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Plan of the Presentation

(1) Brief introduction

(2) Random-forcing model of the eddies

(3) Stochastic modelling of the Lagrangian transport



Mesoscale eddies are ubiquitous in the ocean.

Instantaneous upper-ocean speed from an eddy-resolvidglisshown...




By transporting and mixing different properties mesosealdies
in uence large-scale circulation.




Statement of the Problem

The twogoals

(1) To understand dynamical mechanisms by which the eddiesteffe
the large-scale circulation:

— The eddy effects are non-diffusive and even anti-diffesiv

(2) To develop mathematical models of the eddy effects:

— Here, the approach &ochastic

The three-stemethodology.
(a) Obtaining eddy-resolvingeferencesolution of the circulation;

(b) Deriving equations with non-eddy-resolving ocean but withath-
ematical model (i.e., “parameterization”) that repladeseaddies;

(c) Testing parameterized non-eddy-resolving solutiongesgéne ref-
erence one.



Eddy-Resolving (ER) Ocean Model

Mid-latitude, multi-layer QG dynamics; rectangular bagize of
the North Atlantic); at bottom; steady wind forcing; noislbound-
aries; andl=12 —1=24 resolution.

Governing equations (farth uid layer):
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Overall, the model is rather standard, except that it is sdhat large
Reynolds number (2500.

First, the ER solution is projected on a coarse geimhrse-graining

The projected ER ow can bdecomposedarbitrarily, so far) into
the large-scale and eddy components:

u(t; x) = u(t; x) + udt; x)

What is the appropriate decomposition choice out of theite mariety
of different decompositions?



Sequence of Solutionsshown is upper-ocean PV anomaly
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Straightforward Coarse-Grid Solutions

If the eddies are truncated by coarsening the grid but redlagdth
enhanced viscosity, then the ow solutions apealitatively wrong.

time-mean instantaneous

small visc.

The mesoscale eddies have to be modeled in a better way...



Reduced-Dynamics (RD) Ocean Model

(a) It has the same set-up as the ER model;
(b) It is formulated on a coarse grid; and
(c) It has additionaéddy forcing term,f :
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(overbars indicate large-scale description of the ow)

The nonlinear interaction explicitly represented by the iR@del:

NL = r UQ
On the other hand, the full nonlinear interaction in the ERIgiD
NL =r ug +r ud+r u’g +r u'

large/large large/eddy eddy/eddy

Eddy forcing: f = NL NL = r ud®+ u®g+ u° :

Problem: Each decomposition, = T+ u® produces its own history
of the eddy forcing, therefore it generates its own largaeskesponse.

In order to overcome this non-uniqueness, decompositidrdgnam-
ics have to be connected with each other!



Dynamical Constraint

Given the RD model, the ow decomposition has to be such that
the resulting eddy forcing generates RD solution which appoxi-
mates the large-scale structure of the original ow.

Consequences

(1) Both dynamically constrained eddy forcinfgy(t; x), and the RD
model are always de netbgether (“relativity principle” ).

(2) Finding f (t; x) requires that the RD model isolved explicitly
(i.e., decomposition becomé&dynamical”).

(3) f (t; x) can be modelled separately (e @s,a random proce$s

Dynamical Decomposition Method The RD model is integrated for-
ward, and at each moment of tirhes calculated in terms of structural
differences between the ER and RD solutions; and the RDisnlig
taken as the large-scale component of the full ow.



Deterministic-Forcing RD Solution

The RD model with dynamically constrainéd; x) works well.

time-mean instantaneous

Not shown:Eddy forcing based on the common statistical decompo-
sition of ow into the time mean and uctuations -fails.



Taxonomy of the Eddy Fluxes

The total eddy ux can be decomposed into:
— PV componentsR — relative vorticity;B — stretching term;
— Scale interaction componentsy o® u®q; u%®

— Time-meanhflux i, and uctuation.flux , components.
v’ = RY + oBY + RO+ rBO

u%g = ORI + u’Bi + LR + LB’
ut® = LRI + BY +UoRO+ (ioBO

F Here, it is found that all components of the total eddy ux are
important in terms of their large-scale effect.

Let me illustrate some properties of the eddy uxes...



Time-Mean Full Eddy Flux

Upper-ocean eddy ustreamlines(arrows) andlivergencegcolor)
(green line is the "Gulf Stream” axis).
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F Relative vorticity ux causes meandering of the eastwatd je

F Thickness ux maintains the eastward jet and its adjacetitece-
lation zonesp-gradient ux — anti-diffusive behaviour ).



Effect of the Eddy Flux Fluctuations

F Fluctuations of the eddy forcing drive large-scadeti ed ow that
enhances the eastward jet — this is anotrgr-diffusive process.

Upper-ocean, recti ed ow component

What are the properties of the eddy forcing uctuations?



Properties of the Eddy Forcing

eddy forcing variance instantaneous eddy forcing
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ThePDFsof the eddy forcing are typically intermittent (non-Gawassi
Thevariance of the eddy forcing is strongly inhomogeneous.

Time correlations of the eddy forcing oscillate and decay on the
timescale of several months.

There are 3 types @&pace correlationstructure of the eddy forcing.

— Both the lengthscale and anisotropy increase toward thte ea



Correlated Random Forcing

Time evolution of the random process is modelled with the-toder
autoregressive process:

— Random values are generated in grid points.

Space correlations are introduced by the transformatiamnixzal-
culated from the full covariance matrix.

Nonuniform spatial grid is generated by the rejection atgar.

How well does the random-forcing model work?



Standard Randomly Forced Solution

F The RF modeWworks well if it correctly incorporates the full statis-
tics of theobservededdy forcing.

upper-ocean time mean deep-ocean time mean
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Analysis of the Random-Forcing Model

Different properties of the eddy forcing are explored byning on
and off the corresponding parameters of the random-fortiodel.

Relativelyunimportant properties of the eddy forcing:
— Osclllations of the time correlations:
— Vertical correlations:

— Intermittency.

Important properties:
— Integral time scale;
— Horizontal correlations;

— Inhomogeneity of the variance.



Summary #1
The eddy uxes are de ned in a novel way based on the ideasef th
dynamical constraint anddynamical decomposition method
Theanti-diffusive nature of the eddy uxes is recovered.

Therandom-forcing model of the eddies is formulated and success-
fully tested against the resolved eddies.



NOW | WILL TALK ABOUT MATERIAL TRANSPORT...

Statement of the Problem

Turbulent transport of material is represented by ensesniii¢he
Lagrangian trajectories.

Eddy-resolving model is the same.

What are the transport properties?

What is the right mathematical model (i.e., parametezrgtior
these properties?



Lagrangian Particles

Given eddy-resolving velocity eldu(t; x), the Lagrangian particles
evolve according to:

@ _
@t u(t; x)

Single-particle dispersion (tensor) is

D(t) = (x(t) x(0))

Lagrangian-velocity autocorrelation (tensor) is

ut)ut+ )
u(t)

R() =

Both D andR can be slowly varying functions of space and time

(spatialinhomogeneitandnon-stationarity; and they are related as
Z

D(t) = 2 Et JR()d
0



1. Dispersion Power Laws
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Intermediate-time, approximate power law:
h ih i

Di() () x(©0) x(t) x@©  t°

Spatial distributions ok- andy-components oP are shown above.



2. Dispersion Power Laws
Dispersion is ballistic over short tim&® 2

On intermediate timeB (t) exhibits non-diffusive behavior in most
of the basinX- andy-components of D(t) are shown belpw
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Velocity Autocorrelation Functions
Sub-diffusive dispersion is due to oscillationsRf ).

Super-diffusive dispersion is due to asymmetry betweendgative
and positive lobes dR( ).

near western boundary

northern gyre
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Fluid-Dynamic Control Solution
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Hierarchy of the Stochastic Transport Models

dfl = 1(t; fl; fz) dt
dfy = o(t; f1; fo; f3) dt

f, — particle positionx;
f, — particle velocity,u;
f3 — particle accelerationy, etc.;
1, o,y — deterministic functions;
Bj — forcing amplitudei¢j are spatial coordinate indices);

dW, — random increment with Gaussian distribution.

Model parameters are hidden in, andBj; : Each order in the hier-
archy comes at the expense of 1 parameter.

The mathematical formalism is based on the theorguibregres-
sive processeand on derivation of thevell-mixedness condition

Only models up to the third order are considered:

— The Markov-0 model is the random walk (i.e., diffusion) pess.



Markov-1 Model

dx; = (Ui + U?) dt
1=2
du = T tuddt+ 2 p Tt dW + Za(t x;ufdt

Parameters:;; — velocity varianceT; — fading-memory time.

Drift correction gnforces the mass conservafion
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Simulates transition from the ballistic to diffusive regm

velocity autocorrelation dispersion
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How is this model derived?



Autoregressive Processes

By replacing time derivatives with nite differences, a % of
SDEs can be transformed into the autoregressive process:

utt) = qut )+ Lut 2)+ 4+ put p)+ FdW

— For each process there is mathematical machinery to destae
tionarity condition , variance, autocorrelation anddispersionfunc-
tions.

— Thus, properties of the stochastic hierarchy with homegeis and
stationary parameters can be understood in rigorous terms.

Well-Mixedness Condition..

... IS aresult of spatial inhomogeneity and non-statidpari

This is a statement aboutcompressibility of the ow and irre-
versibility of the mixing process (Markov-1: Thomson 1987; Markov-
2 and -3: Berloff 2002):

— Once the tracer is uniformly distributed over the domaistéys
that way forever;

— In order for the Lagrangian PDF (i.e., tracer concentrgtadf this
state to be a solution of the model, the corresponding FeRkaanck
equation has to have some additional terms;

— These are translated into additional terms of the SDESs.



R(TAU)

Markov-2 Model

dx = (U+ uYdt
du® g di+ Zyft;x; u9 dt

dg %du %dw 2 uldt + Z,(t; x; u® g) dt

New parameter: ; — acceleration variance.
Theoscillating-memoryerm is a part of the drift correction;

The model is capable of simulatisgbdiffusivetransport associated
with oscillatory motion of particles.

velocity autocorrelation dispersion
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Markov-3 Model

dx = (U+ uYdt

du® = gdt+ Z4(t;x;u9dt

dg = pdt —2uldt+ Zy(t;x;u®g)dt
1=2

P at LPgdt+ 2p dW + Zs(t; x; g; p) dt
T g T

Q.
o
1

New parameter: , — pseudo-hyperacceleration variance;
Thepersistent-drift memorterm is a part of the drift correction;

The model is capable of simulatisgperdiffusive transport.

velocity autocorrelation dispersion
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Comparison of Solutions

control control

Markov-1 Markov-1
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(b)
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The Markov-1 model is too dispersive.

The higher-order Markov models perform better.



Summary #2

Lagrangian eddy transport is found to hen-diffusive.

Thehierarchy of stochastic transport models which simulate dif-
ferent non-diffusive behaviors, is developed.

The models are successfully tested against the resolveesedd

Advanced Hierarchy:

Randomizationaccounts for different types of eddies (Berloff 2003):
— Different population®f particles and

— Random migrationfrom one population to another.

Spin effectaccounts for correlations between different velocity (and
potentially, acceleration) components (Reynolds 2002).

Relative dispersionis accounted for by considering particle pairs
rather than single particles.



