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Abstract:

When studying hydrological processes with a numerical model, global sensitivity analysis (GSA) is essential if one is to
understand the impact of model parameters and model formulation on results. However, different definitions of sensitivity can
lead to a difference in the ranking of importance of the different model factors. Here we combine a fuzzy performance function
with different methods of calculating global sensitivity to perform a multi-method global sensitivity analysis (MMGSA). We
use an application of a finite element subsurface flow model (ESTEL-2D) on a flood inundation event on a floodplain of the
River Severn to illustrate this new methodology. We demonstrate the utility of the method for model understanding and show
how the prediction of state variables, such as Darcian velocity vectors, can be affected by such a MMGSA. This paper is a
first attempt to use GSA with a numerically intensive hydrological model. Copyright © 2007 John Wiley & Sons, Ltd.
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INTRODUCTION

Global sensitivity analysis (GSA) is emerging as a vital
tool in environmental modelling (Hall et al., 2005; Pap-
penberger et al., 2006b; van Griensven et al., 2006). This
is partially because of easier access to high performance
computing resources but also because of an increasing
appreciation of the complexities of the parameterization
and assessment of environmental models. GSA provides
a tool to rigorously map the (hyper) space of the possible
model predictions, decompose the total uncertainty due
to the various model factors (used for configuration of the
simulation, such as numerical parameters, boundary and
initial conditions, soil algorithm selection, etc.) and, most
importantly, understand the influence of the different sen-
sitivities of each of the model factors (Saltelli et al., 2004,
Pappenberger et al., 2006a). Sensitivity analysis can be
very useful for model supported decision making and to
inform future research and field campaigns.

Cloke et al. (2003) note that it remains common prac-
tice to define boundary conditions and other configuration
decisions from ‘previous experience’ of other modellers,
on the basis of numerical efficiency or merely because it
is easy to do so (‘the model is already set up like that’).
This is not satisfactory when important dependencies may
exist between these choices and state variable predictions.
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For example, Cloke et al. (2003) note that an overestima-
tion of Darcian velocity can severely undermine our abil-
ity to identify hydrological processes. Sensitivity analysis
techniques can be essential in the understanding of the
dependencies between parameter/factor/structural config-
uration of the model and state variable predictions.

We define GSA as being distinct from local sensitivity
analysis (LSA). GSA techniques analyse the global
impact of factors on model output, i.e. over the whole
factor hyperspace at once, whereas LSA concentrates on
the local impact of factors on the model output, which
is not a robust approach in many cases. For example,
because of equifinality, several areas of the parameter
space might be equally representative of the natural
system (Beven, 2006), and this will not be identified by
LSA. GSA is therefore the preferred sensitivity analysis
method. However, the issue of computational resources
remains a major barrier to many researchers hoping to
implement GSA.

In this paper, we combine multi-method GSA with
an application of the ESTEL-2D finite element Richards
equation model code. We take on the challenge of
implementing GSA within a complex modelling frame-
work, with (typically) limited computational resources
(i.e. restriction on feasible number of simulations), whilst
adequately covering the parameter/factor (hyper) space.
We have selected a well-studied flood event on a low-
land floodplain of the River Severn, UK, to illustrate
the implementation of GSA for hydrological process
models. Our objectives are twofold: (i) to demonstrate
multi-method GSA for complex distributed subsurface
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models; and (ii) to demonstrate how information on the
sensitivity or importance of model factors can inform the
investigation of hydrological processes and the prediction
of state variables, such as Darcian velocity vectors.

In this article we first describe our GSA methodology,
followed by a description of the ESTEL-2D model
platform and the example flood event. We then discuss
the results of this GSA and the implications of the method
for this type of modelling.

MULTI-METHOD GLOBAL SENSITIVITY
ANALYSIS (MMGSA)

Several reviews of sensitivity analysis methods have been
conducted (e.g. Frey and Patil, 2002; Coyle et al., 2003;
Helton and Davis, 2003). In hydrological science, GSA
investigations of note include those in flood inundation
modelling (Hall et al., 2005; Pappenberger et al., 2006a
and 2006b) and rainfall runoff modelling (van Griensven
et al., 2006). A general methodology has been introduced
by Ratto et al. (2001), who linked global sensitivity
analysis with another technique used in hydrology: the
generalized likelihood uncertainty estimation (GLUE)
framework. This paper attempts a GSA investigation for
the first time on a highly complex, numerically intensive,
subsurface model.

Most previous work in this area has been embed-
ded into only one methodology to compute sensitivities,
despite the fact that different sensitivity analysis methods
can lead to a difference in the ranking of the importance
of the different model factors. Mokhtari and Frey (2005)
have advocated using a decision tree to choose a sensitiv-
ity analysis in order to counter this difficulty. However,
using a decision tree does not explicitly acknowledge the
potential difference in results from using different meth-
ods, and thus assumes that the meaning of ‘sensitivity’
can be defined unambiguously a priori. This is not neces-
sarily the situation for many cases of practical importance
(e.g. entropy and variance are both equally valid, but dif-
ferent, measures of sensitivity). Instead, we suggest that
several different sensitivity measures have to be used in
tandem. Here we use three different ways of evaluat-
ing sensitivity based on the same sample, termed multi-
method global sensitivity analysis (MMGSA). The three
different methods are the Sobol (1993), K-L Entropy
(Kullback and Leibler, 1951; Liu et al., 2004) and Mor-
ris (1991) methods. These were selected as a subset of
all those available, and represent measures founded on
different theoretical bases; see the following section on
Description of Sensitivity Analysis Methods for more
details.

Within this framework, sensitivity can be quantified as
first order, higher order and total sensitivity. First order
sensitivity (or main effect) is defined as the sensitivity
that a factor has on its own. Higher order sensitivity is
due to the interaction of several factors. Total sensitivity
is defined by the influence a factor has due to its first order
effect together with all the interactions. It is questionable

Copyright © 2007 John Wiley & Sons, Ltd.

whether higher order effects can be computed due to
correlation of the factors and the information content
available in the evaluation data. The first order (or main)
effect is computed by fixing the factor in question and
varying all the others. The total effect is computed
by fixing all factors other than the one in question.
Therefore although both first order and total effects can
be calculated, one cannot necessarily disaggregate these
effects into any higher order effects of factors. Therefore,
this analysis concentrates on first order and total effects.

In this paper we have used a Replicated Latin Hyper-
cube (RLH) sample, which is generated by replicating
a base sample set r times (see Saltelli ef al., 2004, for
more details). The base sample set is generated using the
Quasi-Random Lp Tau method (Sobol, 1979). Sensitivity
methods have inherent uncertainty due to the limitation
of the sampling size or the methodology itself. There-
fore, Saltelli and Sobol (1995) developed a methodology
to compute uncertainties for the Sobol method. However,
in this paper we use a bootstrap approach that allows us
to make the uncertainty bounds of different methodolo-
gies more comparable. We randomly resample the total
sample 1000 times and compute the individual sensitivity
measures on each sub-sample. This allows us to obtain
a measure of the uncertainty in our computation of the
sensitivity measures.

Models are approximations of real systems and if
sensitivity analysis is performed only on the model
output then there is an implicit assumption that all
the approximations made are correct (or negligible)
and that the methodology and model are a valid and
reasonable representation of the real physical system
(e.g. Pappenberger and Beven, 2006). However, in the
face of model uncertainty, such an assumption has
to be questioned and thus sensitivity analysis should
be embedded in measured data. Moreover, we should
question whether it is sensible to compute sensitivity on
all model results. Some of the set of factors may lead to
model results which are non-behavioural (meaning they
cannot be accepted as representation of the system in
question). The sensitivity of those simulations can be
considered irrelevant for the understanding of the system
and the model, since what it represents is unrealistic. A
model evaluation measure has to account for total error;
this includes the input error, the output error and the
model inadequacy (Beven, 2006).

In this paper we adopt two different approaches to
quantify this error. The first approach uses the sum of
squared errors (traditional approach) and the second uses
a fuzzy type approximation. We believe that the latter
is a more appropriate representation of all error sources
and have only used the more traditional approach for
comparative purposes.

Fuzzy type approximation

Each model run in the analysis will predict a time series
of a particular variable (in our case, hydraulic head).
In a fuzzy type approximation, a ‘membership value’

Hydrol. Process. (2007)
DOI: 10.1002/hyp



MULTI-METHOD GLOBAL SENSITIVITY ANALYSIS FOR HYDROLOGICAL PROCESSES

is assigned to each model prediction at each timestep.
This membership value has to be between 0 and 1, and
is assigned based on the trapezoidal function shown in
Figure 1, which takes account of two error thresholds
a and b. The width z of the trapezoid is an ‘error’
of a m from the observed value for the inner length
and b m for the total length. Any error greater than b
will result in a membership value of 0. An error less
than a will give a value of 1, and an error between a
and b will be a value between 0 and 1. The individual
membership values for each timestep are multiplied and
a value of 0 defines the model as non-behavioural. For
a similar approach, see Pappenberger ef al. (2005) and
Pappenberger and Beven (2004). The widths used in this
fuzzy approximation will undoubtedly influence results
(the more fuzzy, i.e the greater the widths used, the
more behavioural models there will be). However, they
have been set conceptually based on known measurement
errors and the commensurability error (Beven, 2006).

Although technically our multi-method approach could
be used without the fuzzy approximation, we feel that it
would not make conceptual sense to use an unrestricted
set of models for our multi-method GSA (i.e. not to dis-
criminate by behaviourality). We believe that the fuzzy
evaluation criteria are the optimal evaluation criteria for
this model as it truly reflects the errors in measurements
and commensurability. The implications of using infor-
mal likelihood measures and retaining only behavioural
simulations is discussed in length by Montanari (2005)
and Beven et al. (2007).

DESCRIPTION OF SENSITIVITY ANALYSIS
METHODS

Sobol. If the uncertainty of input factors can be approxi-
mated by independent probability distributions, then sen-
sitivity indices can be related to the decomposition of the
total unconditional variance (Sobol, 1993). The decom-
position can be shown in an ANOVA-like way as follows:

V:Zvi+Zvij+---+vl,2,3,.“,n (1)
i

i<j

where V is the total variance, V; is the variance con-
tribution due to effects of the random variable X; (e.g.
model factor), and V;; is the covariance. Higher order
terms show the variance contribution between two or
more random variables. Each partial variance is normal-
ized with respect to the total unconditional variance and
allows sensitivity indices to be obtained:

V.
Si=—,1<i<n
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where §; is the main effect and S;; is the interaction effect
between i and j. It is further possible to define a total
effect of i (Total Sensitivity) which incorporates all terms
of any order, including variations in X;.

Further information on this method can be found in
Sobol (1993) and Ratto et al. (2001).

Hydraulic head (m)

0 20 40 60 80

1 1 1 1
100 120 140 160

Time (hours)

Figure 1. Fuzzy trapezoid methodology applied to a hydraulic head time series. The dotted line is the observed hydraulic head time series, surrounded
by two error zones of magnitude a and b (m). Membership values are assigned depending on where the simulated value falls along the top of the
trapezoid
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Kullback—Leibler Entropy. It has been argued that
variance-based methods rely too heavily on the assump-
tion that the second moment is sufficient to describe
the uncertainties and sensitivities encountered. These
assumptions may be invalid if the distribution is highly
skewed due to nonlinear functions or inputs (Liu et al.,
2004). Krykacz—Hausmann (2001) argued that sensitivity
should be measured as the deviation of the factor distri-
bution from being uniform (if the factor has been initially
sampled from a uniform distribution). Based on entropy,
Liu et al. (2004) presented an alternative approach, which
is using the Kullback—Leibler Entropy (Kullback and
Leibler, 1951):

Pdfl()’)d

pdfo(y) >
3)

where Dgp is the Kullback-Leibler Entropy, y is the
model response, pd fo is the probability density function
of the random response y = A(X) where & is the model
and X is the model factor vector, and pdf, is the
probability density function of the random response y =
h(X;) due to changes in Xj.

Further information, including the derivation of main
and total effects similar to the Sobol methodology, can
be found in Liu et al. (2004).

Diw.(pd f11pd fo) = / pd f1()log

—00

Morris. We also apply the screening method by Morris
(1991) in this paper. In this methodology, the impact of
changing one factor (X, ..., X,) at a time is evaluated
in turn. This impact (so called elementary effect of
Xi, ..., X)) is expressed as the gradient of the model
response between the original set of factors and the
new set of factors. The standard deviation oy of all
elementary effects and the mean of the absolute of
multiple elementary effects u*,; are measures of factor
sensitivity (Campolongo et al., 1999). A high value of oy
means that the elementary effect compared to this factor
is significantly different. In contrast, a low oy indicates
very similar values of the elementary effect implying that
the effect of the factor is almost independent of the values
taken by the other factors. It can be shown that u*y; is
in fact similar to total sensitivity and, therefore, will be
used in this study (Saltelli et al., 2004).

THE ESTEL-2D MODEL PLATFORM

The model platform used here is ESTEL-2D, the subsur-
face flow component of the TELEMAC modelling system
(Hervouet and Bates, 2000) which solves the Richards
equation in saturated and unsaturated porous media with
the finite element technique. The model has recently been
used to study high resolution floodplain hydrological pro-
cesses (Bates et al., 2000; Claxton et al., 2003; Cloke
et al., 2003, 2006a, 2006b). The flow model is described
in detail in Renaud et al. (2003) and Cloke et al. (2006b);
only a summary of the model code is given below.
ESTEL-2D solves both the h-based (pressure based)
and the mixed (pressure and moisture content based)

Copyright © 2007 John Wiley & Sons, Ltd.

form of the Richards equation. The mixed form is used
preferentially because of its excellent mass conservation
properties (Celia et al., 1990). However, the h-based
form is generally used as a substitute to the mixed form
to counter numerical convergence difficulties (Claxton,
2002; Cloke, 2003). This will not affect results, as long as
mass balances are at an acceptable level (approximately
less than 1% of the volume of water in the domain)
(Claxton, 2002), as the hydrology itself does not vary.
The equation system is solved in time and space. The
time discretization for the Richards’ equation is defined
using the modified Picard iterative scheme. This is based
on a robust discretization of the mixed form of the
Richards equation (Celia et al., 1990). The convergence
criterion used is based on Huang et al. (1996) which is
particularly well suited to the modified Picard scheme.
The finite element spatial discretization in ESTEL-2D
uses the Galerkin variational formulation.

The governing equations are solved to give the pres-
sure head, from which values of hydraulic head, Dar-
cian velocity and moisture content can subsequently be
derived using additional relationships. Various soil mois-
ture algorithms are available including the Brooks—Corey
algorithm (Brooks and Corey, 1964) and the van
Genuchten algorithm (van Genuchten, 1980), used here
together with the Burdine hydraulic conductivity relation
(Burdine, 1953). For particular soil hydraulic parameter
sets, simulations may suffer from numerical difficulties
including long runtimes and slow convergence (require
adaptation to a small timestep for solution and many
iterations). These parameter sets are notably those asso-
ciated with a rapid change in moisture content with pres-
sure head, steep soil moisture release curve in general
(Cloke, 2003) or those specifically with a van Genuchten
n parameter close to 1 (Vogel et al., 2001). For such
simulations, the Brooks—Corey algorithm is preferred as
it has shallower soil moisture release curves, produces
more numerically stable simulations and has faster run-
times (Cloke, 2003). It should be noted that the unstable
numerical behaviour is due to the non-linearity in the
equation used for the soil hydraulic representation (i.e. the
soil moisture release curve itself) and is not specific to a
poor numerical solution in ESTEL-2D. Unstable numer-
ical behaviour would also be found in other subsurface
numerical models of this type.

In ESTEL-2D it is possible to use an iterative seep-
age face routine (Claxton, 2002; Renaud et al., 2003)
for atmospheric boundary conditions where the saturated
zone (actual or perched water table) intersects the bound-
ary at atmospheric pressure, modified from a scheme
proposed by Rulon et al. (1985). When a seepage face is
specified, the whole of the atmospheric boundary (usually
the top boundary) becomes a ‘system-dependent’ bound-
ary condition that is not known a priori. Atmospheric
pressure is maintained for all nodes along the seepage
face and the nodes are treated as Dirichlet nodes with
the prescribed pressure: # = 0. Unsaturated nodes above
the seepage face are specified with a flux (Neumann),
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which is either zero or positive when rainfall (infiltra-
tion) is to be imposed. Multiple seepage faces are possible
and a dynamic interaction between the seepage face and
the river channel can be simulated by the seepage face
scheme, as river stage changes over the course of a sim-
ulation.

For each case of interest, a new finite element mesh is
generated and the FORTRAN source code must be set up
in order to specify the correct time-dependent boundary
conditions. Initially, a steady state case is run to generate
suitable initial conditions (which match observed spatial
distributions of pressure head at + = 0). The steady state
conditions are tested to determine whether they represent
a true steady state field (Cloke et al., 2003).

EXAMPLE FLOOD EVENT AND MODEL SETUP

The Leighton hydrology research site is located on
the left bank floodplain of the River Severn, near the
village of Leighton in Shropshire, UK, at 52°38'N,
02°34'W (Figure 2). Detailed information on the site can
be found in Stewart e al. (1999), Bates er al. (2000),
Burt et al. (2002) Claxton (2002) and Claxton et al.
(2003), from which the following is a summary. The
river flows through the area as a gravel bed channel
that is ~45 m wide. River stage and a network of
floodplain subsurface pressures have been continuously
monitored since 1997 (with breaks during the foot and
mouth crisis) in the area shown on Figure 2 in light
grey and schematically in Figure 3. At the location of
the piezometer instrumentation, ~40 m above sea level,
the floodplain is ~1 km wide in total with the river
running in a relatively straight channel ~120 m from the
terrace that forms the base of the left hillslope. Alluvial
sediments at this location are mainly sandy clay loam
soils over gravels, and the soil is relatively homogeneous

(because of the straight river section), although some
evidence of relic channel structure exists in places. The
vegetation at the site is well-grazed grassland pasture.
Mean annual rainfall is of the order 1000 mm and the
river has inundated the floodplain on average 3 times a
year since 1997. Typical bankfull discharge at Leighton
is ~180 m* s~!, with the largest flood peaks exceeding
450 m? s~

The river at the site is a very important control on
the riparian hydrological processes, especially during
overbank events, and the hyporheic zone is thought to
be very large (Bates et al., 2000). The hillslope waters
also contribute to flow processes and the floodplain itself
acts as an important store and conduit of water and of
chemicals (Claxton et al., 2003). Several flood events at

Figure 2. Ortho-rectified radar image of the Leighton hydrology research

site on the River Severn at 52°38'N, 02°34'W (courtesy of NERC). The

location of the floodplain hydrology sensor network (Figure 3) is outlined
in light grey
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Figure 3. Map of the field site, showing floodplain topography and the location of the original (pre-2005) transects of piezometers (after Burt et al.,

2002; Claxton
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the site have been studied in detail (Burt et al., 2002).
Bates et al. (2000) and Claxton et al. (2003) have applied
ESTEL-2D to vertically aligned cross-sections through
the floodplain (Figure 3). During out-of-bank and other
high discharge conditions, a reverse groundwater ridge
has been found to develop in the floodplain subsurface
and results in strong groundwater flux velocities directed
towards the base of hillslopes adjoining the floodplain
(Bates et al., 2000; Burt et al., 2002). This prevents
hillslope contributions to the floodplain if the flood
stage is high, but antecedent conditions, local rainfall
and runoff and flood stage all act to complicate this
basic pattern (Burt ef al., 2002), especially for high
discharge in-bank events. The case is therefore both
useful and well defined in order to demonstrate our
MMGSA methodology.

We use ESTEL-2D to simulate a flood event from
January 1998 (denoted as event ‘D’ in Burt et al., 2002).
The river stage and rainfall characteristics of this event
are shown in Figure 4; total rainfall for the event is
96-4 mm over 1101 hours. To represent a vertical cross-
section of transect S, we used the finite element mesh
and boundary conditions described in Claxton et al.,
(2003). The orientation of the mesh was chosen to be
parallel to the dominant groundwater flowpath during
flood events. Claxton (2002) and Cloke (2003) report
the results of a one-factor-at-a-time sensitivity analysis
for some of the soil hydraulic parameters for this case.
They found that hydraulic conductivity K was by far the
most sensitive parameter of all the hydrological variables
tested (including the hydraulic head at the piezometers).
The head was also sensitive to the variation in air entry
pressure H . Other parameters were relatively insensitive.

The possible factor values, ranges and distributions
for this simulation of ESTEL-2D are shown in Table I.
Ranges and distributions of the soil parameter values
were originally defined based on data from the original
field investigation, including the falling head well test
and soil laboratory testing (Stewart, 1998), together with
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Figure 4. River stage (left ordinate) and rainfall dynamics (top graph) for

the January 1998 flood event at Leighton. Level of bankfull for transect

S is also depicted. The failure rate of simulations for the BCh-based

simulation set is plotted as a dashed line (right ordinate). The grey box

represents the overbank part of the event, and analysis is focused on the
results in this period

ranges defined in Cloke (2003) modified from Meyer
et al. (1997). However, initial simulations were run with
a Morris screening methodology and a sparse sample to
determine the suitability of the values selected, and were
changed accordingly. The likely errors associated with
the boundary condition specification are considered, as
are two different soil moisture algorithms (Cloke, 2003).
In previous studies with ESTEL-2D, parameterization for
this flood simulation was determined on the basis of trial
and error calibration, informed by one-factor-at-a-time
sensitivity analysis (Claxton, 2002).

In this paper we have sampled the 9-dimensional
factor space specified in Table I; sampling was carried
out using the RLH method described above. In order to
compute the main and total order effects of each factor,
two independent samples are required. To compute the
main (total) effect, factor 1 is taken from sample 1 and
the remainder is taken from sample 2 (and vice versa).
The base sample is therefore 9 x 2 4+ 2 =20 and the

Table 1. Specified ranges and distributions of factors. Factors 4 and 5 are exchangeable between the two soil moisture algorithms
(Brooks—Corey and van Genuchten)

Factor Description Symbol Unit Distribution Mean Min (0-001 Max (0-999
quantile) quantile)

1 Saturated moisture content Os — Normal (¢ = 0-09) 0-41 0-132 0-688

2 Residual moisture content Or — Normal (0 = 0-01) 0-0954 0-065 0-125

3 Saturated hydraulic Ks ms™! Log normal 993 x 1077 1.51 x 107! 1.01 x 10™*
conductivity (A=-14.82,B =1-24)

4a Brooks—Corey, pore size A — Normal (o =0-1) 0-318 0-017 0-619
distribution index

Sa Brooks—Corey, air entry hs m Log normal 0-880 0-074 6-275
pressure (A =—-0-382,B =0-710)

4b van Genuchten alpha o m~! Log normal 1-9 0-16 13-56

(A =—-422,B=0-719)

5b van Genuchten, n n — Normal (o =0-1) 1-32 1-02 1-62

6 Storage parameter N —  Uniform 0-1 x 1073 0-1x 107*  0-1 x 1072

7 Upslope pressure upP m  Uniform Measured value —-0-5 0-5

8 River stage Rs m  Uniform Measured value —-0-5 0-5

9 Rainfall (precipitation) PPT m  Uniform Measured value 90% 100%

Copyright © 2007 John Wiley & Sons, Ltd.
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total sample has to be a multiple thereof. In this case,
we used 1280 samples as at this value the cumulative
distribution function of the model responses stabilized.
ESTEL-2D setup in the way described requires significant
computational resources for these 1280 samples in order
to maintain conservation of mass balance, while using an
adaptive time stepping strategy and iterative seepage face
routine. Individual simulation times varied from 130 min
to 52 hours (simulations run on Dell Precision 670
workstations with dual Intel Xeon 2-4 GHz Processors
and with a Suse linux 10-0 operating system). The long
simulation times reflect the difficulty (and the interest) of
the selected test case.

INSTABILITY DIFFICULTIES AND SIMULATION
NON-CONVERGENCE

When using a complex model such as ESTEL-2D, there
may be some factor sets for which simulations will not
converge. This may be different for different soil moisture
algorithms (e.g. van Genuchten versus Brooks—Corey)
and solution schemes (e.g. mixed versus A-based solution
of the Richards equation). We reiterate that instability and
convergence difficulties are due to non-linearity in the
equations of subsurface flow and are not specific to a poor
numerical solution in ESTEL-2D. Non-convergence or
instability can occur in the first time step for particularly
difficult factor sets (for example, parameters combining
to produce a very steep soil moisture release curve)
or during rapid changes in the internal hydraulics or
boundary conditions (such as an intense period of rainfall
or flood inundation). It should be noted that although it is
possible to mitigate some of the effects of instability and
non-convergence by adjusting the numerical parameter
options in ESTEL-2D (such as the implication coefficient
for the pressure head), the effects would not entirely
disappear, and so here we keep numerical parameter
options constant throughout to illustrate our case.

Table II shows the different solution schemes and soil
moisture algorithms for the number of simulations that
reached the end of the time series without numerical
difficulties. This is also shown as a failure percentage
of all simulations attempted. It can be seen that the
van Genuchten—h-based (VGh) combination has the
lowest failure percentage, with the Brooks—Corey-mixed
(BCm) performing the worst, with 100% failure. For
each simulation set there was no obvious pattern in
the factor space to explain this failure, as sampled in

Table I. Of course, a sudden change in the magnitude
of the boundary conditions in time (including factors
precipitation PPT and upslope pressure UP) can cause
convergence failure. It should be noted that just because
a simulation reaches the end of the time series does not
mean that the simulation is behavioural (simulated values
are close to observed values).

The simulation failure rate for the BCh simulation set
is shown on Figure 4. The pattern of failure was similar
for the VGm and VG#h simulation sets. Around 20% of
simulations fail in the first few time steps, probably due
to a combination of factors resulting in highly non-linear
equations to solve. The failure rate is high as the river
stage moves beyond bankfull and the domain floods; this
is probably because of the rapidly changing top boundary
condition and especially the part of the boundary where
the dynamic seepage face is acting. It is the experience
of the authors that this type of failure is to be expected
for dynamic flood simulations of this type.

The question of what this means for our global sen-
sitivity analysis arises. The convergence failure cre-
ates ‘holes’ in the response surface. We do not know
whether the surface in these holes would be sufficiently
smooth from one edge of the gap to the other, so
that surface interpolators such as Bayesian interpolators
(O’Hagan, 2006) can be applied. Moreover, we do not
know whether good representations of the system lie
within this unknown space. This problem is distinct from
undersampling a factor space as we cannot re-sample that
space; although different numerical schemes should con-
verge to the same solution for the same input this is not
guaranteed. This means that our sensitivity analysis can
never be truly global and one must be careful of making
assumptions about the unknown space. However, all of
the measures that we use assume that the overall result
would not change if the factor sets which failed would
have been successful.

RESULTS OF THE GLOBAL SENSITIVITY
ANALYSIS

The generalized results of behavioural simulations

Although each simulation ran for ~46 days (the entire
time series), for simplicity the following results are dis-
played for the period 250—500 hours. This time period
covers the overbank section of this flood event (period
shaded in grey on Figure 4), and is the most hydrologi-
cally active and therefore important time period.

Table II. Number of simulations that reached the end of the time series without numerical difficulties and failure (%) of all simulations

attempted
Numerical Soil moisture ~ Abbreviation Number of simulations that Failure (%) of simulations
solution scheme algorithm reached end of time series (out of 1280 in total) attempted (to 3SF)
mixed van Genuchten VGm 667 479
mixed Brooks—Corey BCm 0 100
h-based van Genuchten VGh 942 26-4
h-based Brooks—Corey BCh 611 523
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Simulations with fuzzy membership values above 0
are classified as behavioural, as explained previously.
Table III shows the generalized results of behavioural
simulations for piezometers S2 and S3 for the BCh
simulation set. For the other simulation sets (with the
van Genuchten soil moisture algorithm) no behavioural
simulations were found. In Table III it can be seen
that with wider fuzzy thresholds (¢ = 0-25 m and b =
0-50 m) more behavioural simulations are evident. This
is as would be expected (more fuzzy), and is in agreement
with the findings of Claxton et al. (2003). It can also be
seen that there are many more behavioural simulations
for piezometer S3 than for piezometer S2, also reflected
in higher Nash Sutcliffe values which we have included
as a comparison to traditional goodness-of-fit methods.
This is perhaps more surprising, as the observed hydraulic
heads at these piezometers exhibit similar dynamics
to each other. It suggests therefore that either only a
limited number of factor sets can truly represent the flow
behaviour at piezometer S2, or more likely that there is
3-dimensional flow evident in the floodplain at this point,
even during overbank conditions when 2-dimensional
flow has been assumed to dominate.

It could be argued that a model of this complexity
should be able to reproduce all measurements, and
perhaps should be discarded if it does not do so.
Young et al. (2004) have argued that a model should
be as simple as possible, fit the data and have a
physical explanation. Although all of this is desirable, it
would be difficult to use such a model for hypothesis
testing of vector flowpaths, as is the application in
this case. However, as ESTEL-2D cannot represent all
measurements sufficiently we are forced to reject the
model as a completely valid representation of the overall
modelled system. Such a rejectionist approach allows us
to redefine measurement campaigns based not only on
sensitivity but also on model failure (e.g. installing more
piezometers in the failing area as we want to know what
is going on there).

For the remainder of this analysis we will concen-
trate on behavioural simulations calculated with the wider
fuzzy thresholds for piezometer S3. Figure 5 shows scat-
ter (dotty) plots of the factor values against member-
ship values from the fuzzy performance function for
the overbank time period. The high membership values
(~1) are distributed across the ranges for each factor

Table III. Number of behavioural simulations (calculated with fuzzy methodology) and their associated Nash—Sutcliffe values for
piezometers S2 and S3

Piezometer Number of simulations over Fuzzy Number of simulations over Nash—Sutcliffe
Behavioural threshold values (m) of: values of:
(a, b) = (0-10, 0-15) (a, b) = (0-25,0-50) 0-6 0-7 0-8 09
S2 0 9 96 35 13 3
S3 14 114 356 269 156 54
1 1 1
0.8 0.8 0.8
0.6 0.6 0.6
0.4 0.4 0.4 .
02 . 02 . 02
03 04 05 0.08 0.09 0.1 0.11 = 10
b5 R Ks
1 1 T 1=
0.8 0.8 : 0.8
0.6 . 0.6 06|
0.4 E 0.4 041"
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Figure 5. Scatter plots of parameter versus membership values for the overbank time period for piezometer S3 and the BC/h simulation set
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and there is no obvious pattern in factor values control-
ling the membership values. Although one would expect
that pressure head against the hydraulic conductivity Kj
would have some structure, in Figure 5 this structure is
not evident because the nature of the fuzzy performance
function means that a range of K and pressure head val-
ues can lead to behavioural simulations. Although the
prior sampling distribution is not fully reflected in the
abscissae, the tendency of the sensitivities can already
be derived from these plots. For example, the air entry
value Hg has a drop in performance at higher values.
However, these are only initial conclusions and need to
be confirmed through further analysis.

Figure 6 shows a comparison of the results of the Sobol
analysis for total and first order sensitivities. These box
and whisker plots are shown for our fuzzy performance
function (restriction in that only behavioural simulations
are analysed) but also for the sum of squared errors
(SSE), which incorporates the entire response surface. We
have included SSE for comparative purposes as it is often
used for GSA (van Griensven et al., 2006). A comparison
of the SSE and Sobol results immediately shows the
effect of taking into account the whole response surface
versus our behavioural fuzzy performance approach. We
would like to reiterate that there are only a limited number
of behavioural simulations for the case we have shown,
and these results should ideally be confirmed by the
use of a greater number of simulations (although this

Fuzzy performance function

may be difficult to achieve given run time and stability
restrictions).

For the total sensitivity, the fuzzy method shows the
highest Sobol value (with the 100% sample value at
~0.-9) and therefore that of the highest importance to
be the Upslope Pressure UP factor. The other factors
are much less important, with the next important factor
being the hydraulic conductivity Kg with a Sobol value
of ~0-35. The saturated moisture content 6, residual
moisture content g, Brooks—Corey pore size distribution
index A and the rainfall PPT are all somewhat important
with Sobol values of ~0-25. The other factors are
unimportant. For the first order sensitivities, the fuzzy
method shows only the Upslope Pressure UP to be
of importance. However, if we look at the sum of
squared errors, the results are very different. In the
total sensitivity plot, the most important factor in this
case is the Brooks—Corey air entry pressure H with
an importance of ~1, followed closely by the hydraulic
conductivity Kg (~0-95). The Upslope Pressure UP is
still important with a Sobol value of ~0-75. Many of
the other factors have Sobol values of over ~0-4. The
same differences are evident in the first order sensitivity
plot, with UP definitely not as important as for the fuzzy
method, and with some importance attached to many
of the parameter. The highest first order importance is
attached to the Brooks—Corey pore size distribution index
A parameter.

Sum of squared errors
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Figure 6. Box and whisker representations of the total and first order sensitivity results of the Sobol method for the BCh simulation set and piezometer

S3. Fuzzy performance function results are shown on the left hand side and sum of squared errors results are on the right. Whiskers show the 5 and

95% quantiles, and the boxes show the 25 and 75% quantiles. The central line shows the 50% quantile and the star indicates the value calculated
with 100% of the sample
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We have seen that Claxton (2002) and Cloke (2003)
found K to be the most sensitive parameter for this case,
with H exhibiting some sensitivity. The sum of squared
errors method (SSE) results agree with such previous
findings. If we compare the hydraulic conductivity H
results for the fuzzy method and the sum of squared
errors method the major differences are illustrated. If
we take into account the entire response SSE then
hydraulic conductivity does indeed have a high total
importance. However, restricting the response surface to
just behavioural results in the hydraulic conductivity H
dropping significantly in importance. This has significant
implications for model decision making, and we advocate
using some kind of behavioural restriction in order to
truly determine which factors one might concentrate on
for data collection etc. (in this case, more instrumentation
at the upslope pressure boundary would be a useful idea).

Results of comparison of sensitivity analysis methods

Figure 7 shows that the UP remains an important
parameter for all of the different sensitivity analysis meth-
ods, however, there are also other differences in results
between the methods (all using the fuzzy performance
function this time). For the Entropy method, the total sen-
sitivity of the air entry pressure Hy is also an important
factor. The first order sensitivity analysis for the Entropy
method is a little more interesting. These results show
that for this calculation method UP has little first order
sensitivity, and therefore suggests that this factor is only
important in conjunction with the other factors. This is the
opposite to what was found with the Sobol method, where
UP had a very high first order sensitivity. The entropy
measure is more sensitive to changes in the point distri-
bution than to variations in the response surface, and so
such a difference in first order sensitivity is due to this
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Figure 7. Box and whisker representations of the total and first order sensitivity results of the Sobol, Entropy and Morris methods for the BCh
simulation set and piezometer S3. Whiskers show the 5 and 95% quantiles, and the boxes show the 25 and 75% quantiles. The central line shows

the 50% quantile and the star indicates the
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calculation difference. Neither measure is more correct
than the other, so we are left with an ambiguous result
although it is clear that UP is sensitive. For the Entropy
method, several other factors have medium importance
for the first order sensitivity results, namely Hy, R, PPT,
fs, g and S (storage). Although individually sensitive,
there is some correlation between the factors which leads
to an effective cancelling out of these sensitivities. For the
Morris method, only the H and UP factors are important.
We therefore have a set of sensitivity analysis results
that show some confirmation of sensitivities and some
ambiguities. To aid in the interpretation of results,
Table IV shows the overall rankings calculated from the
different methods. Although only a relative ranking, this
provides a guideline on where to begin interpretation,
especially if such relative rankings are confirmed by
an analysis of the sensitivity plots themselves. In this
case, it can be confirmed that the air entry pressure
parameter H is a sensitive parameter for this case. This
has strong implications for the estimation of effective soil
parameters. In the original analysis in Claxton (2002),
the mean value of H for the measured soil type was
selected from published literature tables. However, this is
not acceptable practice when there are clear dependencies
between H; and the results. Any future simulations of
this nature should (i) confirm the sensitivity of Hy, (ii)
use a range of reasonable values within an uncertainty
analysis framework, and (iii) evaluate the effects of
spatial variability on the sensitivity of this parameter.
Table IV also confirms UP as a factor on which we
should concentrate further constraining field measure-
ments. Whether this is an interactive factor or not is not
clear from the results, however, as it achieves high val-
ues for all three total sensitivity type measures it is safe
to assume so. An interaction effect could be explained
by our physical understanding of the system: the internal
behaviour of the flow domain is necessarily controlled
by the boundary conditions. However, this upslope pres-
sure boundary does seem to have a large effect on the
results of the model and therefore future simulations of
this nature should focus on the definition of, and the data
for, this boundary. Recommendations include a further
nest of piezometers at this hillslope—floodplain boundary

to further constrain the exact behaviour of the pressure
and to confirm 3D flow in the area. These data could lead
to a different specification of the boundary at this point
(see Cloke et al., 2003).

The saturated moisture content 6 and hydraulic con-
ductivity K were also important overall. However, the
importance of the K parameter has perhaps been over-
stated in previous sensitivity analyses of this type. This
is because (as demonstrated by the SSE method), without
a behavioural restriction, K is one of the most sensitive
factors involved. However, with a behavioural restriction
it drops in importance. This does not mean that there
is no sensitivity exhibited and it still remains prudent to
constrain the K parameter as much as possible. In addi-
tion, the insensitivity of the factor does not mean that
the factor can be fixed in a prediction mode as it may be
important in non-linear interactions with different bound-
ary conditions and under different circumstances.

Temporal variation in factor importance

Figure 8 demonstrates how the factors vary in impor-
tance through time. For example, for the Sobol method,
the Upslope Pressure UP and hydraulic conductivity K
are important during the flood peak (~350 — 500 hrs).
Other factors are important before then, in particular H
and 6. Also of importance in all methods are the peaks
in sensitivity; for example the peak at ~460 hours coin-
cides with a dip at the top of the hydrograph and follows
an intense period of rainfall. For all methods, many fac-
tors in addition to UP and K become important. This
highlights the fact that when different hydrological pro-
cesses are operating, the model is differentially sensitive
to different parameters. During times of flooding (which
applies to most of this event), UP and K are important.
However, during wetting and drying of the floodplain,
other factors, become important, especially H,. This is as
would be expected, as the wetting and drying behaviour
of the soil is controlled by the air entry value parameter.
Once the soil is totally saturated, then other factors will
necessarily become more important. This demonstrates
that the overall sensitivity of different model factors will
depend on the length of the time series and the different
hydrological regimes involved.

Table IV. Ranking of factors (1 most sensitive/important to 9 least sensitive important) for the Sobol, Entropy, Morris and SSE

methods for the BCh simulation set and piezometer S3. Rankings are calculated for the 100% sample set value (denoted by a star

on Figures 6 and 7) and hence do not take into account uncertainties. The Overall ranking was calculated by multiplying the other
rankings and rank transforming the results (the same ranked result was obtained by adding the other rankings)

Factor name Factor Sobol Sobol Entropy  Entropy Morris  SSE SSE I Overall
symbol total I* order total 1** order total order
Saturated moisture content Os 6 4 3 4 4 4 2 3
Residual moisture content Or 4 8 7 6 6 8 3 8
Saturated hydraulic conductivity Ks 2 5 5 8 3 2 5 4
Pore size distribution index A 5 3 8 9 5 6 1 5
Air entry pressure hs 7 2 2 1 1 1 6 1
Storage S 8 9 9 5 9 9 9 9
Upslope pressure up 1 1 1 7 2 3 8 2
River Stage Rs 9 7 4 2 7 5 4 6
Rainfall PPT 3 6 6 3 8 7 7 7

Copyright © 2007 John Wiley & Sons, Ltd.

Hydrol. Process. (2007)
DOI: 10.1002/hyp



H. L. CLOKE, F. PAPPENBERGER AND J.-P. RENAUD

Total

Morris

0
250

500

500

First Order

500

Factors
>
w

. s

Time (hrs)

Figure 8. Factor importance variations through time for the Sobol, Entropy and Morris methods for the BCh simulation set and piezometer S3. The
sequence of grey colours shown in the legend remains the same order for the graphs themselves

Sensitivity of the Darcian velocity and implications for
hypothesis testing

We now take the behavioural parameter sets and look at
the behaviour of the x component of the Darcian velocity
at a location on the floodplain between piezometer
S4 and S3. This location is at a distance x =5 m
away from piezometer S3, and has been used in this
test-case before as a reference point as it is flooded
relatively early on in the event. The x component of the
Darcian velocity is a key state variable as this provides
information on the flux of water into the back of the
floodplain, and hence the hillslope, during the event. This
velocity can also be used to calculate water residence
time in the floodplain, and hence has implications for
transport and residence of solutes within the floodplain
groundwaters (see Claxton et al., 2003 for more details).
It is therefore very important to get an accurate prediction

Copyright © 2007 John Wiley & Sons, Ltd.

of the x-component Darcian velocity. Figure 9 shows
scatter plots of the Darcian velocity vector magnitude
(x component) at this point against the Ks, UP and H
factors at a time of 370 hours when the flood is nearly
at its full extent. We have seen in Figure 8 that during
this time K and UP are particularly sensitive and this is
again reflected in Figure 9. The structure in the K plot is
evident, with a logarithmic increase in Darcian velocity
magnitude with K value. The structure of UP and H
are less simple, with some high values of these factors
leading to high velocity values. Looking at the UP in
detail, the highest values of velocity are found at a factor
range centred about ~0-17.

We must determine what these results mean for hypoth-
esis testing. For both the hydraulic head and the Dar-
cian velocity predicted by the model, we have seen
that a wide variety of behavioural results exist. The
model factors change in their sensitivity with different
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Figure 9. Scatter plots of the x-component of the Darcian velocity
magnitude (at a point x = 5 m from piezometer S2) against K, UP and
H g factors

methods and through time. These sensitivities are some-
times complicated, with the example above of UP having
a threshold-like behaviour predicting high velocity val-
ues in a particular range. We cannot reject the range of
velocities predicted by our model (our hypothesis), but
the key to confirming this is to take some more mea-
surements, and continue the iterative scientific process
(Hooper, 2001). However, we do now have an under-
standing of the major controls in our model on the flux
of water (and solutes) into the floodplain during flood
events.

UTILITY OF MULTI-METHOD GLOBAL
SENSITIVITY ANALYSIS

The overall goal of any sensitivity analysis is to aid
decision making in order to improve the model (Saltelli,
2000, p. 8-9). However, there is a danger that the results
of any sensitivity analysis exercise does not directly
help to improve the model but instead produces so
much information that the modeller is overwhelmed and
does not know what to do with such information. A
great deal of time and computational resources have
been invested in the MMGSA exercise presented in
this paper, and a substantial amount of information
has been generated. This is in stark contrast to the
simple one-factor-at-a-time sensitivity analysis performed
by Cloke (2003) and Claxton (2002). One needs to

Copyright © 2007 John Wiley & Sons, Ltd.

consider is the added understanding generated by the
MMGSA worth the additional effort? Here, we would
argue yes. The methodology we have demonstrated in
this article can be used as a framework to help identify
dominant factors. We use a simple ranking table (see
Table IV) and a range of graphical techniques to help
to summarize the information generated. We have shown
that an appreciation of the complexities of the sensitivities
of different factors and their dynamism in time can
help to evaluate the next steps in fieldwork and the
development of a conceptual model. Without this, the
subtleties of the control of the boundary conditions on
the pressure/velocity response would have been less clear.
This then leads to an informed allocation of resources for
future measurements at this site, which include nests of
piezometers at the right location as well as experiments
designed to constrain the K (and H) parameter values
spatially.

CONCLUSIONS

Global sensitivity analysis is an essential tool in using
numerical models to study hydrological processes. Here
we have combined a fuzzy performance function with dif-
ferent methods of calculating global sensitivity, namely
the Sobol, K—L Entropy and Morris methods, to perform
a multi-method global sensitivity analysis (MMGSA).
We have illustrated the necessity and suitability of this
methodology for complex process-based models, with an
application of a finite element subsurface flow model
(ESTEL-2D) to a flood inundation event on a floodplain
of the River Severn. The suite of results generated by the
MMGSA highlight the complexities inherent in the sensi-
tivities of the model factors, but demonstrated that for this
particular flooding case, the upslope pressure boundary
condition UP and the Brooks—Corey air entry value H
were particularly important. These are different results to
the simple one-factor-at-a-time sensitivity analysis origi-
nally performed for the case, where the Hydraulic Con-
ductivity K was found to be the most important param-
eter. There are distinct variations between the different
GSA measures, but one cannot be said to be more correct
than another, they are just different ways of calculating
sensitivity. However, having this wealth of information
helps one to make an informed decision regarding the
model behaviour.

We have highlighted the difficulties in computing sen-
sitivities under the constraints of model non-convergence
and numerical instabilities, and caution against the
assumption that one can interpolate over holes in the
response surface.

We demonstrate the utility of the MMGSA method for
model understanding, in particular for the prediction of
state variables such as Darcian velocity vectors directed
towards the hillslope. We now have a better understand-
ing of the Darcian velocity in our model, and the likely
range of velocities possible. Understanding the controls
on the numerical simulation of hydrological processes
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allows informed decision making: for example, where
next to deploy field resources.
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