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[1] River discharge predictions often show errors that degrade the quality of forecasts.
Three different methods of error correction are compared, namely, an autoregressive model
with and without exogenous input (ARX and AR, respectively), and a method based on
wavelet transforms. For the wavelet method, a Vector‐Autoregressive model with
exogenous input (VARX) is simultaneously fitted for the different levels of wavelet
decomposition; after predicting the next time steps for each scale, a reconstruction formula
is applied to transform the predictions in the wavelet domain back to the original time
domain. The error correction methods are combined with the Hydrological Uncertainty
Processor (HUP) in order to estimate the predictive conditional distribution. For three
stations along the Danube catchment, and using output from the European Flood Alert
System (EFAS), we demonstrate that the method based on wavelets outperforms simpler
methods and uncorrected predictions with respect to mean absolute error, Nash‐Sutcliffe
efficiency coefficient (and its decomposed performance criteria), informativeness score,
and in particular forecast reliability. The wavelet approach efficiently accounts for forecast
errors with scale properties of unknown source and statistical structure.
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1. Introduction

[2] Reliability, accuracy and timeliness are essential pre-
requisites for an efficient flood forecasting system. In
addition, the translation of all available information (prior
knowledge and model forecast) into reality, through the
estimation of the predictive uncertainty, is necessary to
allow decision makers to make the most effective decision
under conditions of uncertainty. Rougier [2007] and Todini
[2009] define predictive uncertainty as a subjective assess-
ment of the probability of occurrence of a future (real) event,
conditional upon all knowledge available up to the present
and the information that can be acquired through a learning
inferential process. The objective of this paper is to dem-
onstrate possible advances regarding the efficiency of a
hydrological forecasting system by reducing the prior
uncertainty through analysis and correction of the error of
the predictions and by providing the decision maker with
estimates of the predictive uncertainty.
[3] A fundamental step to improve the reliability of the

forecast is to analyze the prediction error in order to identify
various sources of error, and to correct the error in order to
minimize the error of the timing (timeliness), and the dif-
ference in the volume and magnitude of the peak between
observed and simulated flood events (accuracy). Imperfec-

tions of hydrological predictions stem from uncertainties in
the initial conditions, the boundary conditions, the forcing as
well as model structure, and parameterization [e.g., see
Kachroo and Liang, 1992; Butts et al., 2004; Cloke and
Pappenberger, 2009]. While it is important to improve
and optimize a hydrological modeling chain by taking
account of these imperfections through the calibration of the
hydrological model (i.e., off‐line calibration with historical
data), operational forecasting also employs error correction,
i.e., real‐time compensation of the differences between the
simulated and the most recent measured streamflow values.
[4] The various updating methods that are adopted can be

classified into four groups, depending on the model vari-
ables modified during the updating process [Georgakakos
and Smith, 1990; World Meteorological Organization,
1992]: (1) updating of input parameters, (2) updating of
state variables, (3) updating of model parameters, and
(4) updating of output variables. The last method is probably
the most popular among hydrologists and has been suc-
cessfully applied in flood forecasting because of its simple
structure (e.g., autoregressive model) and its minimal com-
putational costs (i.e., no time‐consuming reruns of the
hydrological forecast model are necessary), which are most
relevant for real‐time forecast systems.
[5] O’Connell and Clarke [1981], Refsgaard [1997] and

Xiong and O’Connor [2002] report methods for model
updating such as state variable updating based on an extended
Kalman filter, methods based on neural networks and fuzzy
logic or simple autoregressive and autoregressive threshold
methods. Xiong and O’Connor [2002] state that efficiency
of the simple standard autoregressive model is not improved
by any of the more complicated methods that they have
tested. The choice of any one method depends on what is
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considered to be the main cause of discrepancy between
observed and simulated streamflow values. The methods
above ignore the possible scale dependence of the stream-
flow and error time series, i.e., the dependence upon the
behavior of the process at the different temporal resolution
under consideration. However, understanding the behavior
of river flow processes and of derived quantities, such as the
error time series, at different temporal (and spatial) scales is
important in order to determine the predictability of river
flow at different scales [Regonda et al., 2004]. A highly
suitable method of investigating the properties of time series
at various resolutions (i.e., scales) is through the application
of wavelet theory [Daubechies, 1992; Percival and Walden,
2000; Nason, 2008], which will be tested in this study.
[6] Error correction routines reduce the differences

between observed and simulated time series significantly.
The remaining modeling uncertainty (caused primarily by
the underlying simplifications in the hydrological model,
parameter uncertainty and errors in the initialization of the
model runs such as measurement errors) can be evaluated in
the context of a Hydrological Uncertainty Processor (HUP),
which estimates the predictive uncertainty given observed
streamflow measurements and (corrected) hydrological model
predictions [Krzysztofowicz and Kelly, 2000]. In principal
any postprocessing method which produces conditional
probability distributions like the Model Output Statistic
(MOS) method [Glahn and Lowry, 1972] and its modifica-
tions [Gneiting et al., 2005; Wilks, 2009] could be applied.
However, the advantage of the HUP based on Bayesian
principles is that information not only from rather short his-
toric pairs of observations and forecasts (predictions), but
also from long climatic samples can be extracted and fused
according to the laws of probability [Krzysztofowicz and
Maranzano, 2006].
[7] The application of correction methods without ana-

lyzing the impact on the predictive uncertainty and vice
versa (i.e., assessing the predictive uncertainty without
updating the prior knowledge through real‐time error cor-
rection) would result in an incomplete forecast system. It is
essential to test a methodology in a full forecasting frame-
work in order to assist decision makers to make the most
efficient decision with the most reliable forecast while rec-
ognizing uncertainty [Krzysztofowicz, 1983, 2001a].
[8] For reasons of clarity, this paper shows the method-

ology for the error correction and the HUP only. The results
of the application of the remaining parts of the Bayesian
Forecast System (BFS), namely the Input Uncertainty
resulting from the uncertainty of the meteorological (ensem-
ble) forecast [Kelly and Krzysztofowicz, 2000; Herr and
Krzysztofowicz, 2010] and the Integrator of the HUP and
the Input Uncertainty [Krzysztofowicz, 2001b] are under
preparation. The fundamental details about the BFS can be
found in the work by Krzysztofowicz [1999a, 1999b].
[9] In this paper a novel approach to correct for errors in

discharge is presented, that uses wavelet transformations
and takes account of the scale dependences of errors. Its
efficiency will be investigated in comparison with other
simpler approaches and will be embedded into the BFS in
order to estimate the total predictive uncertainty. At a first
step the newly developed methodology of error correction in
combination with the HUP will be tested within the
framework of the European Flood Alert System [Thielen
et al., 2009], which uses meteorological forecasts to pre-

dict the probability of flooding in transnational river basins
across Europe. First, in section 2, an overview of the applied
methodologies (i.e., the theory of the wavelet transforma-
tion, the VARX and the HUP) will be discussed. This is
followed in section 3 by a description of the hydrological
system. In section 4 the evaluation methods are explained,
followed by results and validation of the method in section 5.
The conclusions are in section 6.

2. Applied Methodologies

2.1. Wavelet Transformation

[10] In recent years the development of wavelet theory
has spawned applications in signal processing and time
series analysis, and fast algorithms for integral transforms
and image and function representation methods. A summary
of the latest developments in the area of wavelet analysis
and its applications can be found for example in the work by
Bordeianu et al. [2009] and Qian et al. [2007]. Wavelet
transformation provides a very useful and efficient decom-
position tool for time series in terms of both time and fre-
quency [see Mallat, 1989]. The objective of the approach
presented here is to attempt to fit an error correction model
to simulated discharge data and to update the corrected
simulation in real time with observation data and weather
forecasts. We acknowledge some similarities to the work of
Chou and Wang [2004], who developed a rainfall runoff
model directly in the wavelet domain. The approach in this
paper is novel in that it adapts wavelet transformations as an
error correction routine of a hydrological model using a
different wavelet methodology, the Nondecimated Discrete
Wavelet Transformation (NDWT), contrary to the Discrete
Wavelet Transform (DWT) applied by Chou and Wang
[2004] and Briggs and Levine [1997] also. Furthermore
the emphasis of the latter work is on denoising and verifying
meteorological field forecasts by decomposing spatial fields
into scales representing different levels of details and
applying multivariate scores. We note again that wavelets
are particularly useful for analyzing the scale dependency of
hydrological simulations and for the decomposition of the
model errors into different temporal resolutions.
[11] In order to demonstrate the scale dependency of the

time series the continuous wavelet transform (CWT) may
be used. The CWT is a highly redundant mapping of a
real‐valued or complex‐valued function f(x) from the time
domain to the so‐called time‐scale domain with CWT
coefficients proportional to the variability of f(x) at a given
time and scale (for details see Carmona et al. [1998]).
“Redundancy” means that a vast amount of repeated
information is contained within this two‐dimensional rep-
resentation, depending on continuously varying translation
and dilation parameters. Lane [2007] applied the CWT to
rainfall runoff models and developed two objective func-
tions based on wavelet power and wavelet phase in order
to discriminate more effectively between different type of
errors.
[12] Figure 1 illustrates the CWT of the time series of

differences between observed and simulated discharges at
the gauging station Hofkirchen (Upper Danube River,
Germany) for the period 1 October 2001 to 30 September
2002. The magnitude of the CWT is plotted on a
“scalogram,” which is analogous to the spectrogram in time‐
frequency analysis, with time on the horizontal axis, scale
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on the vertical axis, and amplitude given by grey scale. Two
major error sources are observed in the scalogram. The
largest is at springtime (in Figure 1 indicated with the first
box at the end of March 2002), which is caused by long‐
lasting snowmelt processes. This is far larger than the
amplitude of the error that appears in August 2002 (second
box in Figure 1) which is caused by an overlapping of
stratiform precipitation and convective rain fields of short
duration. The effect of the springtime error lasts for more
than two weeks (i.e., large wavelet coefficients up to and
above the scale of 24 days), whereas the wavelet coefficients
of the summer flood event disappear after a few days
(indicated by the affected range of scales up to 23 days). For
a more detailed discussion analysis on the relationship
between the estimation of the wavelet coefficients and
model diagnostics the reader is referred to Briggs and
Levine [1997] and Liu et al. [2011].
[13] The wavelet‐based method for the correction of the

error between observed and modeled discharge series in the
presented study is based on an alternative nondecimated
wavelet transform, which is given by the à trous algorithm
[Dutilleux, 1989] and has been applied for example by
Benaouda et al. [2006] for forecasting purposes. The main
objective of the proposed procedure will be the prediction of

future river discharge, and as such the most recent available
observations are of critical importance.
[14] The observed and simulated time series are finite, of

size say n, and the values at times n, n − 1, n − 2, …, are of
greatest interest for predicting the next time steps. Any
symmetric wavelet function is problematic for the handling
of the boundary (or edge), and it will not be possible to use
wavelet coefficients if these are calculated from unknown
future data values. An asymmetric filter would be better for
dealing with the edge of importance. Although one could
hypothesize future data based on values in the immediate
past, there is nevertheless discrepancy in fit in the succes-
sion of scales, which grows with scale as larger numbers of
immediately past values are taken into account.
[15] In addition, for both symmetric and asymmetric

functions a variant of the transform, that handles the edge
problem, is needed. Usually this will be the mirror or peri-
odic border handling. Although all of these methods work
well in many applications, they are very problematic in
forecast applications as they add artifacts in the most
important part of the signal: its right border values. In
order to address this boundary problem, Bogner and Kalas
[2008] applied a redundant representation using dilations
and translations of the autocorrelation functions of compactly

Figure 1. (top) Time series of error (observed minus simulated river discharge) at station Hofkirchen
and (bottom) the time‐scale plot of the corresponding continuous wavelet transformation. For display pur-
poses the magnitude of the CWT coefficients is scaled by a factor of 0.5. The darkest regions, indicated
by the boxes, highlight the regions of greatest variability having maximal CWT coefficients.
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supported wavelets (the autocorrelation shell) instead of the
wavelets per se [Saito and Beylkin, 1993]. However, in this
paper the adaptive Haar à trous transform is tested, which is
mathematically less complex and therefore straightforward
to implement [Zheng et al., 1999; Renaud et al., 2003].
[16] The Haar wavelet transform may be considered as

simply pairing up input values, storing the difference and
passing the sum recursively, and pairing up the sums to
provide the next scale (for a review see Stankovic and
Falkowski [2003]). The Haar à trous wavelet transform is
based on successive convolutions with the discrete low‐pass
filter h (1/2, 1/2):

siþ1 kð Þ ¼
X∞
l¼�∞

h lð Þsi k þ 2il
� �

; ð1Þ

where the finest scale is the original signal s0(t) = y(t). From
the sequence of smoothings of the signal the differences are
used to calculate the wavelet coefficients di:

di kð Þ ¼ si�1 kð Þ � si kð Þ; ð2Þ

which will capture the details of the signal.
[17] At any time point, k, no information after k is used

for calculating the wavelet coefficients. The original time
series yt can be reconstructed as a linear combination of the
wavelet and scaling coefficients

yt ¼ sj tð Þ þ
XJ
j¼1

dj tð Þ: ð3Þ

Figure 2. Nondecimated Haar wavelet transform with 5 levels of decomposition.
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[18] The decomposed observed and simulated series, as
shown in Figure 2 for the Hofkirchen station (Upper Danube
river, Germany), will be used to fit a times series model and
to apply the error correction method. This is described in
section 2.2.

2.2. Vector Autoregressive With Exogenous
Inputs Model

[19] In this paper we apply a VARX model in order to
predict the wavelet coefficients of the decomposed observed
values, taking the series of decomposed simulations as
exogenous input. The VARX model is the straightforward
multivariate extension of the univariate ARX model allow-
ing contemporaneously correlation of the variables with one
another. In order to evaluate the performance of the VARX
model updating procedure it will be compared with the
ARX model combined with the most simple and widely

used Autoregressive (AR) updating procedure (details and
derivations of the equations in this section are given in
Appendix A). The VARX can be written in state‐space form
as

xtþ1 ¼ �xt þ �ut þ wt t ¼ 0; 1; . . . ; n; ð4Þ

yt ¼ Atxt þ Gut þ vt t ¼ 1; . . . ; n; ð5Þ

where, in the state equation, x0 ∼ N(m0, S0), � is p × p, and
g is p × r. In the observation equation, At is q × p and G is
q × r. Both wt and vt are white noise series, with var(wt) = Q
and var(vt) = R, and furthermore the state noise and observa-
tion noise are allowed to be correlated at time t (for derivations
see Shumway and Stoffer [2006] and Appendix A).
[20] The conversion of the VARX model into state‐space

form allows the application of a reduction procedure based

Figure 2. (continued)
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on singular value decomposition [Mittnik, 1989; Aoki and
Havenner, 1986]. This has the advantage that the result-
ing lower‐dimensional model will be dynamically stable
[Mittnik, 1990] and the method of least squares for fitting
observed and simulated series of wavelet coefficients for a
set of possible time lags can be applied. In addition the
conversion to the state‐space form allows the straight for-
ward application of the recursive Kalman Filter state esti-
mation algorithm given initial conditions x1∣0 and filter error
covariance P1∣0, for t = 1, …, n:

xtþ1 tj ¼ �xt t�1j þ �ut þ K?
t yt � Atxt t�1j � Gut
� �

; ð6Þ

Ptþ1 tj ¼ �� K?
t At

� �
Pt t�1j �� K?

t At

� �
′þ Qþ K?

t RK
?′
t � SK?′

t � K?
t S′;

ð7Þ

where the new gain matrix is given by

K?
t ¼ �Pt t�1j At′þ S

� �
AtPt t�1j At′þ R
� ��1

: ð8Þ

The filter update, given a new observation yt+1 and input
ut+1 is given by

xtþ1 tþ1j ¼ xtþ1 tj þ Ptþ1 tj Atþ1′ Atþ1Ptþ1 tj Atþ1′ þ R
� ��1

�tþ1;

Ptþ1 tþ1j ¼ Ptþ1 tj � Ptþ1 tj Atþ1′ Atþ1Ptþ1 tj Atþ1′ þ R
� ��1� Atþ1Ptþ1 tj :

ð9Þ

2.3. Hydrological Uncertainty Processor

[21] Section 2.2 introduced the VARX correction method,
and later in this paper the quality of this method will be
evaluated. However, it is important to undertake this eval-
uation in the context of the hydrological uncertainty.
Ignoring this uncertainty would only give a partial, incom-
plete picture of the performances [Todini, 2009].
[22] Following the work of Krzysztofowicz [1999a],

Krzysztofowicz and Kelly [2000], and Krzysztofowicz and
Maranzano [2004] the HUP is developed based on the
Bayesian formulation and a meta‐Gaussian distribution
family [Kelly and Krzysztofowicz, 1994, 1997]. Let yn
denote the observed discharge at a gauging station for lead
time n (n = 1, …, N) prepared on day n = 0 and treated as a
random variable Yn, whereas rn is viewed as a realization of
Rn and is the output of a deterministic hydrological model
denoting an estimate of Yn, given a perfect weather forecast.
Given observed meteorological input data, the first step is to
convert the historical observed discharge values and the
corresponding hydrological model predictions into Normal
space using the quantiles associated with the order statistics
[Krzysztofowicz, 1997; Kelly and Krzysztofowicz, 1997].
[23] The historical records of observed discharge values y

and simulated discharge values r have been extended
artificially by fitting the generalized Pareto distribution
[Pickands, 1975] to the peaks‐over‐threshold (POT), and
the estimated discharge values with low probabilities of
occurrence are appended to the pairs of observation and
simulation. This allows for the back transformation of
extreme values which are not available in the limited sample
size. An overview and further details about the POT mod-
eling of hydrological extremes, and about the implications

of an assumption of the distribution, can be found in the
work by Ashkar and Tatsambon [2007].
[24] The Normal Quantile Transform (NQT) of the vari-

ates Yn and Rn is given by the composition of the inverse
standard normal distribution Q and the empirical distribution
G, resp. L of the variate:

Wn ¼ Q�1 G Ynð Þð Þ; n ¼ 0; 1; . . . ;N ; ð10Þ

Xn ¼ Q�1 Ln Rnð Þ� �
; n ¼ 1; . . . ;N : ð11Þ

The next step is to formulate the a priori model, which will
rest on the assumption that the NQ transformed discharge wn

follows a Markovian lag one process. Thus the process is
governed by the normal linear equation

Wn ¼ cWn�1 þ E; ð12Þ

where E is normally distributed, N(0, 1 − c2) and the
parameter c represents the Pearson’s correlation coefficient.
Also the likelihood function will rest on the assumption that
the stochastic dependence between the transformed variates
is governed by a simple normal linear equation Xn = anWn +
dnW0 + bn + Qn, where Qn is normally distributed with mean
zero and variance sn

2. Given the prior density and the like-
lihood function, the theory of conjugate families of dis-
tributions [De Groot, 1970] can be applied and the condi-
tional expected density (likelihood function) can be derived:

�Qn xn w0jð Þ ¼ 1

a2nt
2
n þ �2

n

� �1=2 q xn � ancn þ dnð Þw0 � bn

a2nt
2
n þ �2

n

� �1=2
 !

;

ð13Þ

where tn
2 = 1 − c2n and q denote the standard normal density

and subscript Q denotes a density in the space of trans-
formed variates [Krzysztofowicz and Kelly, 2000]. Accord-
ing to the Bayesian theorem the posterior density can be
derived

�Qn wn xn;w0jð Þ ¼ 1

Tn
q

wn � Anxn � Dnw0 � Bn

Tn

� �
; ð14Þ

where

An ¼ ant2n
a2nt

2
n þ �2

n

; Bn ¼ �anbnt2n
a2nt

2
n þ �2

n

; ð15Þ

Dn ¼ c2n�
2
n � andnt2n

a2nt
2
n þ �2

n

; T 2
n ¼ t2n�

2
n

a2nt
2
n þ �2

n

: ð16Þ

The application of the HUP for operational flood forecasting
purposes has the advantage that the fitting of the HUP to
historical data can be calculated off‐line and only a small set
of estimated parameters (an, dn, bn and sn

2) will have to be
stored. A step‐by‐step guide of the practical application of
the HUP can be found in the work by Todini [2008].

3. Domain and Model Description

[25] The methodology will be tested within the context of
the European Flood Alert System (EFAS). The aim of EFAS
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is to increase the preparedness for floods in transnational
European river basins. A detailed setup of the system is
described by Thielen et al. [2009] and Bartholmes et al.
[2009]. EFAS uses the hydrological model LISFLOOD,
which is a distributed, hydrological rainfall runoff model. It
is a hybrid between a conceptual and a physical rainfall
runoff model designed specifically to simulate the hydro-
logical processes that occur in large catchments [Van Der
Knijff et al., 2010]. The model has been extensively tested
and calibrated for various catchments across the globe [Mo
et al., 2006; Feyen et al., 2007; He et al., 2009; Thiemig
et al., 2010].
[26] In this study the operational setup of EFAS is used

which covers Europe on a 5 km grid and simulates dis-
charges on 6 hourly time steps. The model parameters for
the simulation of the soil and land use processes are derived
from European databases. Snowmelt is simulated using a
degree day approach, with a correction factor for higher
snowmelt rates during rain events. The model parameters
that control snowmelt rates, infiltration, overland and river
flow, as well as residence time in the soil and subsurface
reservoirs, were calibrated with the SCE‐UA algorithm
[Duan and Sorooshian, 1992], replacing the original ran-
dom sampling with a Latin Hypercube sampling scheme to
generate the initial population. Following recommendations
by Feyen et al. [2008], calibration was done in a semidis-
tributed way, dividing each catchment into subcatchments
(in total 231), based on available station data.
[27] The evaluation of the updating methodology will

concentrate on three selected stations along the Upper
Danube river (see Figure 3 and Table 1), which were the
first ones to implement the postprocessing procedure. The

number of stations is steadily increasing up to 16 stations at
present, where the updating is performed operationally twice
a day. The streamflow at the three selected stations is
dominated by convective precipitation in summer and snow
melting in spring, and are representative for Central Europe,
showing hydrological characteristics ranging from nival
(like the Inn river joining the Danube river upstream
Achleiten) to pluvial (like the Danube river upstream Neu
Ulm).
[28] In Table 1 some hydrologically relevant numbers are

summarized, where MQ stands for the mean annual daily
discharge and MHQ refers to the mean annual maximum
discharge. The MQ and MHQ values have been provided by
local water authorities (as for the testing stations) or have
been calculated based on available historical series of
observed discharge data. Since EFAS incorporates station
data from all over Europe, many different data formats and
different time periods of historical data are available.
Therefore the calibration period of the VARX is different for
the selected station Achleiten (Austria) and for the two
stations in Germany (Neu Ulm and Hofkirchen), but they all
span at least a period of 3 years including severe flood
events.

4. Evaluation Criteria

4.1. Deterministic Evaluation

[29] The quality of point prediction models, such as the
deterministic output of a hydrological model, has been
assessed with the mean absolute error (MAE) and the Nash‐
Sutcliffe (N‐S) coefficient [Nash and Sutcliffe, 1970]. In
order to measure the skill of the analyzed methods the

Figure 3. Sixteen stations running operational realtime postprocessing and updating in EFAS.

BOGNER AND PAPPENBERGER: MULTISCALE ERROR ANALYSIS AND CORRECTION W07524W07524

7 of 24



improvements in the MAE of the corrected predictions over
the MAE of the uncorrected predictions will be calculated.
Additionally the N‐S coefficient was further decomposed
into three distinctive components representing the correla-
tion r, bias b and a as a measure of relative variability in the
observed values [Gupta et al., 2009]:

N�S ¼ 2�r � �2 � �2; ð17Þ

where a is given by the ratio of the simulated and observed
standard deviation and b = (ms − mo)/so, with the simulated
and observed mean discharge ms and mo.

4.2. Evaluating the Assumptions of HUP and Predictive
Capability

[30] The first step in the evaluation of the HUP is to check
the meta‐Gaussian model dependence structure of the prior
density, which requires examination of the assumption of
linearity, homoscedasticity and normality. The three items
are judged graphically [Krzysztofowicz and Kelly, 2000] by
scatterplots of the transformed sample points (w0, w1) to
assess linearity, and of the regression residuals � versus
values of E(W1|W0 = w0) to assess homoscedasticity.
The last item of normality can be checked by plotting the
empirical distribution of E. Some conclusions about the
predictive capability of the hydrological model [Krzysztofowicz
and Kelly, 2000] can be drawn from the estimated HUP
parameters, an, dn, bn and sn

2.
[31] The slope a measures how much information is in the

output (or the “signal” carried by the output), while s2

measures the “noise” of the output. The “signal to noise”
ratio a2/s2 could be interpreted as a measure of hydrological
uncertainty, with a2/s2 → ∞ implying no uncertainty and
a2/s2→ 0 indicating infinite uncertainty. A decision‐theoretic
measure of informativeness of the output has been derived
[Krzysztofowicz and Evans, 2008], namely the informa-
tiveness score (IS), also referred to as the Bayesian corre-
lation score in the original publication [Krzysztofowicz,
1992]:

IS ¼ a

�

� 	�2
þ 1


 ��1
2

: ð18Þ

The advantage of IS in comparison to the score from
the signal to noise ratio is that the IS ranges in value from
0 (= uninformative predictor) to 1 (= perfect predictor).

4.3. Probabilistic Evaluation

[32] The joint distribution of the observations and the
forecasts contains all the information necessary for evalu-
ating the quality of the forecast. In the work by Murphy and
Winkler [1987, 1992] this general diagnostic framework for
(probabilistic) forecast verification is described in detail,
which is based on the probability distribution of forecasts
and observations and on the conditional and marginal dis-
tributions associated with factorizations of the joint dis-
tribution. There are two possible ways of factorization,
namely, (1) into conditional distributions of the observations
given the forecasts and the marginal distribution of the
forecasts and (2) into conditional distributions of the fore-
casts given the observations and the marginal distribution of
the observations. The second type is called the likelihood
base rate factorization and indicates the possible usefulness
of a forecast in predicting the observation in comparison to
predictions based on the sample climatology without fore-
casts. This factorization can provide additional insights into
the forecast quality, however for streamflow series the base
rate, reflecting the long‐term climatology, is difficult to
estimate, because of possible spatial and temporal pecu-
liarities and inherent nonlinearities. Therefore the first
factorization, which is called calibration‐refinement factor-
ization, will be applied. In this factorization the condi-
tional distribution indicates how often different observations
occurred given a particular forecast and relates to the cali-
bration or reliability of a forecast. The predictive or mar-
ginal distribution of the forecasts relates to the refinement or
sharpness of the forecasts [Murphy et al., 1989].
[33] Various measures of the predictive performance and

the quality of probabilistic forecasts address reliability and
sharpness simultaneously, such as the Continuous Ranked
Probability Score (CRPS), which is equivalent to the Brier
Score integrated over all possible threshold values for the
continuous predictand [Hersbach, 2000]. Gneiting and
Raftery [2007] show that CRPS can be interpreted as a
generalized version of the MAE, which will be used as a
measure of accuracy here, where accuracy is defined as the

Table 1. Gauging Stationsa

ID Station Tributary/River Area (km2) MQ (m3/s) MHQ (m3/s) Channel Gradient (m/m)

1 Mohacs Danube 210,100 2,470 5,100 0.005
2 Hofkirchen Danube 48,000 640 1870 0.005
3 Neu Ulm Danube 8,000 125 588 0.009
4 Bratislava Danube 130,000 2,100 5,900 0.010
5 Achleiten Danube 72,500 1,430 4,120 0.015
6 Dresden Elbe 332,500 320 1,400 0.008
7 Wasserburg Inn/Danube 11,600 360 1,450 0.034
8 Orahovica Iskar/Danube 8,000 460 1,160 0.014
9 Lochow Liwiec/Vistula 2,800 10 60 0.002
10 Borgharen Maas 20,000 230 1,500 0.006
11 Straznice Morava/Danube 10,700 70 380 0.008
12 Scinawa Oder 30,000 180 790 0.004
13 Bohumin Oder 4,350 40 350 0.008
14 Lobith Rhine 160,000 2,300 6,600 0.010
15 Bellinzona Ticino/Po 1,575 65 510 0.054
16 Prague Vltava/Elbe 26,000 140 840 0.007

aThe selected stations for demonstrating the quality of the updating performance are in italic font.
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average degree of correspondence between individual fore-
casts and observation [Murphy and Daan, 1985; Murphy,
1988]. In this paper we use the Probability Integral Trans-
forms or PIT (for details see Rosenblatt [1952]) of the
forecasts in order to test for departures from the dual
hypotheses of independence and uniformity, with departures
from uniformity tested using the Kolmogorov‐Smirnov
(K‐S) statistic [Conover, 1999; Noceti et al., 2003]. The
rank test is a nonparametric test, used to test the null
hypothesis H0 that the input are values of independent and
identically distributed random variables [see, e.g., Brockwell
and Davis, 2002]. The PIT is defined as the value that the

predictive cumulative distribution function (CDF) attains
at the observation. If Ft is the predictive distribution and xt
materializes, the transform is defined as zt = Ft(xt). For a
correct probability forecast the zt values are mutually inde-
pendent and identically U(0, 1) distributed [Dawid, 1984;
Berkowitz, 2001]. Diebold et al. [1998] suggested plotting a
histogram of the resulting PIT values and comparing this to
a perfect U(0, 1) distribution as a method of discerning the
degree of reliability of a model.
[34] Instead of plotting histograms the approach of Laio

and Tamea [2007] will be used for producing predictive
QQ plots, which does not require a subjective binning of the

Figure 4. Observed and simulated river discharge at three Danube stations (Germany, Austria).
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data. Departures from the 1:1 line indicate that the observed
values lie outside the predicted range, implying that the
predictive uncertainty is underestimated or overestimated
[Thyer et al., 2009]. In order to evaluate the degree of
departure the maximum absolute distance Dmax between the
empirical distribution of the zt values and the U(0, 1) dis-
tribution can be calculated and will be used as a measure of
reliability similar to the approach of Renard et al. [2010].

5. Results and Discussion

[35] For each station the series of paired observations and
simulations has been divided into three parts (see Figure 4),

where the first part is used for the calibration of the VARX
model in the wavelet domain and the second and third parts
are used for the evaluation of the VARX model. The second
part is also used for fitting the HUP and the third part is used
for the evaluation of the predictive uncertainty. Therefore
the following evaluations are separated according to this
division.

5.1. Evaluation of the VARX

[36] In Table 2 the Nash‐Sutcliffe (N‐S) coefficients and
the MAE for the uncorrected simulations and for the VARX,
ARX and AR updating model for the three stations are
shown for the verification period only, and demonstrate the

Figure 4. (continued)
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improvements due to the wavelet transformation. In order
to show the improved prediction performance more clear,
a Prediction Skill Score (PSS) is given also, and is defined
as the improvement in accuracy of the corrected predic-
tions over the uncorrected predictions in analogy to the
mean square error skill score of Murphy [1988]. Further-
more an example of the prediction performance at lead time
three conditional on the streamflow magnitude is shown
in Figure 5 demonstrating the superior performance of the
VARX at almost all ranges of magnitude. A nonparametric
resampling approach based on the pairs bootstrapping
method [Freedman, 1981] is used in order to construct 95%
confidence intervals (see A. Canty and B. D. Ripley, boot:

Bootstrap R (S‐Plus) functions, R package version 1.3-2,
2011, and Davison and Hinkley [1997] for details). In
Figure 5 the adjusted bootstrap percentile intervals [DiCiccio
and Efron, 1996] are shown indicating the direct relationship
of uncertainty and discharge magnitude.
[37] The MAE, N‐S efficiency and its decomposed

coefficients for the calibration of the updating procedure are
shown in Table 3. Apart from the MAE, which indicates
clearly the improvements achieved by the VARX model, the
N‐S coefficients and its decompositions are hard to distin-
guish for the period of calibrating the AR, ARX and VARX
parameters. Regarding the validation period the VARXmodel
is superior to the ARX and ARmodel for almost all lead times.

Figure 4. (continued)

BOGNER AND PAPPENBERGER: MULTISCALE ERROR ANALYSIS AND CORRECTION W07524W07524

11 of 24



Table 2. Nash‐Sutcliffe Efficiency Coefficient, Mean Absolute Error, and Prediction Skill Score (PSS) Taking the Mean Absolute Error
of the Uncorrected Predictions as Reference Methoda

Measure Method

Lead Time (days)

1 2 3 4 5 6 7 8 9 10

Neu Ulm
N‐S

uncorrected 0.44 0.44 0.44 0.44 0.43 0.43 0.43 0.43 0.42 0.42
VARX 0.93 0.87 0.82 0.79 0.77 0.75 0.73 0.71 0.69 0.67
ARX 0.93 0.87 0.82 0.78 0.74 0.71 0.68 0.65 0.62 0.60
AR 0.93 0.86 0.79 0.74 0.70 0.66 0.62 0.58 0.55 0.52

MAE
uncorrected 32.8 32.8 32.8 32.79 32.8 32.8 32.8 32.8 32.8 32.8
VARX 10.8 14.2 17.1 18.7 19.8 20.6 21.2 21.8 22.3 22.6
ARX 10.7 14.3 17.6 19.5 20.8 22.0 23.0 23.7 24.5 25.0
AR 11.6 15.1 18.3 20.1 21.4 22.6 23.6 24.4 25.1 25.6

PSS
VARX 0.67 0.57 0.48 0.43 0.40 0.37 0.35 0.34 0.32 0.31
ARX 0.67 0.56 0.46 0.41 0.37 0.33 0.30 0.28 0.26 0.24
AR 0.65 0.54 0.44 0.39 0.35 0.31 0.28 0.26 0.24 0.22

Hofkirchen
N‐S

uncorrected 0.46 0.46 0.46 0.47 0.47 0.47 0.48 0.48 0.49 0.49
VARX 0.97 0.94 0.91 0.89 0.86 0.85 0.83 0.83 0.82 0.82
ARX 0.97 0.93 0.87 0.82 0.79 0.78 0.77 0.77 0.76 0.76
AR 0.94 0.87 0.80 0.75 0.73 0.72 0.71 0.71 0.70 0.70

MAE
uncorrected 118.7 118.6 118.5 118.4 118.3 118.1 118.0 117.8 117.7 117.6
VARX 32.5 40.5 52.2 62.2 69.8 75.3 78.7 80.7 81.1 81.4
ARX 33.8 49.2 66.0 78.3 86.6 89.9 92.6 94.0 94.8 96.2
AR 50.3 69.1 85.5 93.2 96.9 97.6 97.8 95.7 94.4 93.1

PSS
VARX 0.73 0.66 0.56 0.47 0.41 0.36 0.33 0.32 0.31 0.31
ARX 0.71 0.58 0.44 0.34 0.27 0.24 0.21 0.20 0.19 0.18
AR 0.58 0.42 0.28 0.21 0.18 0.17 0.17 0.19 0.20 0.21

Achleiten
N‐S

uncorrected 0.71 0.71 0.71 0.71 0.71 0.71 0.71 0.71 0.71 0.71
VARX 0.96 0.91 0.88 0.85 0.84 0.83 0.82 0.81 0.80 0.79
ARX 0.97 0.91 0.86 0.82 0.80 0.78 0.77 0.76 0.75 0.74
AR 0.95 0.88 0.83 0.80 0.79 0.77 0.77 0.76 0.75 0.73

MAE
uncorrected 364.5 365.3 365.8 366.3 366.6 366.9 367.3 368.0 368.4 368.5
VARX 86.6 123.1 144.3 155.6 162.4 169.5 173.4 174.9 178.2 181.1
ARX 78.4 124.5 152.7 167.1 177.3 185.9 190.3 193.9 197.3 199.6
AR 92.8 144.3 170.3 183.5 190.7 195.5 196.8 197.0 200.5 204.0

PSS
VARX 0.76 0.66 0.61 0.58 0.56 0.54 0.53 0.52 0.52 0.51
ARX 0.78 0.66 0.58 0.54 0.52 0.49 0.48 0.47 0.46 0.46
AR 0.75 0.60 0.53 0.50 0.48 0.47 0.46 0.46 0.46 0.45

aItalic values show the best performing correction method in terms of the highest N-S, respective to PPS, and the lowest MAE.
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Figure 5. Mean absolute error conditional upon streamflow magnitude with adjusted bootstrap percen-
tile intervals (95% confidence intervals) for three stations and 3 days lead time.
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Figure 5. (continued)
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Taking the observed meteorological data as input the metrics
of quality comparing observation and uncorrected simula-
tions will remain approximately constant for all lead times
ranging from 1 to 10 days. The reason that the N‐S coeffi-
cients for the uncorrected simulations are so low for Neu Ulm
andHofkirchen is given by the fact that the verification period
includes the year 2003, which was characterized by an
extreme drought resulting in extremely low flows in Central
Europe, especially in the Upper Danube catchment.
[38] On the other hand the corrected simulations are

updated at each time step by taking the uncorrected simu-
lations for the next 10 days as exogenous input and by
forecasting the next 10 time steps by applying the fitted
autoregressive model, without applying the wavelet trans-
formation (ARX), and with application of the wavelet
transformation (VARX). Therefore the quality of the pre-
dictions decreases with increasing lead time as would be

expected, but both models (ARX and VARX) are superior to
the uncorrected model and to the simple AR model for all
lead times greater than one day. The “one step ahead”
prediction (i.e., lead time of one day) shows almost the same
result for all three updating models. It is obvious that the
MAEs show the same behavior as the N‐S coefficients, but
it is interesting to see the absolute differences and the sig-
nificant improvements in real values.
[39] Evaluation of the quality of the updating procedures

based on the decomposed N‐S coefficients r, a and b turned
out to be rather difficult (at least for the three stations
analyzed), because the differences are sometimes marginal
and due to the dependence structure between the coeffi-
cients, where a possible gain of one coefficient (e.g., a) is
compensated by the opposite effect of another coefficient
(e.g., r or b).

Figure 5. (continued)

Table 3. Mean Absolute Error (MAE), Nash‐Sutcliffe (N‐S), and Decomposed N‐S (Into Measures of Correlation r, Variability a, and
Bias b) for the Calibration Perioda

Neu Ulm Hofkirchen Achleiten

Uncorrected VARX ARX AR Uncorrected VARX ARX AR Uncorrected VARX ARX AR

MAE 30.24 12.18 12.29 13.21 132.35 34.90 37.32 41.90 384.68 79.59 84.07 86.84
N‐S 0.80 0.93 0.93 0.92 0.82 0.97 0.97 0.97 0.52 0.95 0.95 0.94
r 0.92 0.97 0.97 0.96 0.92 0.99 0.99 0.98 0.92 0.98 0.97 0.97
a 1.14 0.96 0.97 1.06 0.86 0.99 0.99 1.03 0.96 0.99 0.99 1.00
b 0.07 0.02 0.01 0.01 0.13 0.01 0.01 0.00 0.58 0.01 0.01 0.01

aItalic values show the best performing correction method in terms of the lowest MAE.
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[40] Nonetheless the decomposition indicates for all three
stations that the direct updating methods of VARX and
ARX (see also Appendix A) are superior in reproducing the
timing and the shape of the hydrographs as measured by the
correlation r and in removing the bias for lead times greater
than one day. Since the relative variability as measured by a
keeps approximately constant for all lead times for the
uncorrected simulation, it will be the same for the AR model
as a result of the indirect updating procedure, at least after
the first time steps. Therefore, if the model is able to
reproduce the daily fluctuation realistically, a will be closer
to the ideal value of one for the uncorrected and the AR
model output. For example at station Neu Ulm only at the
very first time steps the variability is better reproduced by
the direct approach than by the uncorrected and the AR
model, because thereafter the predictions of VARX and
ARX will converge slowly to climatology and the variability
decreases with longer lead times. Therefore the classical
N‐S efficiency coefficient is the preferred quality measure
for comparing observed, simulated and deterministic fore-

casts in this study. For reasons of brevity only the results of
the station Neu Ulm are shown in Table 4. The AR model
has been excluded from further analysis because of its
inferiority and only the results of the ARX and VARX
models will be shown in sections 5.2 and 5.3.

5.2. Evaluation of the HUP

[41] Results of the analysis of the assumptions of line-
arity, homoscedasticity and normality are shown for the
station Neu Ulm, because the size of this catchment is on the
lower limit of applicability of the actual 5 km2 resolution
model setup of EFAS. In Figure 6 one can see that the
application of the NQT removes the slight nonlinearity,
whereas in Figure 7a the homoscedastic assumption of
dependence is verified and Figure 7b demonstrates that
the distribution function of the residuals is Gaussian. The
results for the two other stations are very similar. Thus all
assumptions are fulfilled.
[42] In Figures 8 and 9 the results for the evaluation of the

dependence structure of the likelihood function are shown

Table 4. Results of the Decomposition of the Nash‐Sutcliffe Coefficient for the Validation Period at Neu Ulm Station

Measure Method

Lead Time (days)

1 2 3 4 5 6 7 8 9 10

r
uncorrected 0.69 0.69 0.69 0.69 0.69 0.69 0.69 0.68 0.68 0.68
VARX 0.97 0.94 0.91 0.89 0.88 0.87 0.85 0.84 0.83 0.82
ARX 0.97 0.94 0.91 0.88 0.86 0.84 0.83 0.81 0.79 0.77
AR 0.96 0.93 0.89 0.87 0.84 0.82 0.80 0.78 0.76 0.75

a
uncorrected 0.87 0.87 0.87 0.87 0.87 0.87 0.87 0.87 0.88 0.88
VARX 0.93 0.88 0.85 0.83 0.82 0.81 0.80 0.79 0.79 0.78
ARX 0.92 0.88 0.84 0.81 0.79 0.78 0.77 0.76 0.76 0.75
AR 0.95 0.91 0.89 0.87 0.86 0.86 0.86 0.86 0.86 0.86

b
uncorrected 0.05 0.05 0.05 0.05 0.05 0.06 0.06 0.06 0.06 0.07
VARX 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.01
ARX 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.01
AR 0.03 0.05 0.07 0.09 0.10 0.12 0.13 0.14 0.15 0.16

Figure 6. Dependence structure of the prior one‐step transition density at station Neu Ulm indicating
(a) linear dependence in the transformed space and (b) nonlinear dependence in the original space.
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Figure 7. Validation of the normal linear model at station Neu Ulm for W1 on W0: (a) homoscedasticity
of dependence and (b) normality of residuals.

Figure 8. Analysis of the likelihood function at station Neu Ulm: (a) showing linear dependence
structure between W1 and X1 in the transformed space and (b) validation of the homoscedasticity of
the dependence.
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for Neu Ulm, indicating the improvements of the VARX
model in comparison to the uncorrected model, for which
the application of the HUP would be problematic without
modification, since some of the assumptions are not ful-
filled. From this point of view the VARX model could serve
as a simple but necessary data preprocessor in order to make
the HUP applicable for these stations.
[43] The predictive capability of the hydrological model is

evaluated in Figure 10, showing the results of the estimated
likelihood parameters a and s2. In addition the IS for the
station Neu Ulm are displayed. The VARX model always
gives the highest IS for all lead times. Only for the station
Achleiten the IS of the ARX model is slightly superior to the
VARX model.

5.3. Out‐of‐Sample Evaluation

[44] The final third of the data set is used for validation,
having excluded the first part as it was used for calibrating
the VARX model, and the second part as it was used for
fitting the parameter of the HUP. This remaining part used for
validation is referred to as the “out‐of‐sample” forecasting
period, because all the necessary parameters for running the
VARX correction and for calculating the uncertainty have
been prepared and stored previously. Forecasters generally
agree that forecasting methods should be assessed for accu-
racy using out‐of‐sample tests rather than goodness of fit to
past data [Tashman, 2000].
[45] Thus the procedure for updating and correcting the

forecast mimics the way it will be applied in realtime, i.e.,
running the model operationally, producing for each day a
corrected forecast for the next 10 days including uncertainty
ranges for each lead time. Even a modest improvement in
the out‐of‐sample forecast error compared to that of an
alternative formulation is generally taken to be strong evi-
dence in favor of a method [Ashley, 2003].
[46] In Figure 11 the resulting predictive QQ plot for lead

time 1 at station Neu Ulm is shown plotting the empirical
CDF (cumulative distribution function) of z values versus

the CDF of a uniform distribution U(0, 1) to evaluate
forecast reliability.
[47] The results of the rank test of independence sug-

gested that the hypothesis H0, namely that the values are
independent and identically distributed random variables,
should be rejected for the uncorrected model for the stations
Neu Ulm and Hofkirchen.
[48] In Table 5 the Dmax values are shown demonstrating

the reduced departure from uniformity by the VARX model
for the station Neu Ulm and Achleiten. For the station
Hofkirchen, however, the uncorrected simulation shows the
lowest Dmax values from lead time 4 to 10 days, whereas for
the first three days VARX is superior to the uncorrected and
ARX methods. This clearly indicates the weakness of
regarding reliability as a measure of efficiency without
taking into consideration the accuracy. The higher reliabil-
ity, i.e., lower Dmax value for the uncorrected simulation at
Hofkirchen, stems from the fact that at lead times greater
than three days the uncertainty of the uncorrected output is
much higher in comparison to the corrected model outputs.
Higher‐uncertainty results from an increased spread of the
probabilistic forecast, which means that the probability of
an observed value attaining the predictive CDF increases
resulting in uniformly distributed z values. Therefore the
measure of reliability should be combined with the measure
of accuracy.
[49] If accuracy (using MAE) versus reliability Dmax is

plotted for various stations (not shown, but see values in
Tables 2 and 5) then the superior behavior of the VARX
model in comparison with the ARX model can be dem-
onstrated. In such an analysis the closer the points are to
zero, the better is the quality of the model. The corrected
models (ARX and VARX) have a considerable clearer shift
toward zero. An analysis of the uncorrected model (also not
shown) using the same plotting technique demonstrates that
the accuracy of the model is independent of the lead time
given the observed meteorological input data. On the other
hand the reliability increases (i.e., the Dmax decreases) with
lead time as forecasts increasingly become more similar to

Figure 9. Validation of the dependence structure of the likelihood function at station Neu Ulm: (a) nor-
mality of the residuals of the uncorrected model and (b) normality of the residuals of the VARX.
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Figure 10. Comparison of the output signal, noise, and informativeness score for uncorrected, the ARX,
and the VARX model at station Neu Ulm.
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Figure 10. (continued)

Figure 11. Predictive QQ plot for lead time 1 day at the station Neu Ulm. The dashed lines show the
Kolmogorov 5% significance bands.
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climatology. Such an analysis reveals (see also Tables 2
and 3) that for all stations the VARX model is closer to
the origin, however with different shapes depending on the
lead time and on the station. At the station Neu Ulm the
quality of the VARX model is high for lead times up to
6 days and then decreases steadily, whereas the quality of the
ARX model starts to decrease already at lead time 2. At the
station Hofkirchen the superior quality of the VARX model
is driven by the higher reliability for the lead times from
one to three days, whereas after day four the better quality
results from the higher accuracy of the prediction. At sta-
tion Achleiten for the first two lead times the quality of the
ARX and VARX model are similar, but for the higher lead
times the VARX model is superior because of the much
higher reliability. Combining the reliability and the accu-
racy demonstrates the clear superiority of the VARX
model.

6. Conclusions

[50] In this paper the improvements, by error analysis,
correction and predictive uncertainty estimation, of the
efficiency of medium range streamflow predictions of the
European Flood Alert System are investigated. In a first step
three different methods of error correction and updating are
compared using three methods: a simple autoregressive
model; an autoregressive model with exogenous (ARX)
input; and a method based on wavelet transforms. For the
latter method the signal is decomposed into wavelets and
then a vector‐ARX (VARX) updating procedure is applied
simultaneously. Model uncertainties are captured using the
Hydrological Uncertainty Processor (HUP). The HUP has
been used to derive efficiently the conditional probability
distribution (CDF) of the future observed quantity given the
available sample of model predictions. The comparison and
validity of the method is demonstrated for three stations
along the River Danube. It can be stated that (1) VARX is
an essential and effective method for data preprocessing in
order to meet all assumptions of the HUP (in particular the
dependence structure of the likelihood function); (2) VARX
in combination with the HUP leads to a better informa-
tiveness score (an improved measure of the signal‐to‐noise
ratio) than using the ARX as preprocessor for the HUP;
(3) the VARX approach is generally superior to the ARX, in
particular with increasing lead time and beyond catchment
concentration times, with regard to the Nash‐Sutcliffe effi-

ciency coefficient and the mean absolute error within the
validation period; and (4) VARX corrected simulations
demonstrate a higher reliability in combination with a higher
accuracy.
[51] In summary, wavelet decomposition is an excellent

way to provide the detailed model error at different levels in
order to estimate more precisely the (unobserved) state
variables. The methodology applied in this paper is essen-
tial for deriving more reliable and accurate medium range
forecasts. Future research will be needed to test the
methodology on a longer data set and with the full input
uncertainties.

Appendix A: VARX, ARMAX and State‐Space
Models

[52] The vector autoregressive model (VAR) has been
applied successfully in capturing the evolution and inter-
dependencies between multiple time series, generalizing the
univariate AR models [Enders, 2003]. The AR forecast error
updating is a special limiting procedure of the ARX model
[Shamseldin and O’Connor, 1999] and serves as a bench-
mark model. For economic and financial time series the VAR
model has proven to be especially useful for describing the
dynamic behavior and for forecasting. Since it often provides
superior forecasts to those from univariate time series models
and elaborate theory‐based simultaneous equations models,
its applicability will be tested for hydrometeorological time
series.
[53] Forecasts from VAR models are quite flexible

because they can be made conditional on the potential future
paths of specified variables in the model. This leads to the
VAR model with exogenous input (VARX), which will be
tested at selected gauging stations in Europe. More details
about VAR can be found for example in the work by Zivot
and Wang [2006, chapter 11].
[54] All the variables in a VAR are treated symmetrically

by including for each variable an equation explaining its
evolution based on its own lags and the lags of all the other
variables in the model. Based on this feature, Sims [1980]
advocates the use of VAR models as a method to estimate
multivariate relationships and for the modeling and fore-
casting of the possible dynamics relating k × 1 vector valued
time series xt = (xt1, …, xtk)′, t = 0 ± 1, ±2, ….
[55] The extension of the univariate autoregressive model

to the multivariate AR model is straight forward [Shumway

Table 5. Maximum Absolute Distance Dmax

Station Model

Lead Time (days)

1 2 3 4 5 6 7 8 9 10

Neu Ulm
uncorrected 0.35 0.30 0.28 0.27 0.28 0.28 0.27 0.28 0.28 0.28

ARX 0.23 0.21 0.21 0.22 0.23 0.23 0.23 0.23 0.26 0.26
VARX 0.20 0.17 0.17 0.16 0.16 0.16 0.18 0.18 0.19 0.19

Hofkirchen
uncorrected 0.34 0.29 0.21 0.14 0.09 0.05 0.03 0.05 0.05 0.06

ARX 0.32 0.21 0.20 0.22 0.23 0.25 0.26 0.27 0.26 0.26
VARX 0.30 0.19 0.18 0.21 0.23 0.24 0.27 0.27 0.28 0.26

Achleiten
uncorrected 0.22 0.17 0.15 0.14 0.15 0.15 0.15 0.16 0.15 0.16

ARX 0.12 0.12 0.11 0.12 0.12 0.12 0.13 0.14 0.13 0.13
VARX 0.12 0.12 0.10 0.09 0.08 0.06 0.07 0.08 0.08 0.09
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and Stoffer, 2006]. The first‐order vector autoregressive
model, VAR(1), is given by

xt ¼ aþ Fxt�1 þ wt; ðA1Þ

where F is a k × k transition matrix expressing the depen-
dence of xt on xt−1. The vector white noise process wt is
assumed to be multivariate normal with mean‐zero and
covariance matrix E(wtwt′) = Sw. A k × 1 vector‐valued
time series xt for t = 0 ± 1, ±2,…, is said to be VARMA(p, q)
if xt is stationary and

xt ¼ aþ F1xt�1 þ � � � þ Fpxt�p þ wt þQ1wt�1 þ � � � þQqwt�q;

ðA2Þ

withFp ≠ 0,Qq ≠ 0, and the coefficient matricesFj; j = 1,…, p
and Qj; j = 1, …, q are p × p matrices. The constant a of the
Vector Autoregressive Moving Average (VARMA) model in
equation A2 can be generalized to include a fixed r × 1 vector
of inputs, ut, which results in the vector ARMAX model

xt ¼ Gut þ
Xp
j¼1

Fjxt�j þ
Xq
k¼1

Qkwt�k þ wt; ðA3Þ

where G is a p × r parameter matrix and the exogenous vector
process is denoted by ut.
[56] The VARX model (i.e., q = 0 in equation (A3)) is

used for fitting of observed and simulated series of wavelet
coefficients and the method of least squares can be applied
for fitting the model for a set of possible time lags. Addi-
tionally a state‐space model reduction procedure based on
singular value decomposition [Mittnik, 1989; Aoki and
Havenner, 1986] is applied to select the best balanced
model, which is described as the brute force technique
(BFT) in the work by Gilbert [1995]. Maximum likelihood
estimation (MLE) would have been an alternative estimation
procedure, but in the case of multivariate time series models
MLE can be computationally expensive and instable, even
when a good structure and good starting parameter values
are known. This is especially true for state‐space models.
[57] In the general case of vector ARMA or ARMAX

models, forecasts and their mean square prediction error can
be obtained by using the state‐space formulation of the
model and the Kalman filter [Shumway and Stoffer, 2006].
In its basic form the state‐space model, sometimes called
dynamic linear model (DLM) also, employs a VAR(1) as
the state equation

xt ¼ Fxt�1 þ wt: ðA4Þ

Furthermore in the state‐space model approach it is assumed
that the state vector xt is not observed directly, but only a
linearly transformed version of it with superimposed noise,

yt ¼ Atxt þ vt ; ðA5Þ

where At is a q × p measurement or observation matrix and
equation (A5) is called the observation equation.
[58] The VARX model in state‐space form is given in

equations (4) and (5). More details about DLM and State‐
space models in general can be found, e.g., in the work by
Stoffer and Wall [2004], Petris et al. [2009], and Shumway

and Stoffer [2006]. For further definitions concerning hydro-
logical applications of the state‐space approach see Szöllősi‐
Nagy et al. [1997].
[59] The main difference between the AR and (V)ARX

model is that the former indirectly produces the updated
discharge providing estimates of the forecast error, which is
added to the simulation, whereas theARX andVARXmodels
produce directly the updated discharge. Further details about
the AR updating model and the estimation of multiple lead
time forecast error time series can be found in the work by
Xiong and O’Connor [2002].
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