectrafto-grid-point  transfomation operator,xg=Sx, and by Gxg the
multiplication of the vectoxg, defined in grid point space, by the functg(s):
9(s)=1l s< (2.18)
g(s)=0if s¢
wheres defines the coordinate of a grid point, &t a geographical region.

Define the functiorw(n) in spectral space as

w(n)=1if ne 2

wEn)):O'rf neg )’ (2.19)
wheren identify a wave number argl is a subspace of the spectral space, and
by Wx the multiplication of the state vectoiby the functionw(n).

Consider a vector. The application of the local projection operakor
defined asT=S'GS, to the vectoix sets the vectox to have zero grid point
values outside the geographical regibn Similarly, the application of the
spectral projection operatdv to the vectorx sets to zero its spectral
components with wave number outsgle

The projection operatoiB andW can be used at either the initial or the
final time, or at both times. Their usefulness is evident, for example, from the
formulation of the following prol@m: find perturbations witfi) fastest growth
during the time intervatty, (ii) unit Eo norm and wave components belonging
to q o initially, and (iii) at the optimisation time, maximui norm measured
inside the geographical regi®hand with wave compa@nts belonging tq ;.

Such a problem can be solved by the computation of the singular vectors of the
operator

K=g""TgLSsEy?. (2.20)

2.3 Pseudeanverse and sensitivity field
FollowingBuizza et al(1997), consider the set of the fiMtsingular vectors of
theN dimensional space of a system witkN (for exampleN=484for a T21
barotropic model, anti~10 for a T21L19 primitive equation model of the
atmosphere, ankl~10-10°). During the optimisation time interval, this set of
singularvectors define what we call the unstable-sphce of the system. It is

convenient to introduce a normalized set of evolved singular vegiwith unit
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norm, so that

=t (2.21)

of
Denote byw=[ vi(to), ..,vm(to)] theNxM matrix with columng(to), byU=[ uy, ..,
um] the NxM matrix with columnsau;, and by# the MxM diagonal matrix with
elementsl. Then, applying Eq. (2.11), Eq. (2.21) can be written as
U :LV. (2.22)
Equation (2.22) can be used to estimate the tangent forward propagatbe
unstable sulspace,
L=JZ /. (2.23)
Consider an arbitramy(to) =x(t) [for examplex(t) can be the difference
between two solutions; andg; of the nonlinear model equations (2.1)]. The
projection ofx(t) onto the unstable stdpace spanned by the evolved singular
vectorsyi(t) can be written as
XO =% yu (Ui x(@) )e - (2.24)
Suppose that the initial statéto) is unknown. From Eq. (2.23} follows that
an estimate of the inverse of the tangent forward propagator is given by
L'=vsE U, (2.25)
and an estimate of the initial staiy) is given by
X(to)=_7"x®) =V U'x®) . (2.26)
Equation (2.26) is the analogue, in the unstablespalce, of inverting the
forward propagatot. to obtain the initial state. With respect to the NIl
dimensional spacq,*is the MoorePenrosgpseudeinverse (Penrose 1955;
Golub ard Van Loan 1983) ofL, in the approximation where all the singular
values outside the unstable ssface are small compared with those inside the
unstable sutspace. So, in this approximation,
L 'L=L. (2.27)
Consider now the problem d&ihding a vectors(tg) »s(t) that has the
largest projection ontr(t), or in other words that maximizes the inner product
(s(); () )e - (2.28)
Sinces(t)=Ls(tp), and applying the adjoint definition, the inner product (2.28) is
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maximized when
S(to) _ L= x(1) . (2.29)
The vectos(tp) is often referred to assensitivity field (following, for example,
Marchuk 1974,Cacuci 1981). Since(t)=Lx(tp), it follows from Eq. (2.29)
that
S(to) _ L L X(to) - (2.30)
Note that Eq. (2.10) cdme written in matrix form as
LFL=V X V', (2.31)
and thus Eg. (2.30) can be written as
S(te) _V = V' X(to) - (2.32)
In the hypothesis that the initial vectdty) is unknown and applying Eq. (2.26),
the sensitivity field can be estimated by
S(to) _VZ J'x() . (2.33)
The comparison of Egs. (2.26) and (2.33) shows that the estimated initial state
X(t,) and the estimated sensitivity fieklt,) differ only in the weighting of

the singular vectors usedtime projection.

2.4 Singular vectors, normal modes and adjoint modes
(The following Section has been extracted fiBuizza and Palmer1995.)

The notion of singular vector analysis can be considered as a generalization of
the classical normal mode iasility analysis. This can be made explicit by
linearizing the set of nehnear differential equations (2.1) about a stationary
solution, so that the linear operafgrdoes not depend on time.

Normalized eigenvectows of A; with eigenvalues;

A =us, (2.34)
give rise to normal mode solutions of Eq. (2.2),
n=¢ e, (2.35)
The integral operatdr(t,to) can be written as
L(t, to) =, (2.36)

with eigenvectors; and eigenvalueg™*“. .

In general, the linear operators associated with realistic stationary basic
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state flows are nenormal because of vertical and horizontal wind shear
(Farrell and Moore 1992). Because of this, the normal modes are not
orthogonal to one another. Howeverespective of normality, normalized
eigenvectors]; and eigenvalueg, of the adjoint operatat = must, from Eq.
(2.7), satisfy the borthogonality condition

(#;-05)(1 ;5 )=0, (2.37)
whered is the complex conjugate @f. This condition ensures that the
eigenvalues of an eigenvector/adjoint eigenvector pair that are not orthogonal
must form a complex conjugate pair. The magnitude of the inner product
(dj;3))e depends on the angtethe two eigenvectors subtend in phase space.
Zhang(1988) defines

1 _ M _e S, ¢
cosy, (,:¢ e

(2.38)

the projectibility of3;.
Let us suppose that the normal modes have a finite eigenvalue spectrum,

and that they constitute a basis. Then, any vectan be written as
X(t) =% ¢;¢ e, (2.39)
where, from the borthogonality condition (2.37),

_ (1,:X(19)

2.40
(77];§J)E ( )

Cj

From Eqg. (2.39), the fastest growing normal mode will ultimately
dominate the linear combination. Hence, for sufficieldiyg optimisation
times, the dominant singular vector at optimisation time will correspond to the
most unstable normal mode.

In order to maximize the contribution from the first normal mode at
optimisation timeg; in Eq. (2.39) should be as large as fuss If x(tg)=31,
thenc,=1. By contrast, i(to)=d1, thenc; is maximized Zhang 1988), with
ci=1/cosy in the hypothesis of the normal and adjoint modes being normalized
to have unit norm at initial time. Hence, at initial time, the dominant singular
vector will be determined by the first adjoint eigenvector, whilst at (indefinitely

long) optimisation tine the dominant singular vector is determined by the first
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normal mode itself.

This is illustrated schematically in Fig. 2.1 for an idealized
2-dimensional system with decaying normal modes. The singular value will
depend on both the-felding time of ttle dominant normal mode and its
projectibility.

For finite optimisation times, the dominant singular vectors will no
longer project onto individual normal modes and their adjoints, and the
amplification rate of the singular vectors will not be boundedprioperties of

the dominant normal modes alone.

2.5 The Lanczos algorithm
Algorithms based on Lanczos theory are very valuable in solving an eigenvalue
problem when only a few of the extreme eigenvectors are needed. They are
particularly useful for prolems characterized by large, sparse matrices. The
algorithms do not access directly the matrix elements of the operator that
defines the problem, but give an estimate of the eigenvectors through

successive application of the operator.
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Figure 2.1. This diagram illustrates schematically the crucial difference between
normal mode and singular vector growth, and the relationship between singular
vectors and adjoint modes. An idealize® Zystem has two very namthogonal
decaying modes, and3,. We take to have larger real eigenvalue component. The
adjoint modes); and d, are shown, withd;, d. orthogonal to3, and 33, respectively
(according to the borthogonality condition (2.37)). A normalized vectpis shown
parallel tod;. Its time evolution can be estimated by mapping the tip and tag of
along thesy ands, directions (shown as dashed lines) using the modal decay rates. The
sequence of vectowg, n=1, 2, ..giving the time evolution af increases in amplitude

up tosome finiten=N, and is aligned almost entirely withfor largen. The projection

of v, onto 3, for large n is much larger than that associated with the evolution of a
second normalized vectar, which is initially aligned alongy. The sequence,
describes singular vector growth over a long time interval. (FBuizza and Palmer
1995.)

Consider the eigenvalue problem
AX =0 X, (2.41)
whereA=K'K, andK is the operator defined in Eq. (2.20). By definition, the
matrix A is NxN dimensional, and symmetric. Without loss of generality, we
can also suppose that it is real.
If A is a real, symmetric matrix, then there exists an orthogonal real
matrix Q such that
QAQ=D(1,..,1), (2.42)
whereD(a, .., &) is a diagonal matxi andQ' denotes the transpose®f{Schur
decomposition theorem).
The Lanczos algorithm does not directly compute the diagonal nigtrix
but it first computes a partial transformation of the mairixsing a tridiagonal

matrix T

QAQ=T, (2.43)
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with

a, B, O
B, a, B, 0
0 A,
T= . 0 . . . 0 . (2.44)
B,, O
0 B, au B,
0 B, a;
and with
Q=[q,,-.qj, (2.45)

where the vectorg are column vectors, and where the number of iteraflas
much smaller than the dimensionality of the probld N. Then, the Lanczos
algorithm finds the diagonal decompositionTof
T=g'DS. (2.46)
The elements of the diagonal matixare an estimate of the eigenvalue#\pf
and an estimate of the eigenvectors are givevidpyi, ..,yj], with
Y =QSs. (2.47)
The actual computation is performed by writing EqQ. (2.43) as
AQ=QT. (2.48)
Equating columns of Eq. (2.48), it follows that
Aq=p,d, a q;*+ B q, (2.49)

for j=1, J. The orthogonality of the vectogsimplies that

a =qAq,. (2.50)
Moreover, if
n=MA-alq-B,q, (2.51)
iS nonzero, then
_Tj
G ™5 (2.52)

I
where b=+ <r;;r;>. An iterative application of these equations, with a

randomly chosen starting vectqt, defines the Lanczos iterative procedure.
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The total number of iteratiodldetermines the accuracy of the computation. As
this number increases, more eigenvalues/eigenvectors can be separated from the
others, independently of the choice of startingeegt. This separation starts
from the extremes of the eigenvalue spectrum. The accuracy of the
eigenvectors is less than the accuracy of the singular values, say towheer
the precision of the singular values is of order

The reader is referred Golub and Van Loaif1983) for a theoretical
description of the Lanczos algorithm. The Lanczos code used in this work is a
prerelease of a code developed by the NAG Group (Numerical Algorithm

Group Ltd, Oxford; se&imon 1984, for more details).
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Chapter 3

THE IMPACT OF OROGRAPHIC FORCING

ON BAROTROPIC UNSTABLE SINGULAR VECTORS
(The following Chapter is the text 8uizza 1995b.)

The influence of topography on fluid instability has been studied in literature
both in the beta channel approximation and on the sphere mainly using normal
modes. A different approach recently proposed is based on the identification of
unstable singulavectors, i.e. structures that have the fastest growth over finite
time intervals. Systems characterized by neutral or damped normal modes have
been shown to have singular vectors growing (e.g. in terms of kinetic energy)
over finite time intervals. Sindgr vectors do not conserve their shape during
time evolution as normal modes do. Various aspects related to the identification
of singular vectors of a barotropic flow are analyzed in this paper with the final
goal of studying the impact of the orogragpythese structures.

First, we focus on very idealized situations to verify if neutral and
damped flows can sustain structures growing over finite time intervals. Then,
we study singular vectors of basic states defined as the-gogidon of a
superrotation and a Rosskyaurwitz wave forced by orographies that project
onto one spectral component only, or forced by very simple orographies with
longitudinally or latitudinally elongated shapes. This first part shows that
orography can alter the unskalsubspace generated by the most unstable
singular vectors, either directly through the action of the orographic term in the
linear equation or indirectly by modifying the evolution of the basic state.

In the second part we consider a realistic basite sdefined as a mean
winter flow computed from three months of observed vorticity field, forced by a
realistic orography. We show that the orographic forcing can indirectly modify
the singular vector structures. In fact "orographically induced" itisiedcan
be identified only when considering tire@olving basic states. These
results show that unstable structures related to physical processes can be
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captured by the adjoint technique.

3.1 Introduction
The impact of topographic forcing on tHew of a barotropic atmosphere has
been widely recognized and studied in literatutdarney and DeVorél979)
showed that the occurrence of multiple stationary or oscillatory equilibrium
states can be related to external forcing. They analyzed the timpac
topographic and thermal forcing on equilibrium solutions of a highly truncated
spectral model of the barotropic atmosphere, and were able to show how
topographic forcing relates to equilibrium solution structures. One of the
conclusions of their worlwas that topographic instability might be responsible
for transitions between different mettable states.

Following Charney and DeVor¢l979), Frederiksen and Bel1987)
showed that topography plays an important role in the formation of some
largescde teleconnection patterns. In later worksederiksen(1989) and
Frederiksen and Bell1990) examined the role of barotropic and topographic
instability during periods of persistent blocking, and indicated that topographic
instability plays little rolan the mechanism of block formation.

The influence of underlying topography on the instability of a fluid has
been studied both in the bethannel approximation and on the sphere.

Fyfe and Deromg1986), studying the stability of free and forced
planetay waves in a betahannel with a barotropic model, analyzed the
interaction of unstable (normal mode type) perturbations with the bottom
orography. They demonstrated that a forced zonal wave can be stable or
unstable depending on the amplitude of th@twaphy, and they concluded by
reporting the existence of travelling topographically unstable waves.
Frederiksen and Frederiksef1989) gave a review of published works and
examined the instabilities of exact steady state solutions for a barotropiaflow i
a betaplane channel. In a later workyrederiksen and Frederiksgfi991)
studied the instability of a flow in spherical geometry. They showed how
orographic forcing can promote the growth of perturbations either through a

form drag mechanism or actiag a catalyst for wawwave interaction. They
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examined the instability properties of the fluid using a linearized version of a
barotropic vorticity equation following the normal mode approach.

Hoskins (1973) studied the stability of Rossblaurwitz waves
(hereafter RH waves) for a single planetary wave and a zonal flow in spherical
geometry. Supported by some numerical integrations, he concluded that RH
waves with zonal waven< 5 are stable whilst those with>5 may be unstable.
However his numerical procedure permitted only zonal wave numbers that are
multiples of 4, so other types of disturbances were prohibiBadnes(1976)
analyzed the stability of planetary waves to small disturbances as an eigenvalue
problem deduced from thenkarisation of the nedivergent barotropic
vorticity equation, in spherical geometry and without topographic forcing. He
showed that waves with total wave numbdess than 3 are stable, whereas
those with total wave number greater than 3 are unstabke amplitude of the
perturbation is large enough.

The consensus of these authors was that the barotropic approximation is
sufficiently accurate to describe the basic mechanisms of topographic forcing,
resonance and nonlinear interactions. In a workdgyas and Ghi(1985), it is
suggested that a simple barotropic model is capable of simulating the actual
behaviour of the largecale midlatitude atmospheric flow, whose spatial
structure is known to be barotropic to a large extBiaakmon et al.197M).
Baroclinic instabilities occur on scales smaller than the barotropic instabilities,
and their characteristic time scales are shorter than those considered.

A different approach to the instability analysis has been us&atogl|
(1982, 1988), wheointed out that normal modes are not the fastest growing
perturbations over finite time intervals. By superimposing o (1907)
solutions with different initial tilts of the phase lines in the horizontal plane,
Farrell (1982) showed that disturbanassn grow before the inevitable decay.

If the dynamical equations are truncated, then the continuous spectrum is
approximated by the eigenspectrum of a finite dimensional evolution operator.
These eigenvectors are generally linearly independent, so tiyatndial

perturbation can be expressed in terms of the truncated operator's normal

modes; however, they are not in general orthogonal. As a consequence, linear

31



combinations of two or more modes can grow much faster than any individual
mode. Unlike norml modes, these structures change over time since their
growth is space dependent. They are called unstable singular vectors, and they
are defined as the directions in the phase space of the system that give the
largest growth of the norm of a state vectdsee section 3.2 for more details)

2: =20 (3.1)

_X(to)_

over the optimisation time interviaty. They can be computed using the tangent
and the adjoint versions of the nbmear model describing the system evolution
(Lacarra and Talagrand1988).

In a later workBoyd(1983), studying analytically a linear Couette flow,
confirmed the results dfarrell (1982) and concluded that to understand the
mechanism of finite time interval growth one should consider not only the
discrete normal modesubalso the continuous spectrum of singular neutral
modes. [As shown byedlosky(1964) they form a complete set for the
canonical Eady (1949) andCharney (1947) problems.] On a later work,
studying small error dynamicBarrell (1990) proved that the @gnease of the
errors on synoptic time scales is controlled by structures that are not of normal
mode form.

Borges and Hartmann(1992) studied the barotropic stability of
observed 300 hPa naonal flows searching for singular vectors. They
demonstrated it they are at least as important, for stability considerations, as
the adjoint and eigenmode structures.

Molteni and Palmer(1993) calculated singular vectors in both a
barotropic and a-Bvel quasigeostrophic model using a linear approximation
to the nodel equations. They used as initial conditions for their models mean
values computed from 6 years of ECMWF Jantehruary analyses.
Considering timanvariant basic states, they showed that perturbations defined
(at initial time) by unstable singulaectors have much larger growth rates than
normal modes and possess a more localized spatial structure. Comparing the
singular vectors computed using the two models, they showed that the

baroclinic singular vectors are more localized in the meridionattim, with
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little amplitude in the tropics and with a maximum closer to the jet core than the
barotropic singular vectors. They found barotropic singular vectors with
amplification rates similar to the baroclinic values for optimisation times
shorter tlan 2 days. However, for longer optimisation time intervals baroclinic
singular vectors are characterized by larger amplification rates, since they grow
as a result of both baroclinic and barotropic energy conversions. Considering
smooth timenvariant baic states defined to identify two regimes of the
northern hemisphere winter flow, they showed that barotropic singular vectors
evolve in closer agreement to forecast errors than the baroclinic singular vectors.
Finally, they concluded that barotropic gitar vectors appear to be able to
generate regime transitions.

Barotropic models and the adjoint technique have been used also in
variational assimilation studieslalagrand and Courtief1987) andCourtier
and Talagrand(1987) showed how the adjoint edion of a nordivergent
barotropic vorticity model can be used in the problem of assimilation of
meteorological observations.

The adjoint technique is applied throughout this study. Adlimaar
spectral barotropic model in spherical geometry, its tarayehadjoint versions
have been coded. The model has been written so that the time integration of the
tangent and the adjoint versions are performed following the trajectory
described by the basic state.

This work concentrates on singular vector rathanton normal mode
type instabilities. Our purpose is to study the impact of the topography on the
singular vectors. Table 3.1 is a schematic of the work presented in the paper.

Section 3.2 describes the model equations and section 3.3 the adjoint
technique. In section 3.4 we study the stability of idealized basic states. First,
in subsection 3.4.1, we compare normal modes and singular vectors of RH
waves to determine whetheeutral or damped flows can sustain structures
growing over finite time intervals. Then, in sabction 3.4.2, we analyze the
impact of simple orographies projecting onto one spectral component only on
the singular vectors of idealized basic states, défasethe superposition of a

superrotation and a RH wave. In section 3.5 we consider more localized but
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still idealized orographies, and we study their impact on the singular vectors of
the same basic states considered insadtion 3.4.2. Finally, inestion 3.6, we

study whether "orographically induced" perturbations can be identified when
considering a realistic basic state forced by a realistic topographic forcing.

Conclusions are drawn in section 3.7.

Section Basicstate flow Orography Study

34.1 (n,m) RH wave normal modes vs sing. vect.
3.4.2 Srot + (n,m RH wave (n,m) forcing  orographic impact on sing. vect.
3.5.1 Srot + (n,m) RH wave idealized orographic impact on sing. vect.
3.6.2 Obs atmospheric flow real orographic impact on sing. vect.

Table 3.1. Schematic of the subjects analyzed in each Section.

3.2 The barotropic model
The numerical model used for this study has been derived from the vorticity
equation in spherical geometry

0
SEACH Ty

0 Te T hdiff

1

A<, (3.2)

wherey is the stream functioms=qp ythe vorticity,gpthe horizontal Laplacian,
J(..,..)the Jacobiart,the Coriolis parameteh the topographic height arng a
reference height. The reference height parameter has been set to the realistic
value hp=10000 m The motion is retarded by a vorticity sink (Ekman
pumping) governed by a characteristic dissipation tighe A horizontal
diffusion term with charactetis parameterUgs and proportional to the
horizontal Laplacian at theth power (withl=4) has been introduced to
simulate the effect of the unresolved scales of motions and to control small scale
instabilities. The characteristic tingand the pamaeter (g of the diffusion
processes have been set respectiveltdayand to10 day/r.

The model is solved in the coordinate system defined by the longitude
and the sine of the latitude=sind. A nonrdimensional equation has been
deduced from g (3.2), with the space coordinates scaled by the earth @adius

and the time scaled by twice the earth angular velocity
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x=2t=2Q | (3.3)
a

wherex,t are the dimensional variables. The sthmensional equation has
been discretized through a truncated expansion of spherical harmonics, at
triangular truncation T21, and the equation for the time evolution of the
vorticity expansion coefficients has beeamerically integrated using a time
filtered Leapfrog scheme.

The linearized equation for a perturbatmfollows from Eq. (3.2) by
writing the vorticity as the sum of a mean vag eand a perturbatioa
o h 1
—= WS w)r I+ FA+r—)v)-—¢ -

0 o Te T hditf

1

A< (3.4)

The adjoint of Eq. (3.4) with respect to the canonical Euclidean norm

_ ¢ P=<{id>=]¢0dE, (3.5)
can be analytically computed from Eg. (3.4)
1

° . J(?;W)+A'J(§+f(1+h£);§)+i§+ A¢. (3.6)

0 Te T hdiff

The kinetic energy of a perturbation can be computed as
KE = -éjzwg ds | 3.7)

Using Eg. (3.4) in Eqg. (3.7), we can derive an equation for the perturbation
kinetic energy evolution

0 E h .

a—zjzw[ Jw $)+ Iy <+ D dE Ly Iy f—o)dZ ~diss. (3.8)
The first term on the right hand side represents the advection of the perturbation
kinetic energy by the basic state flow. The second term gives the exchange of
energy between the perturbation and the basic state, the third term describes the
orographic ércing and the fourth term represents all the dissipative processes of
the model.

If we consider Egs. (3.2) and (3.4) without any dissipation mechanism,

both the stream function of the mean state and of the perturbation satisfy the

following equation
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o 1 oy 1, 0y
I el R L dZ]==_h—dZ, 3.9
at[22( ﬂ)é,u 1=5xh; (3.9)

where the left hand side of Eqg. (3.9) is the area average of the angular
momentum. Thus, in the absence of orography (and of dissipations) this
guantity is conserved.

3.3 The adjoint technique

Let cbe a state vector in tiphase space of the system. The evolution equation
(3.2) can be formally written as

0

a_f: Alx (3.10)
whereA is a nonlinear operator.

The most unstable singular vectors are the directions in the phase space

of the system that guarantee thstest growth of the norm of the perturbations
over a finite time interval. For small time intervals and small initial amplitudes

their behaviour is almost linear, and they can be computed using the linearized

equation
0
Z4s A X, (3.11)
0
o\ .
where A = a_k“) is the tangent operator that corresponds to the model operator
A

Let us denote the propagator of Eq. (3.11) lbyi(t,ty). The
perturbatiorx(t) at timet is then given by
X(t)=Lx(t,)- (3.12)
Let us define amner product on the space of the perturbations
X y)=<xEy>, (3.13)
whereE defines some weighting factors, and..> is the canonical Euclidean

scalar product. Let us define the associated norm of a generic vector

X ‘=x;X)=<x;Ex>, (3.14)

with the weight<€ defined so that the norm (3.14) of a perturbation is its kinetic
energy. The norm of the perturbation at tinregiven by
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Ox(t) *=(Lx;Lx). (3.15)
Let us denote by F the adjoint of the operatdr with respect to the imer
product(..;..)

(L=x;y)=(x;Ly). (3.16)
Then, using the definition (3.16) in (3.15), the norm of the state ve(tjaat
timet can be computed as

_X(® "= (LxoiLx)=( L Lxoix)- (3.17)

The square roots of the eigenvali@®f the matrixL EL are called the singular
values of the matrik, and the eigenvectovsof the matrixL =L are called the
right singular vectors ot..

The singular vectorg identify an orthogonal base in the phase space of
the systemBuizza etl., 1993). They are orthogonal at titgand at final time
t. The singular values give the amplification factors betwegrandt for each
of them, and they are functions of the optimization time intertal As
demonstrated blgarrell (1989) andBorges and Hartman(iL992), the singular
vectors with the largest singular values identify the perturbations growing
fastest over the optimisation time interval.

The method we implemented to solve this eigenvalue problem is based
on a Lanczos algorithm €e Strang 1986) developed by the Numerical
Algorithm Group (NAG, Oxford).

To compare singular vector structures we can definBlthen unstable
subspace relative to an experiment as the-spdce of the phase space of the
system defined by the firdtl singular vectors. We can compare unstable
subspaces generated by the fikssingular vectors; of two experiments A and
B using a projection matrik(A,B;N)whose elements are

m; (A, B)= < v;(A); Ev,(B)>>. (3.18)
Each element of this matrix is the squared scalar product betweerththe i
singular vector of the A experiment and thth jsingular vector of the B
experiment. It represents the amount of the energy oftthsimgular vector of
the A experiment whichsi explained by the-th singular vector of the B

experiment. The sum of the matrix elements with a fixed first index represents
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how well the ith singular vector of the A experiment can be reconstructed from
a linear combination of the firdt singular vetors of the B experiment.

We can also define a "similarity index" of two experiments A and B,
that measures the similarity of the unstable-Spdces generated by the fikst

singular vectors of each experiment
1
s(A,B; N)= WZ““ mi; (A, B) . (3.19)

Some referere values for the similarity index, obtained with the barotropic
model, are reported hereafter:
a) singular vectors that identify the same unstable-spalce are
characterized bg(A,B;N)=100%
b) orthogonal unstable stdpaces are characterizeddgf,B;N=0;
c) the mean similarity index, averaged over winter'®0 computed
between unstable st#paces of two consecutive days generated with a

48h optimisation time interval, isday;day+ 1;20)= 45%
d) the mean similarity index, averaged as in c), lomputed between

unstable sutspaces generated by the singular vectors ofddayd of

dayd+2, is s(day: day+ 2:20)= 30%.

3.4 Singular vectors of idealized basic states

In the first part of this section we verify that singular vectors can grow over
finite time intervals in idealized basic states supporting only neutral or damped
normal modes [as ifrarrell (1985, 1989) for different systems]. This is
presented in subedion 3.4.1, where the stability of RH waves is studied with a
version of the model described by Eq. (3.2) without orography and without the
Ekman pumping term. The impact of idealized orography on the stability of the
flow is analyzed in sulsection 3.4.2where we consider orographic forcing that
projects on thgn,m) spectral component only, and flows superposition of a
superrotation and g§n,m)RH wave.

We concentrate on RH waves with total and zonal wave numbers equal
to (2,1), (4,1) and (8,1). Thécicem=1 has been made so that in a latitudinal

belt there is a region of convergence (representing a jet stream) and a region of
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divergence. Other zonal wave numbers are not considered since we are more
interested in changing the meridional than the atovorticity gradients.
Starting from total wave number=2, we study waves with increasing total
wave numben=4 andn=8 to have more small scale features in the basic state

characteristics.

3.4.1 Singular vectors of RossHgurwitz waves
Baines (1976 deduced from the results dfjortoft (1953) an inequality
concerning the spectral distribution of energy for a barotropic model without
any dissipation term and with no orography in spherical geometry. He found
that if the initial energy is in a mode miodes with total wave number2, then
the RH wave can be unstable if the wave amplitude is sufficiently large. Thus,
the (2,1) RH wave has stable normal modes, while the (4,1) and the (8,1) RH
waves can have unstable normal modes. For each wave, Wweeahthe

sensitivity of the unstable normal modes to the initial wave amplitude
V= l//..m Pmn eim/1+ c.C.

=2Re(y ) Pmy cos(mA )- 2 Im( ¥ 12) PmnSIn (mA ). (3.20)

Let us define the-éolding time of a normal mode by

==, (3.21)

wherex, is the real part of the normal mode frequency.

Figure 3.1 shows thefelding time of the most unstable normal mode
as a function of the nedimensional vorticity amplitude. The (4,1) and the
(8,1) RH waves are unstable if the wave amplitude is larger th given
threshold, while the (2,1) RH wave is stable independently of the basic state
amplitude.

Singular vectors of the (2,1), (4,1) and (8,1) RH waves have been
computed for different optimisation time intervals keeping the basic state
constant. A tne-iindependent basic state was chosen because for unstable or
damped systems the fastest growing singular vector computed with constant

basic state approaches the most unstable normal mode in thi—co. Let us
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define the amplification facta{t) and the parametéft) for a singular vector

by

ﬂDE'ym—, (3.22)
_Vo_

t
In(A 1)’

)= (3.23)

where the norm has been computed using Eq. (3.1#). gives the time
required for the perturbation norm to increase by a fagtqrecisey the
definition of the efolding time of a normal mode. Thuf) will be referred to
as the dolding time of the singular vector.
The basic state amplitude of the three RH waves, in terms of the
nortdimensional vorticity field, has been fixed to thensavalue
Re(¢,,,)=0,Im({ )=0.1. (3.24)

For this basic state amplitude Fig. 3.1 shows that the (4,1) RH wave has stable
normal modes, while the (8,1) RH wave has unstable normal modes with the
most unstable mode characterized by -#olding time ofabout 80 days.
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Figure 3.1. Ordinate: dolding timesU = 1, (day) of the most unstable normal mode

of the (4,1) RH waves (dashed line) and of the (8,1) RH wave (dotted line). Abscissa:
nortdimensional vorticity amplitude of the RH wave. A reference line corresponding
to an efolding time of iday has been drawr(From Buizza 1995b.)
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Figure 3.2. Ordinate: dolding times (day) of the 1st singular vector relative to the
(2,1) RH wave (panel a)) and to the (8,1) RH wave (panel b)), computed with constant
trajectory (solid line) and with a time evolving trajectory (dashed line). Alasciss
optimisation time interval. (FrorBuizza 1995b.)
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Figures 3.2a and 3.2b show, respectively, tHelding times of the
fastest growing singular vector of the (2,1) and (8,1) RH waves (solid lines).
[Since, for each optimisation time interval, théokling times of the singular
vectors of the (4,1) RH waves are very similar to the (8,1) ones, they are not
shown.] The singular vectors of all the three RH waves are slowly growing,
with e-folding times longer than 7 days. We can see that the singedtors
relative to the (2,1) RH wave are unstable, and that for the (8,1) RH wave the
e-folding time of the 1st singular vector computed with any of the considered
optimisation time interval id/100f the minimum normal modefelding time.
Figure 3.2 shows that thefelding time increases with the optimisation time
interval. All these optimisation time intervals are too short for the fastest
growing singular vector to approach théokling timeof most unstable normal
mode. [The increase of the singular vectéolding time with the optimisation
time interval is also partly due to a small horizontal diffusion term included in
the numerical model to avoid numerical instabilities (see Eq. (8¢Bjgh
decreases the singular vector energy.]

Unstable singular vectors computed with a constant basic state do not
correctly represent structures that can grow over finite time intervals. In fact,
the linearisation of the model equations should be datening the trajectory
time evolution. Thus, a new set of experiments have been run to compute the
singular vectors of timevolving basic states. The dashed lines in Fig. 3.2
show the amplification factors of the most unstable singular vectors &, e (
and the (8,1) RH waves computed with this configuration. Changing the
trajectory definition has a small impact on the amplification rate of the (8,1) RH
wave singular vectors, more detectable for long optimisation time intervals. A
similar result iggiven by the (4,1) case. Instead of this, for the (2,1) RH wave,
apart for the singular vectors computed with optimisation time interval less than
2 days, the dolding time of the fastest singular vector computed with a time
evolving trajectory is 30%akger than the -eolding time computed with a
constant trajectory. Moreover, thefading times of the 2nd, 3rd and 4th
singular vectors computed with optimisation time interval longer than 48h

following an evolving basic state are at least 6 times tatigen the one
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computed with a constant trajectory (not shown). This suggests that it is easier
for the (2,1) RH wave singular vectors to extract energy from the basic state if

the basic state flow is not changing in time.

3.4.2 Singular vector sensitiy to orographic forcing
projecting onto a single spectral component

Following Frederiksen and Carneva{@986) and-rederiksen and Frederiksen
(1991), we added a waxrgpe orographic forcing

h= hpp Pmae™ + C.C.

= 2Re(hmp) Pmp€0S(MA )- 2 IM( hpp) PmpSin(mA ) (3.25)

to the nonlinear, linear and adjoint versions of the barotropic vorticity
equation.

Let us consider Eq. (3.2) with the orographic forcing (3.25) and without
dissipation terms. It can be shown that there exists an exact -staaely
solution Erederiksen andCarnevale 1986) superposition of a sup@tation
plus a(n,m)RH wave

1 —_
W =-—=U Pyt
\/g 0,1
2Re(y ) Pmy sin(m4 )- 2 Im( W 0) Pmn cos(mA |, (3.26)
where
LTLTI’(ES
(Re(‘//“m); Im( l//”m))z J—_(Re(hmn); IM( himp)) s (3.27)
-U res
with
_ 1
= 3.28
Ures nin+1)-2 ( )

If we consider the time integration of the Alamear equation with initial
condition (3.26), the solution propagates if the orographic forcing (3.25) is not
included, while its inclusion gives a stationary solution equal to the initial
condition itself.So, the first effect of the inclusion of the orographic forcing is a
modification of the basic state characteristics (we will refer to it as the indirect
effect), while the second effect is the presence of the orographic term in the

linear and adjoint versns of the model used for the computation of the singular
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vectors (direct effect).
All the experiments of this sefection have been run with an initial

superrotation defined by

U = 0.005, (3.29)
corresponding to a dimensional wind speedbain/s Note that this wind

velocity is smaller than the resonant vajue, [see Eq. (3.28)] fon=2, 4, 8

Figure 3.3 shows the stream function of the basic state initial conditions and the
dimensional wind amplitude (note that the wind speeds become much larger
than the superotation wind speed).

The orographic forcing (3.25) has been defined to have

Re(hm,)=0,Im( h,,)# ): this gives a mountain with a zero amplitude line

centred on the Gemwich meridian. Experiments have been run with two

different maximum orographic heights

Im( ™= 0.050.5. (3.30)
ho
Orographic
term in Orographic
(h,,,_,.) _ trajectory term in
Experiment hq Im(,.,) computation linear/adjoint
€XpA 0.05 Eq. (27} yes yes
expB 0.5 Eq. (27) yes yes
expC — as expB no no
expD 0.5 as expB yes no

Table 3.2 Characteristics of the expA, expB, expC and expD experiments. (From
Buizza, 1995b).

44
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f)

Figure 3.3. Stream function (left panels) and wind module (right panels) of the basic
state initial conditions. Panels ), c}d), and ejf) refer, respectively, to the
superposition of a supeptation and a (2,1), (4,1) and (8,1) RH wave. Contour
isolines evenp 10 ns™ for stream function. Contour intervals for wind moduas

for panel b), 2 ms' for panel d), and ms' for panel f). (FronBuizza 1995b.)

Case/Case  (2,1)-12h 4,1)-12h  (8,1)-12h  (8,1)-16 days

expB—expC 40 71 72 5
expB-expD 88 71 72 5
expC—expD 40 99 98 45

Table 33. Similarity indices between the first 20 singular vectorsreevant
experiments(From Buizza, 1995b).
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XX di; d, 015 02

HI 84; 41 90; 45 168; 22
NR 185; 41 11; 45 16; 90
RA 185; 3 11; 67 16; 135

Table 34. Characteristics of the simple orographies described in section 3.5, Egs.
(3.31), (3.32), (3.33) (in degreefi-rom Buizza, 1995b).

E-FOLD TIME (DAY)

________

OTI (DAYS)

Figure 3.4. Solid line: dolding times (day) of the 1st singular vector computed
following the trajectory evolution, for a basic state superposition of a supation

and a (8,1) RH wave, with an orographic forcing projecting on spectral component
(8,1 with maximum amplitudém(h., /hy)=0.05. Dashed line: as solid line but or
Im(hy {ho)=0.5. (FromBuizza 1995b.)

Experiments run with the smallest orographic forcing are named expA
experiments, while the expB configuration identifies experimentsvitmthe
largest forcing (see Table 3.2).

Figure 3.4 shows thefelding times of the fastest growing expA (solid
line) and expB (dashed line) singular vector for one of the three orographic
forcing [the (8,1) case]. For any optimisation time interved, éxpB singular
vector is more unstable than the analogous expA singular vector. Diagnostics
studies and comparison with other numerical experiments seem to indicate that
this is mainly related to the expB basic state being characterized by stronger
locd wind shears, rather than to an increased orographic forcing. This confirms

the results oBoyd (1983), who studying a simpler system (a linear Couette
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flow) proved analytically that the rate of growth of structures amplifying over
finite time intervalsdepends only upon the shear. An analogous impact of the
orographic amplitude can be detected by comparing expA and expB results
obtained with the other basic states (not shown).

The comparison among the amplification factors of singular vectors
computed dor the three different basic states indicates that the basic state wind
field determines the location and the structure of the singular vectors, while the
magnitude of the local wind shear determine tfiel@éing time of the singular
vectors. The singularectors of basic state supawosition of a superotation
and the (2,1) RH wave are the slowest growing, withlding times longer than
30 days compared te2 days for the (8,1) singular vectors and to values of the
order of 610 days for the (4,1) syular vectors.

As already mentioned, the impact of the orographic forcing on the
singular vectors can be due to the modification of the basic state evolution
(indirect effect) or to the inclusion of the orographic forcing in the linear
equations (direct &ct). Two more sets of experiments, expC and expD (see
Table 3.2), have been run to try to determine the relative importance of the
direct and the indirect effects. Hereafter experiments run in configuration expB
are to be considered as reference. Nt each expC and expD experiment
has the same initial condition for the riomear model solution as the analogous
expB experiment. The comparison between the expC and the expB
experiments highlights both the direct and the indirect effect, sinceatie b
state of each expC experiment is computed integrating thémear equation
with the same initial condition as the analogous expB experiment. Instead of
this, the only difference between an expD experiment and its analogous expB
experiment is thex@B inclusion of the orographic term in the linear and the
adjoint versions of the model.

Apart from the expC (2,1) results, théadding times of the expB, expC
and expD most unstable singular vectors are very similar. This indicates that
linearizing tle model equation around a tirmelependent or a timevolving
trajectory, or including the orographic forcing into the linear equations, has a

negligible impact on the amplification factors of the singular vectors computed
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with the (4,1) and the (8,1) fang. Instead of this, the case of the (2,1) forcing

is different from the other two: the expB and the expD singular vectors are more
unstable than the expC singular vectors, especially for long optimisation time
interval. This difference is less evideéhain the one shown when considering
basic states defined to be RH waves only (seessation 3.4.1), but it confirms

that it is easier for perturbations computed with the (2,1) forcing to amplify if
the basic state is not evolving.

Table 3.3 shows the silarity indices computed between unstable
subspaces generated by the first 20 singular vectors of some of the experiments
run in configurations expB, expC and expD. The first three columns of Table
3.3 refer to experiments run with a 12h optimisatioretinterval. First, let us
consider the experiments run with the (8,1) forcing (3rd column of table 3.3).
The expC and the expD unstable sypaces are very similar, with
s(C,D;20)=98% This suggests that only including the orographic forcing in
the tragctory computation (indirect influence) has a very small impact on the
definition of the unstable stdpace. On the contrary, the similarity index
between the expB and the expD unstable-spdres has a smaller value,
s(B,D;20)=72% So, the direct influgce of topography appears to be more
important than the indirect influence. Similar conclusions can be drawn
analysing the experiments run with the (4,1) forcing (2nd column of Table 3.3).
Considering longer optimisation time intervals, the numericalltesonfirm
that the direct effect is dominant, although the basic state characteristics
become more important. This is shown, for example, by the 4th column of
Table 3.3.

The analysis of the results relative to experiments run with a (2,1)
forcing and vith a 12h optimisation time interval (1st column of Table 3) gives
an opposite indication. Table 3.3 shows that the structure of thegstowng
singular vectors of the basic state superposition of a sofsion and a (2,1)

RH wave is more sensitive the basic state characteristics than to the inclusion
of the orographic forcing in the linear and adjoint equations. In other words, it
indicates that the indirect effect is dominant with respect to the direct effect.

Thus, the relative importance dfet direct and the indirect orographic effects
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depends upon the basic state characteristics and the orographic forcing.

To conclude this section, we want to investigate why the orographic
forcing does not modify the singular vector amplification factorset ws
consider the first 3 terms of the right hand side of the kinetic energy Eq. (3.8). If
we analyze the structure of the three Jacobians, the regions where the three
fields have maxima coincide with the regions where the fastest growing
perturbations i@ located (not shown). We can compare the contribution of the
three terms to the kinetic energy tendency. The major contribution to the
kinetic energy arises from the first term, while the other two terms always give a
contribution which is some ordecd magnitude smaller. The fact that the
contribution of the orographic term to the kinetic energy tendency is always
almost negligible explains why the impact of the orographic forcing on the
singular vector dolding times is very small. Neverthelesketfact that the
third Jacobian is different from zero in the regions where the singular vectors
are located explains why the orographic forcing can have an impact on the
singular vector structures (the three Jacobian fields have the same order of
magnituck).

Although the impact of the orographic forcing on the kinetic energy
tendency is almost null, its impact on the mean angular momentum tendency Eq.
(3.9) is detectable. The mean angular momentum of the expC and expD
singular vectors remains constantadgrom the small dissipation effect due to
the horizontal diffusion term. Instead of this, a variation can be detected in the
mean angular momentum of the expB singular vectors. We analyzed in details
the first 4 singular vectors of two expB experitggnrun with a 12h
optimisation time interval, and with the orographic forcing projecting onto the
(2,1), or the (8,1) spectral component. For both the experiments, the variation
of the mean singular vector angular momentum over a 12h period was of the
order of 100%.
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Figure 3.5. Panel a):4olding times (day) of the singular vectors of experiments run
with simple orographic forcing with maximum height,=3000 m Solid line refers to
experiments run without orographic forcing, dashed line to experiments run with the
HI3 forcing, dotted line to experiments run with the NR forcing, and elfesined line

to experiments run with the RA forcing (see section 3.5)elRB: as panel a) but for
simple orographic forcing with maximum height,,,=10000 m (From Buizza
1995b.)

Case/Case HI3 HI10 NR3 NR10 RA3 RA1Q

NOORO 64 32 60 36 64 34
HI3 — 43 48 27 50 30
HI10 - 30 19 29 22
NR3 — 58 61 38
NR10 — 42 32
RA3 — 54

Table 3.5 Similarity indices computed between the unstable subspaces generated by
the first 20 singular vectors of the experiments run siitiiple orographic forcing (see
section 3.5). (From Buizza, 1995b)
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a

Case/Case OROLOW_G OROHIGH_G

NOORO_G 84 72
OROLOW_G — 84

b
Case/Case NOORO OROLOW OROHIGH
-Gvs _R 0 6 9
-Gvs _H 28 28 30

Table 3.6 Similarity indices computed between the unstable subspaces generated by
the first 20 singular vectors of the experiments run with real orography (see section
3.6). Table 3.6aefers to the _G subpaces, and table 3.6b refers to the cross
comparison between the _G, R and _Hspdices. (From Buizza, 1995b)

3.5 Singular vector sensitivity to simple orographies
In this section we investigate the impact of mountains with very simple but
more realistic shapes than the orographies projecting onto one spectral
component. The basic states are the same as the basic statesaatisun3.4.2,
i.e. a supeposition ofa supeirotation and a RH wave with initial amplitude
defined by Eq. (3.27) withm(h, /ho)=0.5. Three types of mountains have
been designed to check whether results are shape dependent.

Each orography has been defined as

N Y)= hiex (X)) T,(Y), (3.31)
where
f.(x)= w e it X< X<,
f.(x)=0if x< orx=y, (3.32)
with
= xi-disx = x+di,i=12. (3.33)

The parametehnax determines the maximum heighd, » the longitude and
latitude coordinates (in degrees) of the maximum,(gndi for i=1,2 the shape
of the mountain (in degrees). The characteristics of the three mountains are
reported in Table 3.4. The mountains have been designed to represent the
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Himalayas (HI), the Rockies (NR), and a continuous Rockies/Andes chain (RA).
For each basic state, experiments have been run with two maximum heights
hma=3000 m and hna=10000 m Hereafter, experiments run without
orographic forcing will be identified by NOORO, and experiments run with the
Himalayas type of mountains witi,,=10000 mby HI10. The same naming
convection will be applied to experiments run with the other oroggapiThe
singular vectors have been computed with a time evolving trajectory, with the
basic state initial condition given by Eq. (3.26) (see Fig. 3.3) and with a 12h
optimisation time interval. Results relative to the (2,1) and on the (8,1) cases

are dscussed in subection 3.5.1.

3.5.1 Impact of simple orographies on singular vectors of a basic state
superposition of a superotation and a RHvave

Let us first consider a basic state supesition of a superotation and a (2,1)
RH wave. Figure3.5 shows the impact of the orographic forcing on the
e-folding times of the singular vectors. If we consider experiments run with
hma=3000 m (panel a)) we can see that the action of the NR3 or the RA3
orographies changes the amplification factors of rttest unstable singular
vectors, while the HI3 orography has the weakest effect onfibldiag times.
If we consider experiments run with,,,=10000 m the NR10 orography has
the strongest impact, followed by RA10 and then by HI10 (Fig. 3.5b).

The impact on the singular vector structures is more evident than on
their amplification factors (see Table 3.5). Let us first consider the first row of
Table 3.5, that compares the unstable-spdices generated including an
orographic forcing with the unstaldebspace generated without orography. It
shows that the higher is the mountain the stronger is the impact. Moreover,
table 3.5 indicates that the similarity index is very weakly shape dependent.

Let us consider the HI3 and the NOORO spiaces: their siilarity
index has a high values(HI3,NOORO;20)=64% Examination of the
projection matrix between the HI3 and the NOORO-sphces (not shown)
reveals that the first 4 HI3 singular vectors have more than 97% of their norms

projecting onto the first 4 NORO singular vectors. The 5th HI3 singular
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vector has instead only 13% of its norm explained by the first 20 NOORO
singular vectors. The reason is that the 5th singular vector is the first among the
HI3 singular vectors related to the presence of theraptgc forcing, with its
maximum amplitude located where the orography is higher. If we now consider
the HI10 and the NOORO stdpaces, the similarity index between them has a
lower values(HI10,NOORO;20)=32% The first 8 HI10 singular vectors do

not prgect onto the NOORO su$pace and are all located in the orographic
region. It is only after the 9th singular vector that they start projecting onto the
NOORO subspace.

In section 3.4 we have seen that the presence of the orographic forcing
induces a waation in the mean angular momentum. The mean angular
momentum variation with respect to the initial value during a 12h period is less
than 2% for the first 3 HI3 singular vectors, it is around 15% for the 4th singular
vector, and it is around 50% forettbth singular vector. Instead of this, it is
larger than 150% for the first 4 HI10 singular vectors. Compared to the
Himalayan type of orography, the impact of NR or RA orographies on the mean
angular momentum is not so large also wheg=10000 m(if we consider the
first 4 NR10 and RA10 singular vectors, it is always smaller than 100%).

It is worth comparing the impact of localized versus whype
orographies, comparing the similarity indices reported, respectively, in Table 5
and in the first row oTable 3 (note that the two tables refer to orographies with
similar amplitude). The comparison between the two tables show that localized
orographies have a stronger impact than wigige orographies on the singular
vector structures.

Figure 3.6 shows thorography and the most unstable singular vector of
the HI10 and RA10 experiments. The singular vectors are located in the regions
of orographic forcing. On the contrary, the NOORO singular vectors are
located close to the equator (not shown). For batles, although there exists a
strong dependence of the singular vector structures on the orographic forcing,
the contribution to the energy tendency Eq. (3.8) of the orographic term remains

almost negligible.
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Figure 3.6. Top panels: orography (left panel) and most unstable singular vector
(stream function, right panel) computed for a basic state sppsition of a
superrotation and a (2,1) RH wave, with the HI10 orography. Bottom panels: as top
panels but wh the NR10 orography. Contour isolines ev&B00 mfor orography.

The singular vectors are normalized to have unitary kinetic energy norm: stream
function contour intervals evety5 16 n’s®. (FromBuizza 1995b.)

Figure 3.7. Mean winter '9®1 300 hPa stream function (panel a) and velocity
module (panel b). Contour intervals evédl§f ns™ for stream function and eveBy
ms' for wind module. (FronBuizza 1995b.)

Let us now consider a basic state sypastion of a superotation and a
(8,1) RH wave. For this basic state the singular vectors are less sensitive to the
simple orographic forcing (3.31), and théoéding times of the singular vectors

computed with the different orographic forcing are veryilsim(not shown).
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