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Plan of the Presentation

(1) Brief introduction

(2) Random-forcing model of the eddies

(3) Stochastic modelling of the Lagrangian transport



� Mesoscale eddies are ubiquitous in the ocean.

Instantaneous upper-ocean speed from an eddy-resolving model is shown...



� By transporting and mixing different properties mesoscaleeddies

in�uence large-scale circulation.



Statement of the Problem

� The twogoals:

(1) To understand dynamical mechanisms by which the eddies effect

the large-scale circulation:

— The eddy effects are non-diffusive and even anti-diffusive.

(2) To develop mathematical models of the eddy effects:

— Here, the approach isstochastic.

� The three-stepmethodology:

(a) Obtaining eddy-resolvingreferencesolution of the circulation;

(b) Deriving equations with non-eddy-resolving ocean but witha math-

ematical model (i.e., “parameterization”) that replaces the eddies;

(c)Testing parameterized non-eddy-resolving solutions against the ref-

erence one.



Eddy-Resolving (ER) Ocean Model

� Mid-latitude, multi-layer QG dynamics; rectangular basin(size of

the North Atlantic); �at bottom; steady wind forcing; no-slip bound-

aries; and1=12� –1=24� resolution.

� Governing equations (fori -th �uid layer):
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Overall, the model is rather standard, except that it is solved at large

Reynolds number (� 2500).

� First, the ER solution is projected on a coarse grid:coarse-graining.

� The projected ER �ow can bedecomposed(arbitrarily, so far) into

the large-scale and eddy components:

u(t; x) = u(t; x) + u0(t; x)

What is the appropriate decomposition choice out of the in�nite variety

of different decompositions?



Sequence of Solutions:shown is upper-ocean PV anomaly

Re=15 Re=60

Re=240 Re=960

Re=3840



Straightforward Coarse-Grid Solutions

� If the eddies are truncated by coarsening the grid but replaced with

enhanced viscosity, then the �ow solutions arequalitatively wrong.
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The mesoscale eddies have to be modeled in a better way...



Reduced-Dynamics (RD) Ocean Model

(a) It has the same set-up as the ER model;

(b) It is formulated on a coarse grid; and

(c) It has additionaleddy forcing term,f :
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(overbars indicate large-scale description of the �ow).

� The nonlinear interaction explicitly represented by the RDmodel:

NL = r� u q

� On the other hand, the full nonlinear interaction in the ER model:

NL = r� u q + r� u q0+ r� u0q + r� u0q0

large/large large/eddy eddy/eddy

� Eddy forcing: f = NL � NL = �r
�
u q0+ u0q+ u0q0

�
:

� Problem: Each decomposition,u = u + u0, produces its own history

of the eddy forcing, therefore it generates its own large-scale response.

In order to overcome this non-uniqueness, decomposition and dynam-

ics have to be connected with each other!



Dynamical Constraint

Given the RD model, the �ow decomposition has to be such that

the resulting eddy forcing generates RD solution which approxi-

mates the large-scale structure of the original �ow.

Consequences:

(1) Both dynamically constrained eddy forcing,f (t; x), and the RD

model are always de�nedtogether (“relativity principle” ).

(2) Finding f (t; x) requires that the RD model issolved explicitly

(i.e., decomposition becomes“dynamical” ).

(3) f (t; x) can be modelled separately (e.g.,as a random process).

Dynamical Decomposition Method: The RD model is integrated for-

ward, and at each moment of timef is calculated in terms of structural

differences between the ER and RD solutions; and the RD solution is

taken as the large-scale component of the full �ow.



Deterministic-Forcing RD Solution

� The RD model with dynamically constrainedf (t; x) works well.
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� Not shown:Eddy forcing based on the common statistical decompo-

sition of �ow into the time mean and �uctuations —fails.



Taxonomy of the Eddy Fluxes

� The total eddy �ux can be decomposed into:

— PV components:R – relative vorticity;B – stretching term;

— Scale interaction components:u q0; u0q; u0q0;

— Time-mean,hf lux i , and �uctuation,[f lux , components.

u q0 = hu R0i + hu B 0i + [u R0+ [u B 0

u0q = hu0Ri + hu0Bi + [u0R + [u0B

u0q0 = hu0R0i + hu0B 0i + [u0R0+ [u0B 0

F Here, it is found that all components of the total eddy �ux are

important in terms of their large-scale effect.

Let me illustrate some properties of the eddy �uxes...



Time-Mean Full Eddy Flux

� Upper-ocean eddy �uxstreamlines(arrows) anddivergences(color)

(green line is the ”Gulf Stream” axis).

Relative Vorticity Flux Isopycnal Thickness Flux

F Relative vorticity �ux causes meandering of the eastward jet.

F Thickness �ux maintains the eastward jet and its adjacent recircu-

lation zones (Up-gradient �ux — anti-diffusive behaviour ).



Effect of the Eddy Flux Fluctuations

F Fluctuations of the eddy forcing drive large-scalerecti�ed �ow that

enhances the eastward jet — this is anotheranti-diffusive process.

-1.50
-.75

-.
75

.75

.75

Upper-ocean, recti�ed �ow component

What are the properties of the eddy forcing �uctuations?



Properties of the Eddy Forcing
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� ThePDFsof the eddy forcing are typically intermittent (non-Gaussian).

� Thevarianceof the eddy forcing is strongly inhomogeneous.

� Time correlations of the eddy forcing oscillate and decay on the

timescale of several months.

� There are 3 types ofspace correlationstructure of the eddy forcing.

— Both the lengthscale and anisotropy increase toward the east.



Correlated Random Forcing

� Time evolution of the random process is modelled with the low-order

autoregressive process:

— Random values are generated in grid points.

� Space correlations are introduced by the transformation matrix cal-

culated from the full covariance matrix.

� Nonuniform spatial grid is generated by the rejection algorithm.

How well does the random-forcing model work?



Standard Randomly Forced Solution

F The RF modelworks well if it correctly incorporates the full statis-

tics of theobservededdy forcing.
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Analysis of the Random-Forcing Model

� Different properties of the eddy forcing are explored by turning on

and off the corresponding parameters of the random-forcingmodel.

� Relativelyunimportant properties of the eddy forcing:

— Oscillations of the time correlations;

— Vertical correlations;

— Intermittency.

� Important properties:

— Integral time scale;

— Horizontal correlations;

— Inhomogeneity of the variance.



Summary #1

� The eddy �uxes are de�ned in a novel way based on the ideas of the

dynamical constraint anddynamical decomposition method.

� Theanti-diffusive nature of the eddy �uxes is recovered.

� Therandom-forcing model of the eddies is formulated and success-

fully tested against the resolved eddies.



NOW I WILL TALK ABOUT MATERIAL TRANSPORT...

Statement of the Problem

� Turbulent transport of material is represented by ensembles of the

Lagrangian trajectories.

� Eddy-resolving model is the same.

� What are the transport properties?

� What is the right mathematical model (i.e., parameterization) for

these properties?



Lagrangian Particles

Given eddy-resolving velocity �eld,u(t; x), the Lagrangian particles

evolve according to:
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� Single-particle dispersion (tensor) is

D(t) = (x(t) � x(0))2

� Lagrangian-velocity autocorrelation (tensor) is

R(� ) =
u(t) u(t + � )

u2(t)

� Both D andR can be slowly varying functions of space and time

(spatialinhomogeneityandnon-stationarity); and they are related as

D(t) = 2 �
Z t

0
(t � � ) R(� ) d�



1. Dispersion Power Laws
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� Intermediate-time, approximate power law:

D ij (t) �
h
x i (t) � ~x i (0)

i h
x j (t) � ~x j (0)

i
� tP

� Spatial distributions ofx- andy-components ofP are shown above.



2. Dispersion Power Laws

� Dispersion is ballistic over short time:D � t2

� On intermediate timesD(t) exhibits non-diffusive behavior in most

of the basin (x- andy-components of D(t) are shown below).

 near western boundary northern gyre

southern gyre near eastern boundary



Velocity Autocorrelation Functions

� Sub-diffusive dispersion is due to oscillations ofR(� ).

� Super-diffusive dispersion is due to asymmetry between thenegative

and positive lobes ofR(� ).

 near western boundary northern gyre

southern gyre near eastern boundary



Fluid-Dynamic Control Solution



Hierarchy of the Stochastic Transport Models

df1 = � 1(t; f1; f2) dt

df2 = � 2(t; f1; f2; f3) dt

:::::::::::::::::::::::::::::::::::::::

dfN = � N (t; f1; f2; :::; fN ) dt + B ij (t; f1) dWj

f1 — particle position,x;

f2 — particle velocity,u;

f3 — particle acceleration,_u, etc.;

� 1; � 2; :::; � N — deterministic functions;

B ij — forcing amplitude (i; j are spatial coordinate indices);

dWj — random increment with Gaussian distribution.

� Model parameters are hidden in� n andB ij : Each order in the hier-

archy comes at the expense of 1 parameter.

� The mathematical formalism is based on the theory ofautoregres-

sive processesand on derivation of thewell-mixedness condition.

� Only models up to the third order are considered:

— The Markov-0 model is the random walk (i.e., diffusion) process.



Markov-1 Model

dxi = ( Ui + u0
i ) dt

du0
i = � T � 1

ij u0
j dt +

�
2� ik T � 1

kj

� 1=2
dWj + Z1(t; x; u0) dt

� Parameters:� ij – velocity variance;Tij – fading-memory time.

� Drift correction (enforces the mass conservation):
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� Simulates transition from the ballistic to diffusive regimes.
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How is this model derived?



Autoregressive Processes

� By replacing time derivatives with �nite differences, a system of

SDEs can be transformed into the autoregressive process:

u(t) = � 1 u(t � � ) + � 2 u(t � 2� ) + ::: + � p u(t � p� ) + F dW

— For each process there is mathematical machinery to derive: sta-

tionarity condition , variance, autocorrelation anddispersionfunc-

tions.

— Thus, properties of the stochastic hierarchy with homogeneous and

stationary parameters can be understood in rigorous terms.

Well-Mixedness Condition...

... is a result of spatial inhomogeneity and non-stationarity.

� This is a statement aboutincompressibility of the �ow and irre-

versibility of the mixing process (Markov-1: Thomson 1987; Markov-

2 and -3: Berloff 2002):

— Once the tracer is uniformly distributed over the domain itstays

that way forever;

— In order for the Lagrangian PDF (i.e., tracer concentration) of this

state to be a solution of the model, the corresponding Fokker-Planck

equation has to have some additional terms;

— These are translated into additional terms of the SDEs.



Markov-2 Model

dx = ( U + u0) dt

du0 = g dt + Z1(t; x; u 0) dt

dg = �
g
T

dt +

r
2� g

T
dW�

� g

�
u0dt + Z2(t; x; u 0; g) dt

New parameter:� g – acceleration variance.

� Theoscillating-memoryterm is a part of the drift correction;

� The model is capable of simulatingsubdiffusivetransport associated

with oscillatory motion of particles.
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Markov-3 Model

dx = ( U + u0) dt

du0 = g dt + Z1(t; x; u 0) dt

dg = p dt �
� g

�
u0dt + Z2(t; x; u 0; g) dt

dp = �
p
T

dt �
� p

� g
g dt +

� 2� p

T

� 1=2
dW + Z3(t; x; g; p) dt

New parameter:� p – pseudo-hyperacceleration variance;

� Thepersistent-drift memoryterm is a part of the drift correction;

� The model is capable of simulatingsuperdiffusivetransport.

R
(T

A
U

)

TAU

 

0

.2

.4

.6

.8

1.0

1.2

-.2

-.4

-.6
0 .5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

LO
G

10
(D

)

LOG10(TIME)

 

0

1

2

3

4

5

6

7

-1

-2

-3

-4
0-1-2-3 1 2 3 4

velocity autocorrelation dispersion



Comparison of Solutions

control control

Markov-1 Markov-1

Markov-3 Markov-3

� The Markov-1 model is too dispersive.

� The higher-order Markov models perform better.



Summary #2

� Lagrangian eddy transport is found to benon-diffusive.

� Thehierarchy of stochastic transport models, which simulate dif-

ferent non-diffusive behaviors, is developed.

� The models are successfully tested against the resolved eddies.

——————————————————————————–

Advanced Hierarchy:

� Randomizationaccounts for different types of eddies (Berloff 2003):

— Different populationsof particles and

— Random migrationsfrom one population to another.

� Spin effectaccounts for correlations between different velocity (and,

potentially, acceleration) components (Reynolds 2002).

� Relative dispersionis accounted for by considering particle pairs

rather than single particles.


